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IV  PREFACE. 

Many  of  the  problems  iu  curves  arc  new,  yet  there  is  hardly 
one  that  has  not  presented  itself  to  tlie  author  in  the  course  of 
his  practice.  The  investigation  of  the  valvoid  curve  is  original, 
and  though  the  mathematical  discussion  is  somewhat  difficult, 
yet  the  resulting  formula?,  taken  in  connection  with  Table  X, 
are  exceedingly  simple  and  convenient  for  the  solution  of  a 
certain  class  of  problems. 

The  treatment  of  compound  curves  is  novel  and  exhaustive. 
A  few  general  equations  are  established,  which,  by  slight 
modifications,  solve  all  the  problems  that  can  occur. 

No  discussion  of  reversed  curves  is  given,  because  these  are 
inconsistent  with  good  practice,  except  in  turnouts,  under 
which  head  they  are  noticed. 

The  chapter  on  levelling  includes  a  discussion  of  stadia 
measurements,  with  practical  formulae.  The  chapter  on  earth- 
work contains  a  review  of  several  methods  for  calculating 
quantities,  and  states  the  conditions  under  which  these  suc- 
ceed or  fail  in  giving  correct  results. 

Among  the  tables,  numbers  3,  5,  6,  10,  18,  19,  26  and  29 
are  original.  The  adoption  of  versed  sines  and  external 
secants  throughout  the  work,  wherever  these  would  simplify 
the  formula?,  rendered  necessary  the  preparation  of  tables  of 
these  functions.  The  table  of  logarithmic  versed  sines  and 
external  secants  has  been  computed  from  ten-plare  logarithmic 
tables  of  sines  and  tangents,  so  that  the  last  decimal  is  to  be 
relied  on,  and  no  pains  have  been  spared  to  make  the  table 
thoroughly  accurate. 

Tables  numbers  4,  7,  8,  9,  11,  12,  13,  14  and  30  have  been 
recalculated,  enlarged,  and  some  of  them  carried  to  more  deci- 
mal places  than  similar  tables  heretofore  published.  The 
intention  has  been  to  give  one  more  decimal  than  usual,  so  that 
in  any  combination  of  figures  the  result  of  calculation  might 
be  reliable  to  the  last  figure  usually  required. 

The  tables  which  have  been  compiled  and  rearranged  are 
numbers  1,  2,  15,  16,  17,  24,  25  and  31.  The  tables  of  log. 
sines  and  tangents  here  given  are  the  only  six-place  tables 
which  give  the  differences  correctly  for  seconds.  The  table 
of  logarithms  of  numbers  is  accompanied  by  a  complete  table 
of  proportional  parts,  which  greatly  facilitates  interpolation 
for  the  fifth  and  sixth  figures. 

In  all  the  tables,  whether  new  or  old,  scrupulous  care  has 
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been  taken  to  make  the  last  figure  correct,  and  the  greatest 
diligence  has  been  exercised  by  various  checks  and  compari- 
sons to  eliminate  every  error.  It  is,  therefore,  hoped  and 
believed  that  a  very  high  degree  of  accuracy  has  been  ob- 
tained, and  that  these  tables  will  be  found  to  stand  second  to 
none  in  this  respect. 

The  preparation  of  this  work  has  extended  over  several 
years,  as  time  could  be  spared  to  it  from  other  engagements. 
It  is,  therefore,  the  expression  of  deliberate  thought,  based  on 
experience,  and  as  such  is  submitted  to  the  judgment  of 
brother  engineers.  If  it  shall  prove  to  have  even  partially 
met  the  aim  herein  announced,  and  so  shall  serve  to  smooth 
the  way  of  the  ambitious  student,  or  to  assist  the  expert  in  his 
responsible  duties,  the  labors  of  the  author  will  not  have  been 
in  vain.  Wm.  H.  Searles,  C.E. 

New  York,  March  1st,  1880. 
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CHAPTER  I. 
Reconnoissance. 

1.  The  engineering  operations  requisite  to  and  preceding  the 
construction  of  a  railroad  are  in  general: 

The  Reconnoissance, 

The  Preliminary  Survey,  and 

The  Location. 

2.  The  Beconnoissance  is  a  general  and  somewhat  hastj 
examination  of  the  country  through  which  the  proposed  road 
is  to  pass,  for  the  purpose  of  noting  its  more  prominent 
features,  and  acquiring  a  general  knowledge  of  its  topography 
with  reference  to  the  selection  of  a  suitable  route.  The 
judicious  selection  of  a  route  may  be  a  very  simple  or  com- 
plex problem,  depending  on  the  character  of  the  topography, 
and  more  especially  on  the  direction  of  the  streams  and  ridges 
as  compared  with  the  general  direction  of  the  proposed  road. 

3.  A  road  running  along  a  water-course  is  most  easily 
located.  In  this  case  the  choice  is  to  be  made  merely  between 
the  two  banks  of  the  stream,  or  between  keeping  one  bank 
continuously  and  making  occasional  crossings.  When  the 
stream  is  small  it  will  usually  be  found  best  to  cross  it  at 
intervals,  the  advantage  of  direct  alignement  outweighing  the 
cost  of  bridging;  but  when  the  stream  is  of  considerable  size 
the  solution  of  the  problem  is  not  so  obvious,  requiring  patient 
comparison  of  results  in  the  two  cases  to  determine  whether  to 
cross  or  not,  while  in  the  case  of  the  larger  rivers  crossing 
may  be  out  of  the  question. 

"When  there  is  a  choice  of  sides,  both  banks  should  be 
traversed  by  the  engineer  on  reconnoissance,  and  while  exam- 
ining in  detail  the  one  side  he  should  take  a  general  and  com- 
prehensive view  of  the  other.  Only  thus  can  he  gain  a  complete 
knowledge  of  either  side.  The  points  to  be  co\\'&v\^x^^'8vx^'<^^ 
relative  value  of  the  properly  on  e\X\\viT  ^\^^,  Wyc  \^>Mx^«ssi,x  "^^^^^ 
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carry  in  bis  mind  a  continuous  idea  or  image  of  any  line  he  is  ex  • 
amining,  so  as  to  judge  witli  tolerable  accuracy  of  the  influence 
any  one  portion  of  tiie  line  may  have  on  another  as  to  align  • 
ment  and  grade,  even  thougii  many  miles  apart.  In  the  success- 
ful prosecution  of  a  reconnoissauce  he  must  depend  mainly  on 
his  own  natural  tact  and  a  judgment  matured  by  experience. 

6.  The  engineer  will  bring  to  his  aid  in  the  first  place  the 
most  reliable  maps,  and  those  drawn  on  the  largest  scale.  The 
sectional  maps  of  United  States  surveys  will  be  found  very 
useful  when  they  exist.  In  addition  to  these  it  is  often  desira- 
ble to  prepare  a  map  on  a  scale  of  one  or  two  inches  to  a  mile, 
on  which  will  be  drawn  the  princii>al  features  of  the  country 
to  be  traversed,  such  as  streams,  roads,  towns,  and  the  princi- 
pal ridges,  if  known,  but  leaving  the  further  details  to  be  filled 
in  by  the  engineer  as  he  progresses.  Such  a  map  furnishes  a  cor- 
rect scale  for  his  sketches,  and  saves  much  valuable  time,  as  he 
has  only  to  sketch  what  tlie  map  does  not  contain,  and  occa- 
sionally to  make  corrections  when  he  finds  the  map  to  be  in 
error.  He  also  notes  on  the  map  the  governing  points  of  the 
route,  such  as  the  best  crossings'  of  streams,  ridges,  or  other 
roads,  and  any  point  where  the  line  will  evidently  be  com- 
pelled to  pass  He  may  then  indicate  the  route  by  a  dotted 
line  on  the  map  drawn  through  the  governing  points.  Having 
traversed  the  route  in  one  direction  he  should  retrace  his  steps, 
verifying  or  correcting  his  observations,  and  making  such 
further  notes  as  seem  important.  When  in  a  densely  wooded 
country,  with  but  few  openings,  it  may  be  impossible  for  him 
to  get  a  commanding  view  from  any  point  that  will  afford  him 
the  necessary  information  as  to  the  general  topography.  He 
must  then  depend  largely  upon  instrumental  observations, 
taking  these  more  frequently,  and  noting  carefully  all  details 
likely  to  prove  useful  in  future  surveys, 

7.  The  instruments  required  on  an  extended  recon- 
noiss»nce  are  the  barometer  and  thermometer,  the  hand  or 
Locke  level,  a  pocket  or  prismatic  compass,  and  a  telescope  or 
strong  field-glass.  To  these  may  be  added  a  telemeter  for 
measuring  distances  at  sight,  but  when  good  maps  are  to  he 
had  this  instrument  is  seldom  needed.  So  also  some  portable 
astronomical  instruments  are  necessary  in  a  rve^  ^q>\vq\x^  ,  Vvt 
determining  latitude  and  longitwdc,  >avi\.  ^o\3\"\  ot\^  \>^  ^  ^'^^ 
l(»ss  incumbrance  in  a  settled  dialricX. 
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8.  The  mercurial  barometer  has  generally  been  relied  upon 
for  the  determination  of  heights,  but  owing  to  its  inconvenient 
dimensions  and  the  danger  of  breaking,  it  is  now  discarded  by 
railroad  engineers  in  favor  of  the  more  portable  aneroid 
barometer,  except  in  the  case  of  trans-continental  surveys, 
and  when  astronomical  instruments  are  to  be  used  also. 

9.  The  best  aneroids  are  designed  to  be  self  compen- 
sating for  temperature,  so  that  with  a  constant  atmospheric 
pressure  the  reading  shall  -be  the  same  at  all  temperatures  of  the 
instrument.  This,  however,  being  a  very  delicate  adjustment, 
is  not  always  successfully  made,  so  that  each  instrument  is  lia- 
ble to  have  a  small  error  due  to  temperature  peculiar  to  itself. 
This  error  will  be  found  rarely  to  exceed  one  hundredth  of  an 
inch,  phis  or  minus,  per  change  of  ten  degrees  Fah.,  and  is 
frequently  much  less  than  this.  Just  what  the  error  is  in  a 
particular  instrument  may  be  determined  by  careful  compari- 
son with  a  standard  mercurial  barometer  at  the  extremes  of 
temperature,  assuming  the  error  found  as  proportional  to  the 
difference  of  temperature  for  all  intermediate  degrees  of  heat. 
The  error  having  been  determined  for  any  aneroid,  it  should 
be  applied,  with  its  proper  sign,  to  every  reading  to  obtain 
the  true  reading. 

The  sizes  generally  used  are  If  and  ^  inches  in  diameter, 
respectively,  and  experience  seems  to  prove  that  there  is  bo 
advantage  in  using  larger  sizes,  but  rather  the  contrary. 

10.  The  ordinary  barometric  formulaa  and  tables  have  been 
prepared  with  reference  to  the  mercurial  barometer.  In  order 
that  they  may  apply  to  the  aneroid,  it  is  necessary  that  the 
latter  should  be  adjusted  to  read  inches  of  mercury  identically 
with  the  mercurial  column  at  the  sea  level  at  a  temperature  of 
32°  Fah.  But  as  the  aneroid,  unlike  the  mercurial  column, 
requires  no  correction  for  latitude,  nor  for  the  variation  in  the 
force  of  gravity  due  to  elevation,  that  portion  of  the  formula 
which  provides  for  such  corrections,  as  well  as  that  which 
provides  for  a  correction  due  to  the  temperature  of  the 
instrument  itself,  may  be  omitted  when  using  an  aneroid. 
Thus  the  general  formula  is  very  much  simplified,  and  be 
comes 

.  =  log  |;  60^.3  (l+i+^) 
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in  which  h,  and  h'  are  the  readings  of  the  aneroid  in  inches, 
and  t,  and  t  the  readings  of  a  Fahrenheit  thermometer  at  the 
lower  and  upper  of  any  two  stations  respectively,  and  z  is  the 
difference  in  elevation  in  English  feet  of  those  stations. 

To  facilitate  the  calculation  of  heights  by  this  formula,  we 
may  write 

Log  ^  60884.3  =  [log  h,  -  log  h'l  60384.8 

and  since  only  the  difference  of  the  logs,  is  required,  this  will 
not  be  affected,  if  we  subtract  unity  from  each.  The  quan- 
tities in  Table  XV.  are  prepared,  therefore,  by  the  formula 

(log  ^  -  1)  60384.3 
for  every  xJu^i^s  of  an  inch  from  19  inches  to  31  inches. 

t  A-  f*—  64° 
Table  XVI.  contains  values  of    '      qoo ^^^  every  de- 
gree of  ft  +  i')  from  20''  to  200**  Fah. 

11.  To  find  the  difference  in  elevation  of  any  two  stations  by 
the  tables : 

Take  the  difference  of  the  quantities  corresponding  to  h^  and 
7i,'  in  Table  XV.  as  an  approximation,  and  for  a  correction 
multiply  this  difference  by  the  coefficient  corresponding  to 
ft+O.  i°  Table  XVI.,  adding  or  subtracting  the  product 
according  to  the  sign  of  the  coefficient. 

Example. — 

Lower  Sta.  Upper  Sta. 

in.  in. 

Aneroid                      ?i,  =  29.92  h'  =  23.57 

Thermometer             t^   =  77°.6  t  =  70°.4 

By  Table  XV.  for  29.92  we  have  28741 

for  23.57  22485 


Difference  6256 
By  Table  XVI.  for  77.6  +  70.4  =  148  we  have  +  .0933 
Then  6256  X  .0933  =  583.6848 

and  6256  +     584  =  6840  ft.  =  z.—Ans. 

12.  Certain  precautions  arc  to  be  observed  in  the  use  of  the 
aneroid.     When  the    index  has  been   adjusted  to  a  correct 
reading  by  means  of  the  screw  at  its  back,  it  should  not  be 
meddled  with  until  it  can  again  be  compared  wltVs.  ^  ^v^>x^^'5sx'^v 
mercurial  barometer,  and  even  \\\eii  s.oTaa  ^T^^x^Lfc^^^  V^^^^  ^^ 
take  note  of  its  error,  if  anv,  xalVvfiT  W\^w  ^\^Vw\\>  v\v^  'k^^'^^" 
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Again,  since  the  principle  of  compensation  supposes  the 
aneroid  to  have  a  uniform  temperature  throughout  its  parts,  it 
must  be  guarded  against  sudden  changes,  as  otherwise  the 
metallic  case  will  be  considerably  heated  or  cooled  before  the 
change  can  affect  the  inner  chamber,  thus  inducing  very  erro- 
neous results.  The  aneroid,  therefore,  should  seldom  be  taken 
from  its  leather  case,  nor  exposed  to  any  radiant  heat  of  sun 
or  fire,  nor  worn  so  near  the  person  as  to  increase  its  tempera- 
ture above  that  of  the  surrounding  atmosphere.  If  removed 
to  an  atmosphere  of  decidedly  different  temperature,  time 
must  be  allowed  for  the  aneroid  to  be  thoroughly  permeated 
by  the  new  degree  of  heat.  The  aneroid  should  be  held  with 
the  face  horizontal  while  being  read ;  it  should  be  handled  care- 
fully, and  all  concussions  avoided,  and  it  should  be  compared 
with  a  standard  as  often  as  practicable  to  make  sure  that  it 
has  suffered  no  derangement.  Observing  these  precautions, 
and  having  a  really  good  aneroid,  the  engineer  should  obtain 
excellent  results  in  the  estimation  of  heights.  It  has  been 
found  that  the  slight  eiTor  in  compensation,  previously  alluded 
to,  is  subject  to  a  change  during  the  first  year  or  two  after  the 
instrument  is  made,  but  subsequently  it  becomes  quite  per- 
manent. 

13.  For  the  purpose  of  obtaining  approximate  elevations  by 
a  simple  inspection  of  the  dial,  the  modern  aneroid  is  provided 
with  a  secondary  scale  reading  hundreds  of  feet,  which  is 
placed  outside  the  scale  of  inches.  It  is  divided  according  to 
the  following  formula  prepared  by  Prof.  Airy: 

h  —h'  i^    ,   t  4-tf  —  100°V 
e  =  55032  -:p^(l  +  -^i^—) 

in  which  it  is  evident  that  no  correction  for  temperature  is 
required  when  the  average  temperature  of  the  two  stations  is 
50°.  When  the  two  scales  are  engraved  on  the  same  plate  the 
zero  of  the  scale  of  feet  is  coincident  with  31  on  the  scale  of 
inches;  but  in  some  aneroids  the  scales  are  on  two  concentric 
plates,  so  that  the  zero  of  one  may  be  made  to  coincide  with 
any  division  of  the  other,  which  is  in  some  respects  an  advan- 
tage. 

14.  The  theory  of  the  barometer,  as  expressed  in  the  above 
formulae,  assumes  the  atmosphere  to  be  at  rest,  and  its  pres- 
nre  affected  only  by  temperature,  whereas,  in  fact,  the  pres- 
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sure  at  any  point  is  liable  to  sudden  changes  due  to  vaiiations 
in  the  force  of  the  wind,  the  amount  of  humidity,  etc.  The 
best  way  to  eliminate  errors  due  to  these  causes  is  to  take  read- 
ings simultaneously  at  the  points  the  elevations  of  which  are 
to  be  compared.  For  this  purpose  an  assistant  should  be 
stationed  at  some  point  of  known  elevation  contiguous  to  the 
route  to  be  surveyed,  and  provided  with  an  aneroid  similar  to 
that  carried  by  the  engineer.  The  aneroids,  time-pieces,  and 
thermometers  having  been  compared  at  this  point,  the  assist- 
ant should  record  the  readings  every  ten  minutes,  with  the 
time,  temperature,  and  state  of  the  weather.  The  engineer 
will  thus  have  a  standard  with  which  to  compare  his  own 
observations.  If  the  survey  is  so  extended  that  the  same  con- 
ditions of  atmosphere  ai*e  not  likely  to  be  experienced  by  the 
two  observers,  the  assistant  should  be  instructed  to  move  for- 
ward to  a  new  station  at  a  designated  time ;  or  two  assistants 
may  be  employed,  one  at  each  of  two  stations  between  which 
the  engineer  intends  to  make  a  reconnoissance.  Even  with 
these  precautions  no  attempt  should  be  made  to  obtain  the  ele- 
vation of  important- points  during,  or  just  before,  or  after  a 
storm  of  wind  or  rain. 

15.  When  but  one  aneroid  is  used  the  observations  at  the 
several  Rations  should  be  taken  as  nearly  together  as  possible 
in  point  of  time,  and  then  repeated  in  inverse  order,  taking 
the  mean  of  the  observations  at  each  station,  and  repeating  the 
whole  operation  if  necessary.  Only  approximate  results  can 
be  hoped  for,  however,  with  a  single  instrument,  unless  the 
atmospheric  conditions  are  very  favorable. 

16.  The  Locke  Level  is  an  instrument  in  which  the 
bubble  and  the  observed  object  may  be  seen  at  the  same  instant, 
enabling  the  operator  to  keep  the  instrument  horizontal,  while 
holding  it  in  the  hand,  like  an  ordinary  spy-glass.  While 
very  portable,  it  enables  the  observer  to  define  rapidly  all  visi- 
ble points  of  the  same  elevation  as  his  own,  and  to  estimate 
from  these  the  relative  heights  of  other  points.  It  may  be 
made  useful  in  a  variety  of  ways  which  easily  suggest  them- 
selves to  the  engineer  in  cases  where  no  great  precision  is 
required,  and  where  a  more  elaborate  level  is  not  at  hand. 

17.  The  Prismatic  Compass  is  a  i^o\\aJ^\^Vxv^5«N5WN!c:^ 
with  folding  sights,  in  using  vj\\\c\\  \X\<i\iVi"ax\vi^\»  ^^  «:J^^vi.o 
way  be  read  at  the  same  insttvut  X\\^\.  V\vv.  cAsS^eX.Ss.^'^^'^^^'^ 
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The  bearings  are  read  upon  a  floating  card,  graduated  and 
numbered  from  zero  to  360**,  so  that  no  error  can  be  made  in 
substituting  one  quadrant  for  another.  The  instrument  may  be 
held  freely  in  the  hand  during  an  observation,  though  better 
results  are  obtained  by  giving  it  a  firm  rest.  j 


CHAPTER  II. 

Preliminary  Survey. 

18.  A  preliminary  survey  consists  in  an  instrumental  exam- 
ination of  the  country  along  the  proposed  route,  for  the 
purpose  of  obtaining  such  details  of  distances,  elevations, ' 
topography,  etc.,  as  may  be  necessary  to  prepare  a  map  and 
profile  of  the  route,  make  an  approximate  estimate  of  the  cost 
of  constructing  the  road,  and  furnish  the  data  from  which  to 
definitely  locate  the  line  should  the  route  be  adopted.  The 
survey  is  more  or  less  elaborate,  according  to  circumstances. 
In  case  the  country  is  new,  or  the  reconnoissance  has  been 
incomplete,  or  if  several  routes  seem  to  offer  almost  equal 
inducements,  the  survey  will  partake  somewhat  of  the  nature 
of  a  reconnoissance,  and  will  be  made  more  hastily  than  if  but 
one  route  is  to  be  examined,  and  that,  perhaps,  presenting 
serious  engineering  difficulties.  The  survey  is  made  as  expe- 
ditiously as  possible,  consistent  with  general  accuracy,  but 
should  not  usually  be  delayed  for  the  sake  of  precision  in 
matters  of  minor  detail. 

19.  For  preliminary  survey  the  Corps  of  en^neers  is 
organized  as  follows: 

A  chief  engineer,  an  assistant  engineer,  two  chainmen,  one 
or  two  axemen,  a  stakeman,  and  a  topographer,  these  forming 
the  compass  (or  transit)  party,  to  which  a  flagman  is  some- 
times added;  a  leveller  and  one  or  two  rodmen,  forming  the 
level  party;  and  to  these  is  sometimes  added  a  cross  level  party 
of  two  or  three  assistant  rodmen. 

20.  The  chief  engineer  takes  command  of  the  corps, 
and  directs  the  survey.  He  ascertains  or  estimates  the  value 
of  the  lands  passed  over,  the  owners*  names,  and  the  boundary 
lines  crossed  hy  the  line  of  survey.     He  examines  all  streams. 
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and  estimates  the  size  and  character  of  the  culverts  and 
bridges  which  they  will  require;  he  notices  existing  bridges, 
and  inquires  concerning  their  liability  to  be  caiTied  away  by 
freshet;  he  selects  suitable  sites  for  bridges,  examines  the 
character  of  the  foundations,  the  direction  of  the  current  rela- 
tively to  that  of  the  line,  and  considers  any  probable  change 
in  the  direction  of  the  current  during  freshets;  he  inspects  the 
various  soils,  rocks,  and  kinds  of  timber  as  they  are  met  with, 
and  takes  full  notes  of  all  these  and  kindred  items  in  his  field 
book.  He  not  unfrequently  assumes  in  addition  the  duties  of 
topographer.  He  should  run  his  line  as  nearly  as  may  be  over 
the  ground  likely  to  be  chosen  for  location,  so  that  the  infor- 
mation obtained  may  be  pertinent,  and  so  that  the  length  of 
the  line,  the  shape  of  the  profile,  and  the  estimate  based  on 
the  survey  may  approximate  to  those  of  the  proposed  location. 
To  this  end  he  has  due  regard  to  the  levels  taken,  and  when 
they  show  that  the  line  as  run  fails  to  be  consistent  with 
allowable  grades,  he  either  orders  the  corps  back  to  some 
proper  point  to  begin  a  new  line,  or  makes  an  offset  at  once 
to  a  better  position,  or  continues  the  same  line  with  some 
deflection,  simply  noting  the  position  and  probable  elevation 
of  better  ground,  as  in  his  judgment  he  thinks  best.  He 
should  at  all  times  maintain  a  friendly  attitude  toward  pro- 
prietors, and  by  his  polite  bearing  endeavor  to  secure  their 
cordial  support  of  the  new  enterprise.  If  he  is  tolerably  cer- 
tain that  the  location  will  follow  nearly  the  line  of  the  prelim- 
inary survey,  he  should  have  with  him  some  blank  deeds  of 
right  of  way,  and  let  these  be  signed  by  land-owners  while 
they  arc  favorably  disposed.  When  this  cannot  be  done,  a 
blank  form  of  agreement  to  allow  the  surveys  and  construc- 
tion of  the  road  to  proceed  until  such  time  as  the  terms  of 
right  of  way  may  be  agreed  upon  may  be  made  very  useful. 
The  chief  also  selects  quarters  for  his  men,  and  in  case  of 
camping  out  he  directs  the  movements  of  the  camp  equipage. 
21.  The  assistant  engineer  takes  the  bearings  of  the 
courses  run,  and  makes  a  minute  of  them,  with  their  lengths,  or 
the  numbers  of  the  stations  where  they  terminate.  He  sees  that 
the  axemen  keep  in  line  while  clearing,  and  the  chainmen 
while  measuring;  he  takes  the  bearings  of  the  principal  roads 
and  streams,  and  of  property  lines  when  met  with..  la.  ^»:c^ 
open  country  he  may  save  Iviw^  \>y  ^^<^cM\w^  "s^vsvcsr.  -^«5f«\vcsRx>N» 
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distant  object  toward  which  the  chain  men  measure  without  his 
assistance,  while  he  goes  forward  and  prepares  to  take  the 
bearing  of  the  course  beyond.  In  traversing  a  forest  with  not 
too  dense  undergrowth,  when  the  line  is  being  run  to  suit  the 
ground  according  to  a  given  grade,  it  is  a  good  plan  for  the 
assistant  to  go  ahead  of  the  chainmcn  as  far  as  he  can  be  seen, 
select  his  ground,  take  his  bearing  by  backsight  on  the  last 
station,  and  then  have  the  chainmen  measure  toward  him.  In 
this  cas3  both  he  and  the  head  chainman  should  be  provided 
with  a  good  sized  red  and  white  flag,  mounted  on  a  straight 
pole,  to  be  waved  at  first  to  call  attention,  and  afterward  held 
vertically  for  alignement.  Otherwise  a  flagman  must  be  added 
to  the  party,  who  will  select  the  ground  ahead,  under  the  in- 
structions of  the  chief,  and  toward  whom  the  survey  will  pro- 
ceed in  the  usual  manner. 

22.  The  head  chainman  drags  the  chain,  and  carries  a 
flag  which  is  put  into  line  at  the  end  of  each  chain  length  by  the 
assistant  engineer  or  the  rear  chainman.  It  is  his  duty  to 
know  that  his  flag  is  in  line  and  that  his  chain  is  straight  and 
horizontal  before  making  any  measurement,  and  to  show  the 
stake  man  where  each  stake  is  to  be  driven.  A  stake  is  usually 
driven  at  the  end  of  each  measured  chain  length,  called  a 
station,  though  in  an  open  and  level  country  the  stakes  at  the 
odd  stations  may  be  omitted,  in  which  case  marking  pins  are 
used  to  indicate  the  odd  stations  temporarily.  In  case  there 
is  much  clearing  to  be  done  the  head  chainman  plants  his  flag 
in  line,  and  ranging  past  it,  indicates  to  the  axemen  what  is 
to  be  cut,  going  a  little  in  advance  through  the  bushes  so  that 
they  may  work  toward  him.  The  head  chainman  should  be  a 
quick,  active  and  strong  man,  with  a  good  eye  and  a  taste  for 
his  work,  as  very  much  of  the  real  progress  of  the  survey 
depends  upon  him. 

23.  The  rear  chainman  holds  his  end  of  the  chain  firm- 
ly at  the  last  stake  or  pin  by  his  own  strength,  not  by  means  of 
tlie  stake.  He  keeps  the  tally  by  the  pins  when  they  are  used, 
and  watches  the  numbers  on  the  stakes  to  see  that  they  are  cor- 
rect. The  end  of  a  course  should  always  be  chosen  at  the  end 
of  a  chain,  if  possible,  and  if  not,  then  at  a  brass  tag  indicating 
tens  of  feet,  as  thus  the  labor  of  plotting  the  map  will  be  much 
lessened.  The  numbering  of  stations  is  not  recommenced 
with  ench  new  roiirse,  but  is  continued  from  the  beginning  to 
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the  end  of  the  survey,  tlirough  all  its  courses,  and  if  one 
course  ends  with  a  portion  of  a  chain  the  next  course  begins 
with  the  remainder  of  it.  It  is  the  rear  chainman's  duty  to 
attend  to  this,  holding  the  proper  link  at  the  compass  station. 
Any  fraction  of  a  chain  maasured  on  the  line  is  called  a  plus, 
and  is  counted  in  feet  from  the  previous  station.  The  length 
of  an  offset  in  the  line  is  never  included  in  the  length  of  th3 
line,  but  if  the  line  should  change  its  course  by  a  right  angle, 
or  more,  or  less,  the  numbering  would  go  on  as  usual. 

24.  The  axemen  should  be  accustomed  to  chopping  and 
clearing,  and  are,  therefore,  to  be  selected  in  the  country  rather 
than  the  city.  They  will  cut  out  so  much  of  the  underbrush 
and  overhanging  branches  as  may  interfere  with  the  sight  of 
the  assistant  or  leveller;  but  care  ma3t  ba  taken  not  t-o  cut 
unnecessarily  wide,  and  no  tree  of  considerable  size  should  be 
felled,  except  in  rare  instances.  When  running  by  compass,  if 
the  assistant  goes  ahead  of  the  chain,  he  can  always  select  a 
position  so  that  no  large  tree  will  interfere;  or,  if  the  line  must 
be  produced  and  strikes  a  tree,  the  compass  may  be  brought  up 
and  set  close  to  the  tree  on  the  forward  side  as  nearly  in  line  as 
can  be  estimated,  the  slight  error  in  offset  being  neglected, 
since  the  lin-i  will  ba  producsd  parallel  to  itself  by  the  needle. 

25.  The  stakeinau  prepares  and  marks  the  stakes,  and 
drives  thorn  at  the  points  indicated  by  the  head  chainman" 
When  no  clearing  is  needed,  the  axemen  keep  him  supplied 
with  stakes,  as  the  rapid  progress  of  the  chain  will  only  give 
him  time  to  drive  them.  The  stakes  should  be  two  feet  long  and 
pointed  evenly  so  as  to  drive  straight,  and  are  blazed  or  faced 
on  two  opposite  sides,  one  of  which  is  marked  in  red  chalk 
with  the  number  of  the  station.  The  stake  must  be  driven 
vertically,  and  with  the  marked  face  to  the  rear,  so  that  it  may 
be  read  by  the  rodman  as  he  follows  the  line. 

26.  The  topographer  makes  accurate  s'jotches  of  all 
features  of  the  country  immediately  on  the  lino,  and  extends 
the  sketches  as  tar  each  side  of  the  line  as  he  can,  in  a  book 
prepared  for  the  purpose.  He  must  never  sketch  in  advance 
of  the  chain,  nor  in  advance  of  his  own  position.  His  work 
should  be  done  to  scale  as  nearly  as  possible,  using  the  same 
scale  for  distances  on  the  line  and  at  right  angles  to  it.  The 
scale  adopted  should  never  be  less  tliau  Uv«A,  oi^  Vcv^  \«nsn:^  Ns5»>ifc 
made  from  the  sketches.    T\\c  Tv\\ft^  \\\\^^  ^^  ^\  ^^VvXncnk^-nr^ 
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usually  one  quarter  of  an  inch  apart,  so  that  a  scale  of  one 
line  to  a  station  equals  about  four  hundred  feet  to  an  inch. 
This  is  the  smallest  scale  ever  used.  The  scale  of  two  lines  to 
a  station  is  most  convenient  for  general  use.  Four  lines  to  a 
station  are  needed  in  special  cases  to  show  details,  as  in  pass- 
ing through  villages.  The  scale  may  bo  changed  from  time  to 
time  as  found  necessary,  but  no  two  scales  should  ever  be  used 
on  the  same  page.  The  numbering  of  the  stations  up  the  page 
indicates  the  scale  of  the  sketch. 

27.  When  the  contours  of  the  surface  are  required,  the 
topographer  may  join  the  level  party  in  order  that  his  esti- 
mates of  heights  and  slopes  may  be  corrected  by  the  instru- 
ment. He  should  never  draw  a  mass  of  contours  indiscrimi- 
nately, but  should  sketch  them  as  they  exist  at  a  uniform  ver- 
tical interval.  This  interval  may  be  assumed  at  five  feet  in 
a  gently  rolling  country,  and  at  twenty  feet  in  a  mountainous 
one,  but  an  interval  of  ten  feet  will  be  found  most  convenient 
generally.  If  the  topographer  accompanies  the  level  he  can 
assume  the  contours  at  the  even  tens  of  feet  in  elevation,  and 
murk  them  so,  noting  where  a  contour  crosses  the  surveyed 
line,  and  sketching  its  direction  and  shape  both  ways  from 
that  point.  He  will  estimate  the  rate  of  slope  of  the  ground 
at  right  angles  to  the  line  as  so  many  feet  per  hundred,  and 
record  it  from  time  to  time,  noting  ascent  from  the  line  on 
either  side  by  * '  A, "  and  descent  by  "  D. "  If  the  slope  changes 
within  the  limit  of  the  page,  the  line  of  change  may  be 
sketched  and  the  next  slope  recorded.  When  little  banks  or 
terraces  occur,  or  bluffs  and  rocks,  which  cannot  be  suf- 
ficiently indicated  by  contours,  they  should  be  shown  by 
hatchings,  and  the  height  noted.  Special  care  should  be 
taken  to  sketch  roads  and  houses  in  their  correct  positions 
and  dimensions,  the  latter  to  be  either  measured,  paced  or 
estimated.  The  dimensions  should  also  be  recorded  in  num- 
bers. The  outline  of  forests  may  be  shown  by  a  scalloped 
line,  and  the  kind  of  timber,  and  whether  dense  or  scattered, 
written  within  the  inclosed  space.  Correct  outlines  are  essen- 
tial, but  no  time  should  be  given  to  shading  up  a  sketch  with 
conventional  signs.  A  single  sign,  or  the  name  of  the  thing 
intended,  is  all  sufficient.  Land-owners'  and  residents'  names 
should  be  rocorded  whenever  they  can  be  obtained,  as  well  as 
the  names  of  roads,  streams  and  public  buildings. 
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28.  The  leveller  takes  charge  of  the  level  party  and 
keeps  the  notes  of  his  work.  He  reads  the  rod  on  benches  and 
at  turning  points  to  hundredths  of  a  foot  and  to  tenths  at  other 
points.  He V should  direct  a  bench  to  be  made  at  leadt  once 
every  half  mile,  and  in  a  very  rough  country  every  quarter  of 
a  mile.  The  benches  need  not  be  far  from  the  line,  and,  if 
well  chosen,  may  be  used  as  turning  points,  thus  saving  time. 
The  elevation  of  turning  points  must  be  computed  when  * 
taken,  so  that  the  elevation  of  any  one  of  them  may  bo 
instantly  given  when  called  for,  and  the  other  elevations  will 
be  filled  in  as  far  as  may  be  without  delaying  the  survey.  Aa 
the  levels  are  usually  the  most  essential  part  of  the  survey, 
much  care  should  be  taken  to  have  the  instrument  well  ad- 
justed and  truly  level,  and  the  rod  held  vertically  and  correctly 
read  on  turning  points,  but  the  intermediate  work  should  not 
be  so  done  as  to  delay  the  party  unnecessarily.  The  leveller 
should  use  every  endeavor  to  follow  closely  after  the  survey- 
ing party,  so  that  the  chief  and  topographer  may  have  the 
advantage  of  his  notes. 

29,  The  rodman's  first  duty  is  to  hold  the  rod  vertically, 
and  he  must  learn  to  do  this  in  calm  or  windy  weather,  in  level 
field  or  on  side  hill.  He  may  carry  a  small  disk-level,  which 
applied  to  the  edge  of  the  rod  will  show  when  it  is  vertical. 
The  turning  points  are  to  be  selected  for  firmness  and  definite- 
ness,  and  so  that  they  will  afford  a  clear  view  from  beyond 
for  a  backsight.  The  rod  is  held  for  a  reading  on  the  ground 
at  every  stake,  the  number  of  which  is  called  out  to  the  level- 
ler as  soon  as  the  rodman  arrives  at  it;  the  rod  is  also  to  be 
held  at  every  prominent  change  of  slope  on  the  line,  as  the 
crest  and  foot  of  every  bank,  the  rodman  calling  out  its  dis- 
tance from  the  last  stake  as  plus  so  many  feet,  but  all  gentle 
undulations  and  minor  irregularities  are  to  be  neglected.  The 
rod  will  always  be  read  at  the  surface  of  a  stream  or  pond, 
and  also  at  its  deepest  part  on  the  line,  when  possible ;  other- 
wise the  depth  of  the  water  may  be  found  by  sounding,  and 
so  recorded.  Should  the  line  run  along  a  stream  the  surface 
will  be  taken  occasionally,  opposite  certain  stations,  and  in 
case  of  a  canal,  the  elevation  of  surface  above  and  below  each 
lock  must  be  noted.  The  rodman  makes  inquiry  for  high' 
water  marks  or  seeks  traces  of  them  himself  in  an  unlnhahUftd. 
district,  and  holds  the  rod  upoti  Wv^xxv  \>ft»X  \X\ra  ^^N'sji^wv-aiac^ 
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be  determined.  The  rodman  carries  a  small  axe  or  hatchet 
with  which  to  make  benches  and  to  trim  out  any  stray 
branch  that  may  intercept  the  leveller's  view. 

30.  The  assistant  rodmen  take  the  slope  and  elevations 
of  the  ground  at  right  angles  to  the  line,  using  vertical  and  hori- 
zontal rods  and  a  pocket  level,  or  a  tape  line  and  clinometer. 
The  cross  levels  are  not  taken  throughout  the  whole  survey,  if 
at  all,  but  only  where  the  roughness  of  the  country  seems  to 
demand  it.  They  may  be  extended  to  any  distance  from  iho 
centre  line  required  by  the  chief — not  less,  however,  than  fifty 
feet  as  a  rule.  They  may  be  taken  at  the  stations  only,  or 
oftener,  if  necessary,  depending  upon  the  roughness  of  the 
surface,  the  object  being  to  define  accurately  the  contours, 
and  so  the  shape  of  the  ground.  The  assistant  rodmen  will 
also  take  soundings  when  they  are  needed,  either  on  the  line 
or  at  right  angles  to  it. 

31.  In  defining  the  duties  of  the  members  of  the  corps,  tha 
instruments  used  have  been  incidentally  noticed. 

32.  The  compass  is  preferable  to  the  transit  on  prelimi- 
nary surveys,  because  it  can  be  operated  more  rapidly,  is  lighter, 
and  usually  has  a  better  needle.  It  may  have  either  plain 
sights  or  telescope,  and  be  mounted  on  tripod  or  Jacob  staff. 
The  simpler  forms  arc  preferred  for  forest  work.  Not  unfre- 
quently  the  engineer's  transit  is  employed,  but  using  the  needle. 
A  preliminary  line  should  not  be  run  by  backsights  and  deflec- 
tions, unless  local  attraction  is  found  to  exist  to  such  an  extent 
as  to  destroy  confidence  in  the  needle;  or,  in  special  cases, 
where  the  natural  obstacles  to  a  survey  are  very  great.  In  the 
latter  case  the  survey  partakes  of  the  nature  of  a  location,  and 
should  be  conducted  with  similar  care  and  fidelity. 

33.  Tlie  cliain  is  100  feet  long,  and  composed  of  100 
links.  It  should  be  of  steel  for  lightness,  durability,  and  greater 
accuracy.  Those  having  rings  of  hard  steel,  unbrazed,  are 
least  apt  to  wear.  Five  marking  pins  are  needed,  each  having 
a  piece  of  red  flannel  attached,  for  temporary  stations,  or  for 
keeping  points  temporarily  while  measuring  by  parts  of  a 
chain  up  or  down  a  slope.  A  pointed  plumb  bob,  with  sev- 
eral yards  of  small  cord  wound  on  a  carpenter's  spool,  is  use- 
ful  2D  chiiinmg  over  steep  declivities  or  bluffs. 

r34.  The  axes  should  be  of  best  quality,  V\l\\\iwci^-TasA 
handles,  and  not  too  heavy.     The  axe  oi  the  staVL^max^  ft\vo\]\ 
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have  a  fine  edge  for  dressing  and  a  broad  head  for  driying 
the  stakes.  When  the  stakes  are  not  required  to  be  over  two 
feej;  long,  a  stout  basket,  having  a  square,  flat  bottom,  26x14 
inches,  should  be  furnished  the  stakeman.  He  will  then  pre- 
pare a  basketful  of  stakes,  ready  marked,  and  place  them  in 
the  basket  regularly,  in  the  reverse  order  of  their  numbers,  so 
that  they  will  come  to  hand  as  wanted.  A  small  hand-saw 
no  larger  than  the  basket,  with  rather  coarse  teeth,  wide  set, 
will  be  found  extremely  useful  in  cutting  stakes  with  square 
heads  and  of  uniform  length,  and  much  more  rapidly  than  can 
be  done  with  an  axe.  When  not  in  use,  it  is  to  be  strapped  to 
the  inside  of  the  basket,  to  prevent  its  being  lost  by  the  way. 
When  the  basket  is  about  empty,  the  stakeman,  with  the 
assistance  of  the  axemen,  can  soon  replenish  it,  and  the  stakes 
being  all  numbered  at  once,  there  is  less  danger  of  a  mistake 
being  made  in  the  tally  than  when  they  are  marked  only  as 
wanted. 

35*  The  level  should  be  the  regular  engineer's  level,  the 
same  as  used  on  location. 

36.  The  rod  should  be  self -reading,  i.e.,  to  be  read  by  the 
leveller,  as  too  much  time  would  be  consumed  in  the  constant 
adjustment  of  a  target  by  the  rodman.  It  should  be  as  long  as 
can  be  conveniently  handled  in  order  to  reduce  the  number  of 
turning  points  on  hill  sides.  A  very  convenient  rod  may  be 
made  of  thoroughly  seasoned  clear  white  pine,  sixteen  feet 
long  and  two  inches  wide,  with  a  thickness  of  one  inch  at  the 
bottom,  increasing  to  one  and  a  quarter  inches  at  six  feet  from 
the  bottom,  and  then  gradually  diminishing  to  three  eighths  of 
an  inch  at  the  top.  The  rod  is  shod  with  a  stout  strap  of  steel, 
extending  five  inches  up  the  edges,  and  secured  by  screws. 
The  top  is  protected  for  a  few  inches  by  a  plate  of  sheet  brass 
on  the  back.  The  face  of  the  rod  is  a  plain  surface  through- 
out, and  is  graduated  from  the  lower  edge  of  the  steel  shoe  a» 
zero.  The  divisions  are  fine  cuts  made  with  the  point  of  a 
knife.  At  the  foot  and  half-foot  points  the  cuts  extend  across 
the  face.  For  the  tenths  and  half  tenths  thej'  extend  three 
quarters  of  an  inch  from  the  right  hand  edge,  terminating  in  a 
line  scribed  parallel  to  the  edge  of  the  rod,  thus  forming  rec- 
tangular blocks  half  a  tenth.  >w\de,  ev^T^  oW\^^  orafc  <i.\  >^\css2<jvx^ 
painted  black,  the  body  ot  t\\e  TodW\ws,^\\\\.^.  ^\.a\ssN»^ 
indicated  by  numerals  painled  T^ei  ow  W\^\i\^^^  ^^^'^  "^ 
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face,  cacli  figure  standing  exactly  on  its  foot  mark,  and  being 
exactly  one  tenth  high.  For  the  figure  5  the  Roman  V.  is  sub- 
stituted and  for  9  the  Roman  IX.,  so  that  in  case  a  dumpy 
level  is  used  the  5  may  not  be  mistaken  for  a  3,  nor  the  9  for  a 
6.  At  the  half-foot  points  a  red  diamond  is  painted,  so  that 
the  graduated  line  bisects  it.  No  other  figures  nor  gradua- 
tious  are  required.  With  this  rod  the  leveller  can  read  quite 
accurately  to  hundredths  of  a  foot,  and  after  some  practice 
can  estimate  the  half  lumdredths. 

37.  The  horizontal  rod  for  cross-levels  may  be  made 
of  white  pine,  ten  feet  long  and  one  inch  thick  by  three  wide, 
tipped  with  brass,  painted  white,  and  graduated  to  feet  and 
tenths.  It  must  be  a  straight  edge,  and  is  levelled  by  a  pocket 
level  placed  upon  it  when  needed,  or  by  a  small  level  embedded 
permanently  in  one  edge.  The  vertical  rod  to  be  used  with  it 
is  made  of  pine  eight  feet  long  and  one  and  a  quarter  inches 
square,  and  graduated  to  feet,  tenths,  and  half  tenths.  All 
rods  when  not  in  use  should  be  laid  on  a  flat  surface  to  pre- 
vent their  being  sprung.  Leaning  them  in  a  corner  soon  ruins 
them  for  use. 

38.  The  clinometer  is  any  small  instrument  which  will 
measure  the  slope  angle  of  the  surface.  The  angle  is  always 
estimated  from  the  horizon,  a  vertical  being  90°.  The  rise  per 
100  feet  is  found  by  multiplying  the  nat.  tangent  of  the  slope 
angle  by  100.  It  may  often  be  found  more  easily  by  the 
leveller  reading  the  rod  at  a  station  and  then  100  feet  left  or 
right  of  the  line.  If  surface  measures  are  taken  in  connec- 
tion with  a  slope  angle  they  are  reduced  to  horizontal  meas- 
ures by  multiplying  them  by  the  cosine  of  the  slope  angle. 

39.  The  plane-tahle  is  rarely  if  ever  used  on  prelimi- 
nary surveys  in  the  United  States.  Occasional  bearings  taken 
to  prominent  objects  by  the  assistant  engineer,  or  the  use  of  a 
prismatic  compass  by  the  topographer  in  connection  with  his 
sketches,  is  found  to  answer  every  purpose. 

40.  In  case  a  survey  is  to  he  made  with  a  tran- 
sit, it  is  necessary  to  add  a  back  flagman  to  the  party,  who  will 
hold  his  flag  or  rod  on  the  point  last  occupied  by  the  transit,  so 
that  the  assistant  may  take  a  backsight  upon  it.  The  direction 
of  a  new  course  in  each  case  is  determined  by  the  deflection 
angle  to  the  right  or  left  of  the  preceding  course  produced. 
The  bearing  of  one  long  course  near  the  beginning  of  the  sur- 
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vey  having  been  carefully  ascertained,  the  bearing  of  each  suc- 
ceeding course  is  calculated  from  the  deflections,  and  entered 
in  a  column  of  the  field  book  headed  Copulated  Bearings^  from 
which  the  line  is  afterwards  plotted.  The  magnetic  bearing 
of  each  course  should  also  be  taken  from  the  needle,  and  re- 
corded as  such,  but  is  used  only  as  a  check  on  the  transit 
work.  The  deflections  should  be  made  in  degrees,  halves,  or 
quarters,  if  possible,  to  facilitate  the  calculation  of  bearings, 
and  to  admit  of  using  a  traverse  table. 

41.  The  attached  level  and  vertical  arc  of  the  transit  are 
useful  in  determining  approximately  the  grade  of  the  line  run 
in  advance  of  the  level  party,  or  in  seeking  for  one  assumed 
grade  to  which  it  is  desired  that  the  line  shall  conform.  For 
this  purpose  it  is  only  necessary  to  set  the  vertical  arc  to  the 
angle  corresponding  to  the  grade  as  given  in  Table  XIV.,  and 
let  the  head  chain  man  move  about  until  a  point  on  his  rod  at 
the  same  height  from  the  ground  as  the  telescope  is  covered 
by  the  horizontal  cross-hair. 

42.  The  point  on  the  ground  where  a  transit  is  set  up  is 
marked  by  a  good-sized  plug,  flat  headed,  and  driven  down 
flush  with  the  ground,  with  a  tack  set  in  the  head  to  show  the 
exact  point  or  centre.  This  is  called  a  transit  point.  When 
a  transit  point  occurs  at  a  regular  station,  the  stake  bearing 
the  number  of  that  station  is  set  three  feet  to  the  left  of  the 
Mne  opposite  the  plug  and  facing  it.  When  a  transit  point 
occurs  between  stations  the  stake  is  driven  three  feet  to  the 
left  of  it,  marked  with  the  number  of  the  preceding  station 
-f-  the  distance  from  that  station  in  feet. 

43.  As  a  transit  is  capable  of  giving  a  line  with  great  pre- 
cision, it  is  important  that  the  flags  used  in  connection  with 
it  should  be  equally  precise  in  giving  points.  An  excellent  flag 
for  this  purpose  is  made  of  well-seasoned  clear  white  pine  ten 
feet  long,  two  and  a  half  inches  wide,  and  one  inch  thick.  It  is 
tapered  for  the  last  four  inches  to  an  edge  at  one  end,  the  edge 
being  formed  at  the  middle  of  the  width.  The  tapered  end  is 
shod  with  a  band  of  steel  covering  the  edge  of  the  rod,  and 
secured  by  screws,  and  the  steel  is  brought  to  a  sharp  edge  at 
the  point  of  the  rod.  The  rod  is  then  painted  white  and 
tipped  with  brass  at  the  square  or  upper  end.  A  centre  line 
on  the  face  is  then  struck  from  the  point  ot  t\^<i  "s.\rOv  \r»  "^^afc 
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middle  of  the  brass  tip  by  means  of  a  piece  of  sewing  silk, 
and  a  fine  cut  made  with  a  knife  and  steel  straight  edge. 
The  centre  line  must  not  be  scribed  parallel  to  one  edge  of  the 
rod,  as  this  is  rarely  ever  straight.  The  face  of  the  rod  is 
then  divided  into  one-foot  spaces,  measured  from  the  head  of 
the  rod,  and  these  are  painted  red  on  either  side  of  the  centre 
line  in  alternate  blocks.  On  the  back  of  the  rod  at  three  and 
a  half  feet  from  the  point  is  placed  a  small  groimd-glass 
bubble-tube,  mounted  very  simply,  and  attached  to  the  rod  by 
a  brass  plate  and  screws,  and  guarded  by  two  blocks  of  wood 
for  protection.  The  centre  line  of  the  rod  is  made  vertical  by 
a  plumb-line  while  the  level  tube  is  being  attached,  which  ever 
after  secures  a  vertical  rod.  If  only  two  feet  of  this  rod  can 
be  seen  over  any  obstruction,  a  point  can  be  set  with  great 
precision,  provided  the  level  tube  is  in  adjustment.  This  flag 
can  also  be  used  as  a  plumb  in  chaining  with  much  more 
satisfaction  than  a  cord  and  weight,  especially  in  windy 
weather. 

44.  A  transit  survey  usually  requires  more  clearing  than 
one  made  hy  compass.  When  a  given  course  is  to  be  produced 
in  a  forest,  some  large  trees  will  inevitably  be  encountered,  but 
the  labor  and  delay  of  felling  them  may  be  avoided  by  the 
use  of  auxiliary  lines.  These  may  be  classified  as  running 
'parallel  to  the  main  line,  at  a  small  angle  with  it,  or  at  a  large 
angle  with  it. 

45.  The  parallel  line  is  established  by  means  of  two 
short  perpendicular  offsets  measured  with  care  before  reach- 
ing the  obstacle,  and  the  main  line  is  established  beyond  the 
obstacle  by  means  of  two  more  equal  offsets.  But  since  short 
back-sights  are  to  be  avoided,  these  offsets  should  be  at  least 
100  feet  apart,  so  that  it  may  be  difficult  to  find  a  parallel  line 
of  sufficient  length  which  does  not  strike  some  other  obstacle, 
or  at  least  require  considerable  extra  clearing. 

46.  The  auxiliary  lines  making  a  small  angle 
with  the  main  line  are  more  convenient,  not  only  on  this 
account,  but  because  they  require  a  less  number  of  transit 
points.  By  them  an  isosceles  triangle  is  formed  on  the  ground, 
having  the  intercepted  portion  of  the  main  line  as  base,  and  the 
vertex  near  the  obstacle.  The  deflections  at  the  points  where 
the  lines  leave  and  join  the  main  line  are  similar  and  equal,  and 
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the  deflection  at  the  vertex  is  double  in  amount  and  opposite 
in  direction.  Ko  calculation  is  necessary,  for  the  error  in 
measurement  due  to  the  deviation  is  too  small  to  be  noticed, 
and  since  the  main  line  is  immediately  resumed,  the  calculated 
bearings  of  the  auxiliary  lines  are  unnecessary.  Should  the 
point  where  the  second  line  joins  the  main  line  prove  unsuit 
able  for  a  transit  point,  the  second  line  may  be  produced  to 
any  convenient  point  beyond,  and  so  go  to  form  an  isosceles 
triangle  on  the  opposite  side  of  the  main  line,  the  triangle 
being  completed  by  running  a  third  line  parallel  to  the  first, 
and  equal  to  the  difference  of  the  first  and  second.  Again, 
the  second  line  may  encounter  a  serious  obstacle  before  reach- 
ing the  main  line.  To  avoid  this  a  parallel  to  the  main  lin« 
may  be  run  from  the  end  of  the  first  line  for  a  con» 
venient  distance,  and  there  the  second  line  be  put  in 
parallel  and  equal  to  its  first  position,  as  before  de- 
scribed, thus  forming  a  trapezoid. 

47.  The  following  gene1*al  solution  of  this 
problem  allows  the  engineer  to  make  use  of  any 
number  of  auxiliary  lines,  provided  that  none  of 
them  make  an  angle  of  much  more  than  one  degree 
with  the  main  Ime,  with  a  certainty  of  resuming  the 
main  line  in  position  and  direction  at  the  extremity 
of  any  course  desired,  and  without  necessitating 
any  trigonometrical  calculation.  It  is  based  on  the 
assumption,  practically  true  for  small  angles,  that 
the  sines  are  proportional  to  their  angles,  and  is  ex- 
pressed by  the  following  rule : 

Call  all  deflections  to  the  right  phcs,  and  all  to 
the  left  mimis;  multiply  the  length  of  each  course 
in  feet  by  the  algebraic  sum  in  minutes  of  all  the 
auxiliary  deflections  made  to  reach  that  course; 
take  the  algebraic  sum  of  these  products,  and 
when  the  sum  equals  zero  the  extremity  of  the  last 
course  will  be  on  the  main  line.  The  deflection 
required  at  that  point  to  give  the  direction  of  the  main  line 
is  equal  to  the  algebraic  sum  of  all  the  preceding  deflections, 
but  taken  with  the  contrary  sign. 

Thus,  if  we  have  left  the  main  line  at  A,  and  run  b^  \!cj«^'5. 
notes:    (Fig.  l.> 
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Factors.  Products. 

+  16  X  190  =  +  3040 

-  15  X  120  =  -  1800 
+    3  X  175  =  +    525 

-  10  X  265  =  ~  2630 
+    5X   (?) 

3565-4450 

and  their  algebraic  sum  is  —    885 

Therefore  to  render  the  sum  zero  we  must  add  885  as  the  pro- 
duct of  the  last  course.    But  5'  is  already  given  as  one  factor, 

885 
so  that  the  other  factor  must  be  -^-  =  177,  which  is  the  length 

o 

of  the  last  course,  giving  some  point  i^^on  the  main  line.    The 

deflection  at  F  from  the  last  course  to  give  the  direction  of 

the  main  line  is 

16-31  +  18-13+15=5' 

and  changing  the  sign  we  have  —  5' ;  that  is,  the  deflection  is 
to  the  left. 

The  distance  on  the  main  line  from  -4  to  i^^  equals  the  sum 
of  the  courses,  or  927  feet,  but  this  we  have  by  the  stations, 
which  have  been  kept  by  stakes  in  the  ordinary  way.  All  the 
stakes  on  the  auxiliary  lines  will  be  more  or  less  off  the  main 
line,  but  as  these  offsets  are  usually  very  small,  they  are  con- 
sidered of  no  consequence  on  a  preliminary  survey  through  a 
forest.  In  Fig.  1  the  offsets  are  very  much  magnified.  The 
field  notes  of  such  auxiliary  courses  should  be  kept,  not  as 
regular  notes,  but  on  the  margin  or  opposite  page,  and  in  such 
a  way  that,  while  the  line  may  be  retraced  by  them  on  the 
ground,  the  draughtsman  may  see  that  it  is  not  necessary  to  plot 
them,  when  a  straight  line  ruled  and  measured  through  is  suf- 
ficient. It  is  obvious  that  in  selecting  a  closing  course  either 
the  deflection  may  be  assumed  and  the  length  calculated,  or 
vice  versa  ;  but  care  should  be  taken  to  assume  such  values  as 
do  not  involve  a  fraction  in  either  factor,  if  possible. 

48.   The  method  of  passing  an  obstacle  on  the  line  by 

auxiliary  lines  at  a  large  angle  with  the  main  line  will 

only  be  resorted  to  when  circumstances  are  such  that  the  other 

methods  mentioned  cannot  be  employed,  as  in  passing  a  build- 

jn^-,  pond,  or  densely  wooded  swamp.    In.  SMcVi  a  caae  v?e  ma. 
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turn  a  right  angle  with  the  transit,  and  measure  accurately  one 
offset,  putting  a  transit  point  at  its  extremity,  where  auotlier 
right  angle  will  give  a  parallel  line.  If  the  offset  prove  too  short 
for  an  accurate  backsight,  a  temporary  point  at  a  sufficient 
distance  may  be  established  for  that  purpose  on  the  offset  line 
produced  before  the  instrument  is  removed  from  the  main 
line.  If  any  other  angle  than  90"  is  used  it  should  be  selected, 
when  circumstances  permit,  so  that  the  distances  on  the  inter- 
cepted part  of  the  main  line  may  be  in  some  simple  ratio  to 
the  distances  measured  on  the  auxiliary  line.  Thus  a  deflection 
of  60°  gives  a  distance  on  the  main  line  equal  to  half  the 
length  of  the  auxiliary  course,  that  is, 

60°         gives  a  ratio  of  i  =  0.5 
53°  08'       **      "  '•       0.6  nearly 

45°  341'     "      '*  "       0.7      *' 

86°  52'      "      "  '*        0.8      " 

25°50f     "      **  "        0.9      " 


the  angles  being  taken  to  the  nearest  half  minute. 

49.  If  it  be  desired  that  the  stakes  on  the  auxiliary  line 
should  stand  on  perpendiculars  through  the  true  stations 
on  the  main  line,  a  certain  correction  must  be  added  to  each 
chain  length  depending  on  the  angle  which  the  auxiliary 
makes  with  the  main  line.  If  there  is  a  fraction  of  the  chain 
at  either  end  of  the  course,  a  proportional  addition  must  be 
made  for  this.  Thus,  by  referring  to  the  table  of  external 
secants,  we  find  that  we  must  add  a  correction  as  follows: 


2°  33^. .  .0.1  ft.  per  chain. 

3°  37'  ...0.2  ** 

4°  26'  ...0.3  " 

5°  07'  ...0.4  " 

5°  43'  ...0.5  " 

6°  15V... 0.6  ** 


it 

€t 
tt 
tt 
It 


6°45i'...0.7ft.  per  chain. 
7°13f...0.8  '* 
7°39f...0.9  '* 
8°  04'  ...1.0" 
9°  52'  ...1.5  " 
11°  22'  ...2.0" 


<  ( 
(( 
ft 
it 

n 


These  methods  of  suiting  the  angle  to  an  even  measure  are 
much  superior  to  assummg  an  even  number  of  degrees  deflec- 
tion, and  tlien  calculating  the  distance  by  trigonometry.  The 
last  table,  which  may  be  extended  indefinitely  by  reference  to 
the  table  of  Ex.  secants,  is  pertecllY  ^■a.^X&^Xci  <5>kv^k«5a»^>«^ 
surface  measure  on  reguVaT  sVo^e^^^v^'^^^^  '^or^^fc-asN?^^^ 
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known,  the  chain  being  lengthened  by  the  correction  corre- 
sponding to  the  slope  angle. 

50.  If  the  chain  is  lengthened  as  per  above  table  on  auxil- 
iary lines,  the  numbering  of  the  stakes  goes  on  as  usual,  but 
they  should  have  an  additional  mark  as  X  to  show  that  they 
are  off  the  main  line;  and  they  may  stand  facing  the  true 
stations  which  they  represent,  and  the  length  of  offset,  if 
known,  may  also  be  recorded  on  them.  The  leveller  will  then 
understand  that  he  is  to  read  the  rod  not  only  at  the  stakes  as 
they  stand,  but  also  at  the  true  stations,  as  nearly  as  may  be. 
The  assistant  engineer  will  always  make  a  diagram  in  his 
field  book,  showing  exactly  the  method  pursued  in  reference  to 
auxiliary  lines.  Having  passed  the  obstacle,  it  is  advisable 
to  reiiurn  to  the  main  line  by  a  course  equal  in  length  to  the 
first  auxiliary,  and  making  an  equal  angle  with  the  main  line. 
If  this  cannot  be  done  from  the  end  of  the  first  course,  a 
parallel  to  the  main  line  may  be  run  any  convenient  distance, 
and  the  return  line  then  put  in,  forming  a  trapezoid. 

51.  When  there  is  no  obstruction  to  sight  on  the  main 
line,  but  only  to  measurement,  a  transit  point  should  be 
set  in  line  beyond  the  obstacle  before  the  transit  leaves  the 
main  line,  as  a  check  on  the  other  operations,  and  the  main 
line  should  be  afterward  produced  from  this  point  by  back- 
sight on  the  main  line,  rather  than  by  deflection  from  an 
auxiliary  line. 

52.  The  main  line  should  always  be  resumed  as  soon  as 
practicable,  making  the  auxiliary  lines  the  mere  exception. 
When  a  number  of  courses  at  a  large  angle  are  likely  to  be 
required  before  the  main  line  can  again  be  reached,  it  may  be 
better  to  consider  these  as  regular  courses  of  the  survey,  and 
to  note  them  as  such.  The  simplest  method  is  always  the  best, 
because  least  likely  to  involve  mistakes. 

53.  When  the  natural  obstacles  are  so  numerous 
and  of  such  magnitude  as  to  render  any  continuous  line  of  sur- 
vey or  location  extremely  diflicult,  if  not  impossible,  as  in  the 
case  of  a  bold  rocky  shore,  all  the  data  necessary  to  a  location 
should  be  gathered  with  precision  on  the  preliminary  survey, 
the  measurements  and  angles  being  taken  with  the  greatest  care, 
and  as  many  checks  as  possible  should  be  introduced  to  verify 
the  work.  In  meandering  such  a  shore  it  is  probable  that  a  large 
number  of  short  courses  will  be  used,  which  may  be  measured 
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correctly,  but  there  is  liability  to  error  in  the  angles.  To 
verify  the  latter  the  more  conspicuous  transit  stations  on 
prominent  points  of  the  sliore  are  selected,  and  these  being 
named  by  the  letters  of  the  alphabet,  the  deflections  between 
them  are  taken  by  careful  observations  repeated  a  number  of 
times,  as  for  a  triangulation.  These  points,  joined  by  tie- 
lines,  then  form  a  survey  of  themselves,  much  simpler  than 
the  full  traverse.  To  obtain  the  length  of  these  tie-lines,  the 
angles  between  them  and  the  courses  meeting  at  the  same 
station  are  measured.  Then  since  each  tie-line  forms  the 
closing  side  of  a  field,  in  which  all  the  bearings  are  known, 
and  all  the  distances,  save  one,  that  one  may  be  calculated  by 
latitude  and  departures.  But  the  angles  should  first  be  tested 
for  error  in  each  complete  field,  and  if  the  error  be  large  the 
angles  must  all  be  remeasured  until  the  error  is  found  and  cor- 
rected, but  if  very  small  it  may  be  distributed  among  the 
angles,  or  among  those  most  probably  inaccurate.  Before  cal- 
culating tlie  traverse  of  any  of  these  fields,  it  will  be  advanta- 
geous to  assume,  for  an  artificial  meridian,  a  line  parallel  to 
the  average  direction  of  the  shore  for  several  miles,  and  to 
refer  all  courses  to  this  meridian  for  their  bearing.  This 
meridian  is  called  the  axi%  of  the  survey,  and  all  bearings 
referred  to  it  are  called  axial  hearings,  as  distinguished  from 
magnetic  bearings.  The  magnetic  bearing  of  the  axis  should 
be  some  exact  number  of  degrees,  so  as  to  facilitate  the  reduc- 
tion from  one  system  to  the  other. 

54.  In  plotting  the  map,  the  axis  is  first  laid  down,  and  then 
the  lettered  stations  in  their  respective  positions,  after  which 
the  meandering  surveys  can  be  filled  in.  The  map  being 
drawn  on  a  scale  of  one  hundred  feet  to  an  inch,  and  the  con- 
tours constructed  from  the  notes  of  the  level  and  cross-level 
parties,  the  engineer  may  project  the  location  upon  it  with 
great  certainty  and  economy  of  result.  But  he  should  calcu- 
late the  traverse  of  the  location  as  projected,  and  compare  it 
with  the  traverse  of  the  preliminary,  to  eliminate  all  errors  in 
drafting,  before  taking  his  notes  to  the  field  to  reproduce  the 
location  on  the  ground.  Any  point  where  the  location  crosses 
the  preliminary  should  have  the  same  latitude  and  longitude 
by  the  traverse  of  either  line.  This  system,  though  laborious^ 
is  the  only  one  that  will  ensure  a  a\vcc,^%.?.i\3\\c^^"aNAa^^^^^^'^'^ 
circumstances  supposed.     Advanlagft  xawj  ^o\afiNA:«i^'^>^'i  v;^vs^ 
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of  cold  weather  to  cross  bays  and  inlets  on  the  ice,  but  there 
is  great  liability  to  error  in  angles  taken  upon  the  ice,  due  both 
to  its  motion  and  to  the  sinking  of  the  feet  of  the  tripod  into 
the  ice  as  soon  as  exposed  to  the  rays  of  the  sun. 


CHAPTER  III. 
Theory  of  Maximum  Economy  in  Grades  and  CuBVEa. 

55.  Before  commencing  the  field  work  of  location  it  de- 
volves upon  the  engineer  to  decide  as  to  which  of  the  surveyed 
routes  shall  be  adopted  as  being  most  advantageous  in  all 
respects,  and  also  to  establish  the  maximum  grade  in  each 
direction  and  the  minimum  radius  of  curve  on  that  route. 

The  general  considerations  which  guide  the  engineer  in  the 
selection  of  one  of  several  I'outes  for  location  are  such  as  were 
hinted  at  in  the  chapter  on  reconnoissance,  but  upon  the  com- 
pletion of  the  preliminary  surveys  he  has  at  hand  a  large 
amount  of  information  which  enables  him  to  consider  this 
important  question  much  more  in  detail.  Unless  his  instruc- 
tions are  explicitly  to  the  contrary,  he  may  assume  it  to  be  his 
duty  to  find  the  best  line,  or  that  oue  which,  for  a  series  of 
years  following  the  completion  of  the  road,  will  require  the 
least  annual  expense,  including  interest  on  first  cost.  The 
finances  of  the  company  may  be  so  limited  as  not  to  permit 
the  construction  of  the  best  line  at  once,  and  it  may  then  be 
the  duty  of  the  engineer  to  select  the  clt-eapest  line,  or  that  of 
least  first  cost,  as  a  temporary  expedient,  with  the  expectation 
of  building  the  road  at  its  best  when  the  improved  credit  of 
the  company  will  permit.  But  generally  he  will  be  able  to 
build  the  cheaper  portions  of  thelxjst  line  at  once,  only  making 
deviations  and  introducing  heavier  grades  at  the  expensive 
points  to  avoid  a  cost  beyond  the  present  means  at  his  com- 
mand. The  selection  of  the  best  line  may  be  a  question  as 
between  different  routes  or  as  between  different  grades  and 
curves  on  the  same  route.  We  will  consider  the  latter  case 
first. 

50.  To  solve  the  problem  of  true  economy  we  must 
determine  the  actual  expense  both  of  buUdVng  and  opetsAm^ 
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the  line  at  a  given  maximum  grade,  and  also  what  changes  will 
be  made  in  these  expenses  by  a  change  in  that  maximum.  We 
have  then,  on  one  hand,  the  annual  interest  upon  the  original 
cost,  and,  on  the  other,  the  annual  expense  of  operating  the  road. 
Tlie  best  grade  is  that  which  will  render  the  sum  of  these  two  a 
minimum.  Both  forms  oi  expense  consist  of  two  parts:  one 
that  is  affected  by  a  change  m  grade,  and  the  other  that  is  not. 
Clearly  the  former  is  the  only  one  we  have  to  consider  in  either, 
since  when  the  sum  of  the  variable  portions  is  a  minimum,  the 
sum  total  will  be  a  minimum  also.  The  varying  portions  then 
are  functions  of  the  grade,  though  independent  of  each  other. 
If,  therefore,  we  let  z'  represent  the  maximum  grade  in  feet 
per  mile,  and  let  x  represent  the  corresponding  value  of  that 
portion  of  the  annual  expense  which  varies  with  the  grade, 
and  establish  the  relation  existing  between  the  two,  we  shall 
have  X  =f(z').  Similarly  if  we  let  y  represent  the  interest  on 
so  much  of  the  first  cost  as  is  affected  by  grade,  we  shall  have 
y  =f'  (z').  The  problem  then  is  to  find  that  value  of  z'  which 
shall  render 

x-\-y  =  a  minimum. 
Let  us  now  seek  the  complete  expression  represented  by 

x=f(z'): 

The  elements  that  enter  into  this  expression  are  numerous, 
and  will  be  considered  in  succession. 

57.  the  t/raction  of  an  eng^ine  is  the  force  with  which 
it  pulls  a  train,  and  is  limited  by  the  reaction  of  the  drivers 
against  the  rails.  It  depends  on  the  weight  upon  each  driver,  the 
number  of  drivers,  and  the  coefficient  of  friction.  The  weight 
on  one  driver  should  not  exceed  12,000  lbs.,  and  is  usually  less 
than  this.  If  the  exact  proportions  of  engine  that  will  be 
used  on  the  road  are  not  known,  the  weight  per  driver  may 
be  assumed  at  10,000  lbs.,  with  4  drivers  for  ordinary  grades 
and  traffic,  or  at  11,000  lbs.  with  6  drivers,  if  the  grades  are 
steep  and  the  tonnage  large.  For  extraordinary  grades  special 
engines  are  required,  having  8  or  10  drivers.  The  coefficient 
of  friction,  called  also  the  adhesion,  varies  from  .09  to  .37, 
these  being  the  extremes  on  record.  The  lowest  is  due  to 
extremely  unfavorable  circumstances,  as  sleet  and  frost;  the 
highest  doubtless  to  the  use  of  sand,  tlxoxjL^  \^ft\.  "^^s*  ^'aSje^^Nsv 
the  record.    The  more  comnLOii  i^'ci^'^  ol  NtJ\»fc^Ns»^^^''^  >Sk  v 
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.25.  For  our  present  purpose  it  will  be  assumed  at  .20,  so 
that  if  a  4-driver  engine  lias  10,000  lbs.  on  each  driver,  iU 
traction  is  40,000  X  .20  =  8000  lbs.  when  hauling  its  maximum 
train. 

58.  The  expense  of  running  an  engine  one  mile,  hauling 
a  train,  on  the  proposed  road,  can  only  be  estimated  from,  the 
experience  on  other  roads  similarly  situated.  The  expense  is 
composed  of  the  items  of  fuel,  water,  oil  and  waste,  repaira 
(including  renewals),  wages  of  conductor,  engineer,  and  fire- 
man, engine-house  expenses,  and  interest  on  first  cost  of 
engine  and  engine-stall.  The  range  and  approximate  average 
of  these  items  is  here  given : 


Items. 


Fuel 

Water 

Oil  and  waste 

Repairs  and  renewals 

Wages 

Engine-house.  

Interest .. 

Totals 


4-DiuvEB  Engine. 


Lowest.  I  Highest. 


$0,050 
.001 
.004 
.050 
050 
025 
.026 


.305 


$0,210 
.010 
.030 
.150 
.100 
060 
.038 


.596 


4-DBrvER  .6-DRnrER 


S-Dbivbb 


1 

Average. 

Average. 

Avera^. 

$0,100 

$0,165 

$0.2la 

.004 

.006 

.008 

.006 

.006 

.010 

.080 

.104 

.133 

.075 

.075 

.075 

.035 

.050 

.060 

oao 

.038 

.047 

.830 

.446 

.546 

In  a  given  case  the  probable  value  of  each  item  should  be 
estimated  separately,  and  the  sum  taken  afterwards.  In  the 
above  averages  each  engine  is  supposed  to  haul  its  maximum 
train.  The  relative  expense  of  the  several  classes  of  engines 
has  not  been  established  conclusively. 

59,  The  resistance  oft'ered  to  the  motion  of  a  railway 
train  is  occasioned  by  a  variety  of  causes,  concerning  which 
a  great  deal  of  uncertainty  exists  as  to  their  relative  effect. 
An  investigation  which  should  seek  to  determine  the  exact 
amount  of  each  partial  resistance,  and  then  by  a  summation 
derive  the  total,  would  be  tedious,  and,  in  the  present  state  of 
our  knowledge,  unsatisfactory.  We  shall  therefore  simply 
group  the  resistances  under  three  general  heads,  namely: 

Resistance  due  to  uniform  motion  on  a  straight,  level  track; 

Resistance  due  to  grade ; 

Jiosistance  due  to  curvature. 
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60.  Tlie  first  of  these,  considered  as  an  aggregate  of 
the  various  items  of  friction  in  engine  and  train,  of  oscillations 
and  impacts,  and  of  resistance  of  the  atmosphere,  is  found  to 
vary  nearly  or  quite  as  the  square  of  the  velocity.  The  fric- 
tion of  an  engine  is  greater  in  proportion  to  its  weight  than 
that  of  a  car,  owing  to  its  many  moving  parts,  so  that  the 
resistance  of  a  short  train  is  greater  in  proportion  to  its  total 
weight  than  that  of  a  long  train.  The  resistance  of  the  atmos- 
phere is  greater  also  in  proportion  to  the  weight  of  a  short 
train  than  of  a  long  one.  An  empty  train  will  offer  more 
resistance  in  proportion  to  its  weight  than  a  loaded  one.  A 
formula  which  shall  express  the  resistance  of  a  train  to  uni- 
form motion  must  include  at  least  the  velocity  and  the  weight 
of  the  train  and  engine. 

The  following  empirical  formula  is  based  upon  a  careful 
investigation  of  all  such  records  of  experiments  on  the  subject, 
several  hundred  in  number,  as  have  come  to  the  author's  notice, 
and  is  believed  to  give  results  agreeing  closely  with  the  average 
experience  and  practice  of  the  present  day.    It  is  designed  to 
give  the  resistance  per  ton  for  all  trains,  whether  freight  or 
passenger,  and  at  any  velocity,  under  ordinary  circumstances. 
Accidental  circumstances,  such  as  the  slate  of  the  weather, 
and  the  condition  of  the  road-bed,  rails,  and  rolling  stock,  may 
largely  modify  the  resistance,  but  these,  of  course,  are  not 
taken  account  of  in  the  formula. 
Let  V  =  velocity  of  train  in  miles  per  hour, 
E  =  weight  of  engine  and  tender  in  tons, 
W  =  weight  of  cars  in  tons, 
T  =  weight  of  freight  in  tons, 
q  =  resistance  to  uniform  motion  in  lbs.  per  ton. 
We  then  have  the  formula 

,  =  5.4+(.006  +  ^-:^f^)F«  (IS 

61,  The  second  resistance  considered  is  that  due  to 
gravity  in  grades.  It  varies  in  the  exact  ratio  of  the  rise  to  the 
length  of  the  grade. 

Let  G^   =  rise  of  grade  in  feet  per  station. 
Gj^  =  rise  of  grade  in  feet  per  mile. 
g'    =  resistance  in  pounds  pex  Uiiv  (^vvo^  V<5  ^\^^^. 
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Then, 

lUU 


(3) 


62.  The  third  resistance  considered  is  that  due  to 
(curvature  of  the  track.  This  resistance  is  due  to  the  friction 
of  the  wheels  upon  the  top  of  the  rail,  and  of  their  flanges  upon 
the  side  of  the  rail.  Tlie  top  friction  is  lateral,  due  to  the 
oblique  position  of  the  wheel  on  the  rail,  and  longitudinal,  due 
to  the  greater  length  of  the  outer  rail,  since  both  wheels  are 
rigidly  attached  to  the  axle.  The  flange  friction  is  due  to  the 
reaction  of  the  top  friction,  which,  combined  with  the  parallel- 
ism of  the  axles,  throws  the  truck  into  an  oblique  position  on 
the  track.  A  forward  flange  presses  the  outer  rail,  while  a  rear 
flange  is  usually  in  contact  with  the  inner  rail.  The  centri- 
fugal force  of  the  car  will  increase  the  pressure  on  the  outer 
rail,  unless  the  ties  are  inclined  at  an  angle  sufficient  to  coun- 
terbalance this  force.  But  if  the  ties  are  inclined  too  much, 
or  the  velocity  is  less,  the  pressure  on  the  inner  rail  will  be 
increased.  An  uneven  track  will  cause  the  truck  to  pursue  a 
zigzag  course,  increasing  the  resistance  considerably. 

Experiments  for  determining  the  amount  of  curve  resistance 
have  been  neither  numerous  nor  very  satisfactory,  but  the 
generally  accepted  conclusion  is  that  the  resistimce  is  a  little 
less  than  half  a  pound  per  ton  on  a  one-degree  curve,  and  that 
it  varies  as  the  degree  of  curve.  On  European  roads,  how- 
ever, it  is  estimated  at  about  one  pound  per  ton  per  degree  of 
cu've,  owing  largely  to  the  form  of  rolling  stock  used. 

63,  Let  q"  =  curve  resistance  in  pounds  per  ton  on  any 

curve, 
and  B  =  degree  of  curve. 
Then,  assuming  the  resistance  per  ton  on  a  one-degree  curve 
at  0. 560,  we  have  for  any  other  curve 

q"  =  0.562>  (3) 

To  ascertain  what  grade  upon  a  straight  line  will  offer  the 
same  resistance  as  a  given  curve ;  substitute  the  value  of  q" 
for  q'  in  eq.  (2)  and  solve  for  O ;  whence 

G,  =  0.025D  I  .^ 

G„  =  1.32D    S 


'm 
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For  definition  of  degree  of  ciu've,  see  Art.  84. 

64,  It  is  evident  that  grades  and  curves,  by  their  resistances, 
fix  a  limit  to  the  weight  of  a  tram  which  a  given  engine  can 
haul  over  them. 

A  locomotive  is  usually  built  with  such  a  surplus  of  boiler 
and  cylinder  capacity  that  its  power,  at  ordinary  velocities,  is 
limited  by  the  adhesion  of  the  drivers,  so  that  the  adhesion  is 
the  proper  measure  of  the  tractive  force. 

To  find  an  expression  for  the  nmximum  train  which  a  given 
engine  can  haul  over  a  given  grade  and  curve: 

Let    P  =  tractive  force  of  engine  in  pounds, 

T'  =  weight  of  paying  load  in   tons  per  maximum 

train, 
W  =  weight  in  tons  of  cars  carrying  the  load  T'. 

Then  for  uniform  motion,  at  a  given  velocity, 

(^+  W'  +  T)  {q+q'  +  q")^P  (5) 

Let  t  =  average  load  of  one  car  in  tons 

'*  w  =  average  weight  of  one  car  and  load  in  tons. 

w 
Then  W  ^-  T'  =  -T\  substituting  which  in  eq.  (5)  we  derive 


tt 


tt 


■  =  -  (  -r-fj— .  -  e)  (6) 

w  \a  A-  a  A-  a  f 


In  this  equation  q  =  the  resistance  per  ton  due  to  uniform 
motion,  q'  =  the  resistance  per  ton  due  to  the  maximum  grade 
opposed  to  the  direction  of  the  train,  and  q"  =  the  resistance 
per  ton  due  to  the  sharpest  curve  on  tliat  grade. 

For  accelerated  motion  the  reaction  of  inertia  of  the  train 
must  be  added  to  the  above  resistances.  This  is  estimated  at 
\q,  in  order  that  a  train  starting  from  rest  may  acquire  the 
requisite  maximum  velocity,  even  on  a  maximum  grade,  in  a 
reasonable  time,  say  from  3  to  6  minutes.  Therefore,  for 
accelerated  motion. 


'-Li — e\  (7) 


iq  +  q'  +  q 

Now,  the  values  of  T  and  q  m-^oVr^  ^"swOa.  ofCftfcx.Xs^*^^'^ 
accent  Wmd  Tm  eq.  (1)  t\ia  va\\ie  ol  qXi^oxaa"^  ^^  \ssr,^>k 


30  FIELD   EXGINEERIKG. 

tq.  (7),  and  we  may  eliminate  q  between  these  equations,  and 
derive  tlie  value  of  T' ;  whence 

-(P-.0009^«F*) 

iMJ  t 

^  "^  7T?  +  8.1  +  .009K«  ^w^  (^ 

Also,  for  the  weight  of  maximum  train  and  load, 

p-.ooo9g'r'  ,„ 

^+^  -  g- +  5- +  8.1  +  .009  K«  "-^  ^'^ 

which  is  the  expression  required. 

When  there  is  no  curve  on  the  maximum  grade,  q"  is  zero; 
and  when  there  is  no  grade,  q'  is  zero;  hence  for  a  straight  level 
track  eq.  (7)  becomes 


and  eq.  (8) 


^"       8.1  +  .009F^  w 


(10) 


65.  An  engfine-stage  is  a  division  of  the  road  to  which 
an  engine  is  limited,  and  over  which  it  regularly  hauls  a  train. 
Its  length  varies,  on  existing  roads,  from  50  to  200  miles  or 
more,  depending  on  the  grades,  on  the  length  of  the  whole 
line,  and  on  the  distance  between  points  favorable  for  the  loca- 
tion of  shops,  etc.  The  average  engine-stage  on  American 
roads  is  not  far  from  75  miles.  If  there  are  to  be  several 
engine-stages  on  the  proposed  line,  the  problem  of  maximum 
economy  of  grade  must  be  solved  with  reference  to  each  of 
them  separately. 
Let  L  =  length  of  engine-stage  in  miles, 

"    e  =  expense  per  engine-mile  in  dollars, 

*'  A  =  average  annual  paying  freight  in  tons  moving  in 
one  direction,  and 

^  a  =  average  annual  paying  freight  in  tons,  moving  in 
the  opposite  direction;  and  if  these  are  not  equal,  let  A  bo 
greater  than  a.  Now  T'  eq.  (8)  is  the  maximum  train-load 
which,  at  a  velocity  F,  should  be  hauled  up  steepest  grade  z\ 

opposed  to  the  direction  of  the  tonnage  A\  Ueuce  -^,  r=  tUc 
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number  of  trains  per  annum;  and  since  each  train  must  go 

2LA 
and  return,  .'.  — mj-  =  ^^^  total  train-mileage  per  annum. 

If  there  were  no  return  tonnage,  the  annual  expense  charge- 

2ALe 
able  to^  would  be     j,,  ,  but  since  some  of  the  cars  return 

loaded  with  the  freight  a,  these  are  not  chargeable  to  A,  and 
must  be  deducted  from  the  above  expression.  Hence  if  we 
denote  the  annual  expense  of  engine-mileage  by  x, 

X  =  (?£=^  (11) 

in  which  the  value  of  the  maximum  grade  z'  is  involved  in 
the  value  oi  T'. 

But  we  may  obtain  an  expression  for  x  in  terms  of  z' ;  for, 
at  any  given  velocity,  the  resistance,  g^,  on  a  level  is  equal  to 
the  resistance  due  to  a  certain  grade  s^*  the  value  of  which  is, 
by  eq.  (2),  for  uniform  motion, 

33 


^0  =  14^, 


10 


So  the  resistance,  q,  to  motion  up  a  grade  z'  is  equal  to 

33 

the  resistance  due  to  some  grade  ^  =  tj  5'»  the  total  resistance 

being  that  due  to  the  combined  grades  z  -\-  z'.  Now,  since 
the  gross  weight  of  a  maximum  train,  under  a  constant  engine 
power,  is  inversely  as  the  resistances,  we  have,  for  conditions 
of  accelerated  motion : 

^  T'  +E  :  -J  T,'+  E  ::  ^z,  :  ^z  +  zl 
whence 

lT\z,^^E{z'+\{z-z,)) 

r  = ^-T-A~' (^^) 

iz  +  z 

in  which  2",,  =  maximum  train-load  on  a  level  line.  Substi- 
tuting this  value  of  T'  in  eq.  (11)  we  have 

X  = ^^-^^ (2.1  -  a)  Le      (IS) 

iT\z,--E{z'  +  i{z^z,)) 

which  is  the  complete  exptession  iov  x,  —  f  ^^  ^ccvj^Nx^^. 
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OO,  Could  we  also  find  a  complete  expression  for  y'=^f^  (e'i 
we  might  then  proceed  to  find,  by  analysis,  that  value  of 
2'  which  would  render  ;r  +  y  =  a  minimum.  But  the  value 
of  y  cannot  be  lormulaced,  since  it  depends  on  the  accidental 
features  of  the  country  through  which  the  line  passes;  it  can 
only  be  determined  for  any  given  value  of  z'  by  an  estimate 
based  on  the  survey.  We  therefore  resort  to  a  graphical 
solaiion. 

E(iuaiion  (13)  is  the  equation  of  a  curve  in  the  plane  ZX^ 
Fig.  2.  If  we  assume  several  values  of  «',  and  calculate  the 
corresponding  values  of  a*,  we  may  lay  these  off  by  scale  on 
the  axes  of  Z  and  X  respectively,  and  so  obtain  several  points 


through  which  the  curve  of  annual  expense  may  be  drawn. 
"VVe  then  make  estimates  of  the  cost  of  constructing  the  road 
at  the  same  values  of  s',  and  taking  the  annual  interest  of 
each  estimate  as  an  ordinate  y  to  0-^in  the  plane  ZY,  we  lay 
it  off  to  scale  at  the  proper  height,  thus  obtaining  a  series  of 
points  in  tlic  plane  ZY,  through  which  the  curve  of  annual 
interest  on  first  cost  may  be  drawn.  If  now  we  suppose  the 
plane  ZFto  be  revolved  to  the  left  about  the  axis  OZ  until 
it  coincides  with  the  plane  OX,  as  in  Fig.  2,  we  shall  see 
that  tlie  two  curves  are  convex  to  OZ  and  to  each  other.  The 
shortest  horizontal  line  intercepted  by  them  indicates  the 
minimum  value  of  {x,  +  y),  and  the  point  where  this  line  cuts 
the  axis  OZ  indicates  the  corresponding  value  of  z',  which  is 
the  one  required.  If  tangents  be  drawn  to  the  curves  at  the 
points  where  tlie  shortest  horizontal  line  intersects  them,  the 
tangents  will  be  parallel  to  each  other.  Any  convenient  scales 
may  be  used  to  lay  off  the  values  of  z'  and  x,  provided  that 
the  values  of  x  and  y  be  laid  off  to  the  sanie  scale.    It  \a  'well 
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to  reduce  all  the  values  of  x  by  an  amount  common  to  them 
all,  and  the  same  with  respect  to  values  of  y,  before  laying 
them  off  to  scale.    This  will  bring  the  two  curves  nearer 
together  without  altering  their  form. 
67«  To  facilitate  the  calculation  of  a;,  we  give  on  the  next 

page  a  table  of  values  of  ^  for  several  engines,  using  eq.  (8) 

for  this  purpose.  The  value  of  a?  is  therefore  found,  eq.  (11) 
or  (13),  by  multiplying  (2^  —  a)  Le  hy  the  proper  tabular 
number,  under  conditions  assumed  as  follows: 

t    =10  tons  of  freight  per  car-load; 

w  =  18  tons  per  car  and  load; 

F  =  12  miles  per  hour. 

For  a   4rdriver  engine,  ^  =  42     tons;  P  =    8100  lbs. 

For  a   6-driver  engine,  E  =  49.5    **      P  =  12600 

For  an  8-driver  engine,  E  =  59.4    "      P=  17280 

Substituting  these  values  in  eq.  (8),  and  making  q"  =  0, 
we  find  the  maximum  loads  of  freight  which  the  several 
engines  can  haul  up  the  grade  whose  resistance  is  g'.  The 
reciprocals  of  these  loads  are  given  in  the  table  opposite  the 
grades  noted  in  the  first  and  last  columns. 

68.  Since  q"  is  made  zero,  the  grades  in  the  table  are 
assumed  to  be  on  straight  lines.  In  locating  a  road,  the 
maximum  grade  should  be  reduced  on  a  curve  by  the  amount 
of  the  equivalent-grade  of  the  curve,  eq.  (4),  so  that  the  resist- 
ance may  be  no  greater  on  the  curve  than  elsewhere.  But 
grades  less  than  the  maximum  need  not  necessarily  be  reduced 
for  the  curves  upon  them,  unless  the  sum  of  the  grade  and  the 
curve-equivalent  exceeds  the  maximum. 

69.  For  an  example,  let  us  suppose  that  a  certain  engine- 
stage  is  to  be  80  miles  long,  and  that  an  estimate  of  the  cost  of 
construction  has  been  made,  based  on  a  ruling  or  maximum 
grade  of  52.8  ft.  per  mile  against  the  heavier  traffic,  and  that 
the  annual  interest  on  the  estimate  amounts  to  $168,000. 

Let  us  further  suppose  that  the  average  traffic  in  one  direc- 
tion is  estimated  at  875  000  tons  per  annum,  and  in  the  other 
direction  at  125  000  tons,  that  it  is  decided  to  use  6-driver 
engines,  and  that  the  expense  per  engine-mile  is  estimated  at 
40  cents ;  hence  (2 A  —  a)Le  =  20  000  000.  We  are  now  required 
to  find  the  most  economical  maximum  gcada. 

We  first  select  at  least  two  otYvex  max\m\iTCv^x%i^^^^«cv$L^^^^'*^ 
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r=12. 


Table  of  Reciprocals  of  T' 


f  ~  10,  «;  =  18. 


O,. 


4.0 
3.9 


8. 
3. 


3.6 
8.5 
8.4 
3.3 
8.2 
8.1 

3.0 
2.9 
2.8 
2.7 
2.6 
2.5 


2. 
2, 
2. 
2. 


0 


2.0 
1.9 
1.8 
1.7 
1.6 
1.5 
1.4 
1.3 
1.2 
1.1 

1.0 
.9 
.8 
.7 
.6 
.5 
.4 
.8 
.2 
1 
0 


E  =  42 
P=8100 


.0479  844 
.0457  399 
.0436  036 
.0415  679 
.0396  259 
.0377  712 
.0359  980 
.0343  012 
.0326  759 
.0311  176 

.0296  224 
.0281  864 
.0268  061 
.0254  784 
.0242  005 
.0229  695 
.0217  828 
.0206  381 
.0195  3;« 
.0184  603 

.0174  a52 
.0164  382 
.0154  736 
.0145  399 
.0136  356 
.0127  593 
.0119  099 
.0110  860 
.0102  865 
.0095  104 

.0087  566 
.0080  242 
.0073123 
.0066  200 
.0059  466 
.0052  913 
.0046  533 
.0040  320 
.0034  268 
.0028  370 
.0022  620 


T^.f.  I  .E  =  49.5 
mm.    ,  p=  12600 


22  445  I 

21  363  ; 

20  357  , 

19  420  ' 

18  547  i 

17  732  ■ 

16  968  I 

1C253  ' 
16  583 

14  952  i 

14  360  ' 

13  803  : 
13  277 

12  779  i 

12  310  ! 

11867  i 

11447  i 

11048  ; 

10  670  j 

10  311  ' 

9  970  ; 
9  046 

9  337  ; 

9043  ' 

8  763  ■ 

8  494  , 

8  239  I 
7  995 
7  761 

7538 


7  824 
7119 
6923 
6  734 
6  553 
6380 
0  213 
6  052 
5  898 
5  750 


.0241  3&5 
.0232  431 
.0223  739 
.0215  297 
.0207  094 
.0199  120 
.0191  367 
.0183  824 
.0176  483 
.0169  336 

.0162  376 
.0155  596 
.0148  988 
.0142  546 
.0136  2&4 
.0130  136 
.0124  157 
.0118  321 
.0112  622 
.0107  056 

.0101  620 
.0096  808 
.0091  115 
.0086  039 
.0081  074 
.0076  218 
.0071  467 
.0066  818 
.0062  267 
.0057  810 

.0053  445 
.0049  IVl 
.0044  984 
.0040  880 
.0036  858 
.0032  915 
.0029  050 
.0025  259 
.0021  540 
.0017  892 
.0014  812 


Diff. 


I  p. 


812 
198 
076 
965 
&jQ 
751 
649 
4  551 
4  457 

4865 

4  274 


8954 
8  692 
S442 
8203 
7  974 
77.3 
7543 
7  341 
7147  :| 

6  960  I 

6TR0  I 
6  608 
6  442  I 
6282  I 
6128  ! 
5  9T9 
5  836 
5  699 
5  566 


5436 


4187 

4104 

4022 

3  943 

3  865 

3  791 

3  719 

8648 

3580 

.E:=59.4 
P=  17280 


.0162 
.0157 
.0151 
.0146 
.0141 
.0186 
.0131 
.0126 
.0121 
.0116 


847 
250 
786 
-.50 
238 
146 
168 
302 
545 
892 


.0112  839 
.0107  884 
.0103  524 
.0099  255 
.0095  075 
.0090  981 
.C086  970 
.0088  040 
.0079  188 
.C075  413 

.0071  712 
.0068  082 
.0064  522 
.0061029 
.0057  602 
.0054  239 
.0050  988 
.0047  698 
.0044  517 
.0041393 

.0038  324 
.0035  309 
.0032  847 
.0029  437 
.0026  577 
.0023  766 
.0021002 
.0018  284 
.0015  612 
.0012  984 
.0010  399 


Diff.  ft. 


5  507 
6464 
5836 

6  212 
5092 
4978 
4866 
4  757 
4653 

4553 

4  455 
4360 
4269 
4180 
4  094 
4  011 
3930 
3P52 
8  775 

8  701 

8630 
3560 
3  498 
3  427 
8368 
3  301 
3210 
3181 
3124 

8  069 

3  015 
2962 
2  910 
2  860 
2  811 
2  764 
2  718 
2  672 
2  628 
2585 


t.  per 
mile. 


211.90 
905.92 
900.64 
185.86 
190.08 
184.80 
179.62 
174.94 
168.96 
163.68 

166.40 
168.12 
147.84 
142.66 
187.26 
139.00 
196.72 
191.44 
116.16 
110.88 

105.00 
100.82 
95.04 
89.76 
84.48 
79.90 
78.92 
68.64 
68.86 
68.06 

69.80 
47.52 
49.94 
86.96 
81.68 
96.40 
21.12 
15.84 
10.56 
6.28 
0.00 


In  this  table  T'  =  tons  of  freight  for  a  maximum  train  of 
fully  loaded  cars  hauled  up  any  grade  z'  at  a  velocity  of  12 
miles  per  hour ;  the  ratio  of  dead  to  paying  load  being  assumed 
at  8  to  10.  Hence  gross  load  of  tram  behind  engine  =  lo  T'. 
The  track  is  assumed  straight,  henoe  q"  =  0  in  eq.  (8)  foi 
^AIs  table. 
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niftde  an  estimate  of  tlie  cost  of  consirucCing  the  rond  upon 
each,  take  tlie  annuul  int«rcat  of  encti,  us  in  tlie  first  case.  Let 
ua  suppose  the  two  ruling  grades  tlius  selected  to  he  73.93  ft. 
and  31.68  ft.  per  mile,  or  1.4  ft.  jwt  station  and  0.6  ft.  per 
Station,  and  Ihe  intereat  on  the  estimates  to  be  |I45  596  and 
^204  388  respectively,  giving  the  following  statement: 


145, 596 
168  000 


Mdiff. 


Interpolating  hy  second  differences,  we  have  the  complete 


e.. 

V- 

dULB- 

din.  I, 

.+..      i       .. 

1| 

1WS88 
165  030 

77HS 
BI'DO 

Sl»8 

1 

is 
Is 

274  SDO 

78,93 

o'.i 

1S4  448 

199  guD 

304888 

T8T1B 

4a. » 

81,68 

The  numbers  in  the  tourtli  and  fifth  columns  are  obtained 
Bs  follows:  the  values  assumed  above  ^ve  us  {iA  —  a)  Le  = 
ISO  000  000,  and  this  multiplied  hy  the  tabular  differences  in 
the  preceding  table  for  a  6-driver  engine,  gives  the  numbers  In 
the  fourth  column.  We  now  observe  that  the  differences  of 
X  and  of  y  increase  in  opposite  directions,  therefore  at  some 
point  they  will  he  equal;  and  a  simple  inspection  shows  us  that 
this  point  is  at  or  near  the  grade  of  0.9,  which  is  therefore 
tlic  grade  required.  Wc  now  multiply  the  tabular  number  for 
0.9.  and  a  6-driver  engine  by  $30  OOO  000.  for  the  number  in 
the  fifth  column,  and  this  added  lo  the  value  of  y  on  tho 
same  line  gives  the  sum  of  {x  -\-  y)  for  the  most  economical 
grade.  This  of  course  is  not  the  total  annual  outlay  of  llie 
road,  or  engine-stage,  because  many  items  of  expense  which 
are  independent  of  a  maximum  gmde  \vw«ft  -wiV  \«.tw»  lyaa.- 
ajdered 
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If  an  8-driyer  engine  were  to  be  used,  and  the  expense  per 
engine-mile  estimated  at  50  cts. ,  tlien  (2*1  —  a)Le=.  $25  000  000; 
hence 


o,. 

y- 

diflf.  y.  1    difP.  x. 

X. 

ar+y. 

«'. 

1.1 

1.0 
0.9 

161088 
168000 
175  786 

6  912 
7786 

J^     ,      95810 

868810 

60.80 

indicating  a  saving  of  $10  318  per  annum  in  the  case  supposed 
by  using  8-driver  engines,  althougli  on  a  steeper  ruling  grade. 
On  the  other  hand,  should  we  adopt  4-driver  engines,  and  esti- 
mate the  expense  per  engine-mile  at  30  cents,  we  should  find 
the  most  economical  grade  to  be  0. 7  per  station  and  {x  +  y) 
=  $293  280,  showing  a  loss  in  this  case  of  $19  152  per  annum, 
as  compared  with  the  results  of  6-driver  engines. 
It  should  be  remembered  that  the  table  §  67  is  prepared  on 

the  assumption  that  the  ratio  —  =  T?r.    If  cars  are  to  be  used 


w 


18* 


giving  for  full  loads  any  other  ratio,  —  ,  a  new  table  may  be 

10      to' 
prepared  by  multiplying   each  tabular  number  ^7  ^"3  X  ^r  • 

The  velocity  adopted  of  12  miles  per  hour  is  sufficient  for 
ordinary  grades.  When  the  maximum  grade  is  very  low,  it 
would  be  better  to  use  15  or  18  miles  an  hour  in  calculating 
the  value  of  x. 

70.  Since  x,  eq.  (11),  varies  directly  as  Z,  it  is  important 
that  an  engine-stage  having  heavy  grades  should  be  short.  Its 
length,  however,  must  be  consistent  with  the  economical 
length  of  the  adjoining  engine-stages,  and  with  the  amount  of 
work  which  an  engine  ought  to  perform  daily.  The  most 
favorable  condition  for  a  road  would  be  that  in  which  all  the 
engine-stages  were  operated  at  equal  expense.  But  if,  to 
secure  this  result,  the  engine-stage  of  heavy  grades  must  be 
unreasonably  reduced  in  length,  it  will  be  better  to  adapt  the 
grades  to  the  use  of  two  engines  per  train. 

7 1.  The  maximum  grade  »',  opposed  to  the  heavier  tonnage 
A,  having  been  determined,  we  have  now  to  consider  what  is 
the  limit  to  grades  in  the  opposite  direction.    The  QTv^ne*  wc^ 
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supposed  to  haul  their  maximum  loads  in  moving  the  ton- 
nage Ay  and  since  the  return  tonnage,  a,  is  less  thaji  A,  the 
engines,  in  returning,  will  not  be  worked  to  their  full  capacity 
if  they  encounter  no  grades  steeper  than  z'.  We  therefore 
have  a  margin  of  power  in  the  returning  engines  which  may 
be  taken  advantage  of  to  cheapen  the  cost  of  construction,  or 
to  shorten  the  line,  by  introducing  grades,  steeper  than  z\ 
against  the  lighter  traffic. 

The  weight  of  a  maximum  train  moving  up  the  grade  z'  is, 
eq.  (9),  W  '\-T'\  the  weight  of  the  train  returning  will  be 


^'+3^'=(v+a^' 


Substituting  this  in  place  of  (IF"'  +  T\  eq.  (9),  and  solving  for 
q\  we  find  the  resistance  due  to  a  maximum  grade  opposed  to 
the  returning  train.  Whence,  by  eq.  (2),  if  we  let  Z  =  the 
maximum  return  grade,  and  make  q'  =  0, 

^^33.     P-.m^E^ g(ai  +  .009F«)       (14) 


E 


+  (-f-'+3)^' 


Inasmuch  as  the  value  of  Z  varies  with  every  change  made 
in  «',  the  engineer,  when  estimating  the  cost  of  construction 
upon  the  basis  of  any  maximum  grade  «',  should  take  care 
that  the  return  grade  Z  nowhere  exceeds  its  limit  as  given  by 
the  last  equation  (14).  In  the  example,  §69,  z'  =  47.52;  hence 
T  =  203.37,  eq.  (8).  Substituting  these  values,  in  eq.  (14),  wo 
find  Z  =  81.25,  which  is  therefore  the  limit  for  return  grades 
in  this  case.     With  regard  to  curves  on  the  maximum  grade, 

see  §68. 

33 
72.  If  in  eq.  (1)  we]etz  =  j^q  be  the  grade  per  mile  which 

offers  a  resistance  equal  to  the  resistance  to  uniform  motion 
on  a  level,  we  have 

e  =  13.73+ (.01414 +  -^?f5^)F.         (15) 
When  F=  20  this  becomes 


2  =  18.886  -V  B.VW-VT 


i^K^ 
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wliich  is  the  grade  down  which  a  train,  whose  weight  is  (JS^-p 
W-{-  T),  it  started  at  20  miles  an  hour,  will  continue  to  move 
at  that  speed  without  steam  or  brakes.  As  that  speed  is  not 
objectionable,  so  the  grade  «,  which  induces  it  is  not,  pro- 
vided it  does  not  exceed  the  values  of  z'  or  Z  respectively, 
determined  with  reference  to  economy.  For  the  extra  work 
done  by  the  engine  in  ascending  one  grade  z  is  utilized  in 
descending  the  next ;  and  the  net  result  is  the  same  as  though 
the  two  were  replaced  by  a  uniform  grade.  The  engineer 
therefore  is  not  warranted  by  economic  considerations  in 
reducing  undulating  grades  which  do  not  exceed  2  to  a  uni- 
form grade,  when  to  do  this  would  cause  any  increase  in  the 
cost  of  construction,  unless  z  exceeds  the  grades  a*  or  ^  of 
maximum  economy. 

73.  But  when  grades  exceed  z,  eq.  (15^),  the  resulting 
speeds  of  the  maximum  train  become  too  great,  and  the  neces- 
sary application  of  the  brakes  absorbs  a  portion  of  the  power 
previously  expended  in  gaining  the  summit,  whicu  is  thus 
worse  than  wasted,  since  it  increases  the  wear  and  tear  of 
machinery  and  track.  Therefore  the  engineer  is  justified  in 
spending  a  certain  sum  of  money  in  reducing  grades  which 
exceed  z  to  that  limit.  A  calculation  of  the  loss  of  power  due 
to  the  use  of  brakes  on  a  grade,  and  of  the  cost  of  that  lost 
power,  together  with  the  resulting  wear  and  tear  per  annum, 
will  give  the  interest  on  the  sum  tliat  may  be  justifiably  spent 
in  reducing  the  grade  from  its  position  of  cheapest  construc- 
tion. 

74.  The  limit  z  is  not  constant,  but  depends  on  the  weight 
of  the  maximum  trahi,  which  in  turn  depends  on  z'.  It  will 
not  be  the  same  in  both  directions  unless  -4  =  a,  giving  z'  =  Z, 
In  the  example  §69,  JiJ  =  49.^  and  W  +  T'  =  366.07;  hence, 
eq.  (15  J),  z  =  21.72  descending  in  the  direction  of  the  traffic  A, 

Also  W  +~  T'  =  230.49,  whence  z  —  23.34  descending   in 

the  opposite  direction.     These  are  the  limits  in  this  case  at 
which  undulating  grades  cease  to  be  profitable. 

75.  We  have  finally  to  consider  the  method  for  selecting  the 
best  line  from  several  proposed  routes.  For  this  purpose  we 
determine  the  most  economical  grade  on  each  route  thought 
worthy  of  consideration,  and  calculate  the  interest  on  the 

^'/^/^/'^  ^'i?^f/ of  constructing  the  line  with  that  xuVrng  gtt^cde,  aad 
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also  the  annual  expense  of  operating  the  line,  and  take  the  sum 
of  the  two.  That  route  is  best  in  respect  to  which  this  sum  is 
the  least. 

76.  The  value  of  saving  one  mile  in  distance  on  any  route 
is  found  by  dividing  the  sum  of  the  annual  operating  expense 
and  the  interest  on  the  cost  of  construction  by  the  rate  of 
interest,  and  the  quotient  by  the  length  of  the  line  in  miles. 

77»  We  have  now  fully  discussed  the  theory  and  developed 
the  formulsB  necessary  to  the  determination  of  the  most 
economical  grades;  but  the. value  of  the  results  in  a  given 
case  depend  upon  the  correctness  of  the  engineer's  estimates 
which  enter  into  the  formulae.  These  may  seldom  prove  pre- 
cisely accurate,  yet,  if  he  can  bring  them  within  definite 
limits,  he  may  determine  the  grades  of  maximum  economy 
within  corresponding  limits.  In  the  case  of  a  finished  road 
and  in  full  operation,  however,  the  elements  of  first  cost,  of 
traffic,  and  of  operating  expenses  being  known,  an  iuvestigo.- 
tion  by  means  of  the  foregoing  formulae  becomes  a  critical  test 
as  to  the  economy  of  the  location  and  grades;  and  should  the 
road  fail  to  pay  dividends,  or  be  forced  to  charge  high  rates 
of  toll,  we  can  determine,  though  perhaps  too  late,  to  what 
extent  the  location  is  chargeable  with  these  results. 


CHAPTER  IV. 
Location. 

78,  A  railroad  is  said  to  be  located  when  its  centre  line  is 
established  on  the  ground  in  the  position  which  it  is  intended 
finally  to  occupy.  The  location  is  made  by  an  engineer  corps 
similar  in  its  organization  to  that  employed  on  preliminary 
surveys.  The  instruments  used  are  also  the  same,  except  that 
the  transit  is  substituted  for  the  compass,  and  usually  the  target 
rod  for  the  self-reading  i*od.  The  magnetic  needle  is  never 
used  upon  the  centre  line,  except  as  a  rough  check  on  the 
transit  work.  It  is  used,  however,  to  obtain  the  direction  of 
propertj'  lines,  roads,  and  other  topographical  data. 

79.  The  remarks  upon  transit  work  in  live  ^\^^Axw% 
chapter  apply  to  the  running  o^  RUa\^\\.\\wfe^  cyDL\c»Q,^v5?cv.     K^^ 
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field-work  on  location  should  be  done  with  accnracy  and 
lidclity.  No  guesswork,  nor  rude  approximations,  are  to  be 
tolerated.  All  tmiisit  points  are  nuule  as  secure  and  permanent 
as  possible,  and  the  more  important  ones  arc  guarded  by  other 
transit  points  set  in  safe  positions  near  by,  their  difltanoes  and 
directions  from  the  main  point  being  recx)rded. 

The  stakes  for  the  stations  are  made  neatly,  and  somewhat 
uniform  in  size,  and  they  are  firmly  driven.  Sometimes  a 
small  plug  is  driven  down  Hush  with  the  surface  of  the  gronnd 
to  indicate  the  station  point,  and  the  stake  is  then  set  near  by 
as  a  witness. 

In  locating  a  very  longr  tangent  the  greatest  care  is  re- 
quired to  make  it  Hiraight  If  the  tangent  is  produced  from 
point  to  point  by  backsights  and  foresights,  the  obeervation 
should  be  repeated  in  every  instance  with  reversed  inMmment, 
to  eliminate  any  possible  lack  of  adjustment,  and  to  check 
any  accidental  error.  (Indeed  it  is  projKT  to  observe  this  rule 
on  curves,  as  well  as  on  tangents.)  When  some  object  in  the 
horizon  can  Ik;  used  as  a  foresight,  it  is  preferable  to  set  the 
instrument  by  this  rather  than  by  a  backsight.  For  final  loca- 
tion, the  line  should  be  cleared  to  give  as  continuous  a  line  of 
sight  as  possible,  but  in  case  of  an  obstacle  which  cannot  be 
removed  at  tlie  time,  at  least  two  independent  methods  of 
passing  it  should  be  employed,  so  that  there  may  be  a  check 
upon  the  alignment  beyond. 

80,  The  leveller  selects  his  benches  far  enough  from  the 
line  to  prev(!nt  their  being  disturbed  during  the  construction  of 
the  road.    They  should  l)e  nearly  at  grade,  as  a  rule,  though  it 
is  well  to  leave  a  bench  near  a  water-course  for  reference  in  lay- 
ing out  masonry  or  trestle-work.     The  rodman  holds  the  rod 
at  every  station,  and  at  every  point  on  the  centre  line  where 
the  sloi>e  changes  direction,  so  that  these  points  may  be  accu- 
rately defined  on  the  profile.     When  he  uses  a  target  rod,  he 
sets  the  target  as  directed  by  the  leveller,  and  after  clamping 
it,  takes  the  reading.     He  reads  to  thousandths  upon  turning 
points  and  benches,  but  only  to  tenths  of  a  foot  elsewhere,  and 
announces  the  readings  to  the  leveller  for  record.    He  also 
records  the  readmgs  upon  turning  points  and  benches  in  his 
own  book  as  a  clieck.     At  the  close  of  each  day  the  leveller 
and  rodman  compare  notes,  and  draw  a  profile  of  the  line  sur- 
veyed.   (>See  also  %^'2S,  29,  80.) 
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81.  The  fixing'  of  the  grade-lines  upon  the  profile  is 
one  of  the  most  important  operations  connected  with  the  loca- 
tion. It  is  usually  performed  by  the  engineer  in  charge  of 
the  locating  party,  as  being  most  conversant  with  the  general 
character  and  detailed  requirements  of  the  line.  The  maxi- 
mum gradients  will  have  generally  been  determined  in  advance 
from  the  preliminary  data  by  the  principles  laid  down  in  the 
preceding  chapter,  but  the  position  of  each  grade-line,  relative 
to  the  profile  of  the  surface,  must  be  left  to  the  judgment  and 
skill  of  the  engineer.  In  general,  the  grade-line  is  so  placed 
as  to  equalize  the  amounts  of  excavation  and  embankment, 
but  there  are  various  exceptions  to  this  rule.  Thus,  the  exca- 
vation maybe  in  excess:  firstf  when  it  is  necessary  to  pass 
under  some  other  road  or  highway,  the  grade  of  which  cannot 
be  changed;  «c<»n(f,  *  when  valuable  property  is  to  be  avoided, 
the  appropriation  of  which  would  cost  more  than  the  excava- 
tion; ihird,  when  the  grade  is  at  the  maximum  near  a  sum- 
mit, and  cannot  be  raised  parallel  to  itself  without  incurring 
too  great  an  expense  for  masonry,  etc.,  at  some  other  part  of 
the  line.  The  embankment  may  be  in  excess,  first,  when  the 
coimtry  is  flat  and  wet,  in  order  to  keep  the  road-bed  well 
drained;  (the  grade-line  should  be  at  leasjt  two  feet  above  the 
average  level  of  the  surface,  or  above  high-water  mark,  if  the 
district  is  subject  to  overflow;)  second,  in  approaching  a 
stream,  where  it  is  necessary  to  raise  the  grade  above  the 
requirements  of  navigation;  third,  when  the  cuttings  on  the 
line  are  largely  in  solid  rock,  and  a  cheai^er  material  for 
embankments  may  be  conveniently  had  at  other  points; 
fourth,  in  a  district  subject  to  heavy  drifts  of  snow,  by  which 
deep  cuts  would  be  liable  to  be  obstructed ;  fifth,  in  side-hill 
work,  where  there  is  danger  of  land-slips;  sixth,  when  it  is 
determined  to  supply  the  place  of  a  portion  of  an  embankment 
by  a  timber  trestle-work  or  other  viaduct. 

The  apparent  equality  of  cut  and  fill  on  the  profile  does  not 
represent  an  equality  iu  fact,  owing  to  the  different  bases  and 
slopes  of  the  sections  adopted,  and  to  the  various  inclinations 
of  the  natural  surface  transversely  to  the  line.  This  is  espe- 
cially true  in  side-hill  work,  where  there  are  both  cut  and  fill 
at  every  point,  while  the  profile  shows  very  little  of  either.  In 
the  latter  ease  it  is  an  excellent  plan  Vo  eovsWvx^fc^wvSoLSiofc^^^- 
mc  of  the  centre  line  the  prome?^  ot  V«c«KVA  Vckv^"^  ^fc^ 
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or  twenty  feet  cither  side  of  tlie  centre,  and  drawn  with  dllte 
ent  colored  inkH,  as  these  will  indicate  tolerably  well  the  relative 
amount  of  cut  and  fill  re(iuired.  But  after  the  grade  has  been 
thus  chosen,  the  only  safe  method  in  side-hill  work  is  to 
actually  compute  the  amounts  of  excavation  and  embankment 
from  cross-sections,  mark  the  amount  for  each  cut  and  fill  on 
the  profile,  and  compare  the  results.  Any  changes  required  in 
the  grade  or  alignment  may  then  be  discovered  and  effected 
before  the  work  of  construction  has  begun. 


CHAPTER    V. 

Simple   Cukves. 

A.  Elementary  BelaUans. 

82.  The  centre  line  of  a  located  road  is  composed  alternately 
of  straight  lines  and  curves. 

The  straight  linos  are  called  tangents  because  they  are  laid 
exactly  tangent  to  the  curves.  A  tiingent  may  be  indefinitely 
long,  but  should  never,  as  a  rule,  be  shorter  than  200  feet 
b(itween  two  curves  which  deflect  in  opposite  directions,  nor 
shorter  than  500  feet  between  curves  wiiich  deflect  in  the  same 
direction.  A  curve  should  not  be  less  than  200  feet  long. 
When  a  tangent  is  said  to  l)c  straight^  the  meaning  simply  is 
that  it  has  no  deflections  to  the  right  or  left;  for  since  it  fol- 
lows the  surface  of  the  ground,  it  evidently  has  as  many 
undulations  as  the  ground.  But  if  we  conceive  a  vertical 
plane  to  be  passed  through  the  line,  a  horizontal  trace  of  this 
plane  will  accurately  represent  the  line;  and  so,  if  wo  con- 
ceive a  vertical  cylinder  to  be  passed  through  a  curve  on  the 
surface  of  the  ground,  a  horizontal  trace  of  that  cylinder  will 
accurately  represent  the  curve,  since  all  distances  and  angles 
are  measured  horizontally,  whatever  be  the  irregularities  of 
the  surface.  In  all  problems,  therefore,  relating  to  this  sub- 
ject, we  may  consider  the  ground  to  be  an  absolutely  level 
plain. 

83.  A  Simple  curve  is  a  circular  arc  joining  two  tan- 
gents.    It  is  always  considered  as  l\mUec\  \>y  \V\€i  Vwo  \M\^iit 
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points,  and  any  part  of  it  beyond  these  points  is  called  the 
curve  produced.  The  first  tangent  point,  or  the  point  where 
the  curve  begins,  is  called  the  Point  of  Curve,  and  is  indicated 
by  the  initials  P.  C.  The  point  where  tlie  curve  ends,  and  the 
next  tangent  begins,  is  called  the  P&int  of  Tangent,  and  is  indi- 
cated by  the  initials  P.  T.  When  accessible,  these  points  arc 
always  occupied  by  the  transit  in  the  course  of  the  survey^ 
and  the  plug  driven  to  fix  the  point  is  guarded,  not  only  by 
the  usual  stake  bearing  the  number  of  the  station,  but  also  by 
another  bearing  the  proper  initials,  the  "  degree"  of  the  curve, 
and  an  **i2**  or  "Z"  to  indicate  whether  the  deflection  is  to 
the  Right  or  Left. 

84.  A  simple  curve  is  designated  either  by  the  radius.  R, 
or  the  degree  of  curve,  D. 

The  Degree  of  Curve,  D,  is  an  angle  at  the  centre,  sub- 
tended by  a  chord  of  100  feet.  It  is  expressed  by  the  number 
of  degrees  and  minutes  in  that  angle,  or  in  the  arc  of  the 

curve  limited  by  the  chord  of  160 
feet.  Therefore  D  equals  the  num- 
ber of  degrees  of  arc  per  station. 

The  radius  E  and   degree  of 
curve  2>  can  be  expressed  in  terms 
of  each  other. 
Let  ab.  Fig.  3.  be  a  chord  of 
^^'  ^'  100   feet   subtending  an  arc  de- 

scribed with  a  radius  ao  =  B  from  the  centre  o.  Then,  by 
definition  the  angle  boa  =  D.  Bisect  the  angle  boa  by  a  line 
og,  and  this  line  will  also  bisect  the  chord  ab  and  be  perpen- 
dicular to  it;  and  in  the  right-angled  triangle  bgo  we  have 

bg  =  ob  X  sin  bog 
or 

—  -  =  li  sin  iD 

Hence,  to  find  Radius  in  terms  of  Degree  of  Curte: 

B  =  -J^  (16) 

sm  ^D 

and  to  find  Degree  of  Curve  in  terTns  of  Radius: 

sin  ^D  =  ^  ^^^ 

XV 


44  FIELD   ENGINEERING. 

It  is  the  practice  of  English  engineers  to  assume  the  radius 
at  some  round  number  of  feet  and  calculate  the  degree  of  ciinre, 
which  is  therefore  fractional.  In  America,  on  the  contnuy, 
the  degree  of  curve  is  assumed  at  some  integral  number  of 
degrees  or  minutes,  and  the  radius  deduced  from  this. 

Example. — What  is  the  radius  of  a  Z^  20'  cur\'e? 

50  log        1.698970 

i2)  =  l'40'       log  sin  8.463665 

Ans.  i?  =  1719.12    log        3.285805 

Thus  the  second  and  third  columns  of  Table  IV.  have  beeu 
calculated. 

Example. — What  is  the  degree  of  curve  when  the  radius  is 
600  feet? 

50  log        1.698970 

5  =  600  log        2.778151 

\D  =  4°  46'  48'. 73  log  sin  8.920819 
Ans.  i)  =  9°33  37'.46 

Measurement  of  Curves. 

85.  A  railroad  curve  is  alwa3's  assumed  to  be  measured  with 
a  100- foot  chain,  and  as  the  chain  is  stretched  straight  between 
stations  it  cannot  coincide  with  the  arc  of  the  curve,  but 
forms  a  chord  to  the  arc,  as  in  Fig.  3.  Consequently  the 
curve  as  measured  from  one  tangent  point  to  the  other  is  an 
inscribed  polygon  of  equal  sides,  each  side  being  100  feet. 
The  sum  of  these  sides  (with  any  fraction  of  a  side  at  either 
end  of  the  curve)  is  called  the  Length  of  curve,  L.  This  length 
L  is  evidently  a  little  less  than  the  length  of  the  actual  arc 
between  the  same  points,  but  the  latter  we  very  seldom  have 
occasion  to  consider. 

80.  If  the  chain  lengths  were  taken  on  the  arc  instead  of  as 
chords  of  the  curve,  the  degree  of  curve  would  be  inverse!/ 
proportional  to  the  radius,  and  since  the  arc  whose  length  is 
equal  to  radius  contains  57.3  degrees  nearly,  we  should  have 

i):57\3::  100  :  ii 
or 

„      5780 

D 
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a  convenient  formula,  but  only  approximately  true  when  D  is 
small,  and  seriously  at  fault  when  D  is  large;  the  error  in- 
volved being  proportional  to  the  difference  in  length  of  a 
100-foot  chord,  and  the  arc  which  it  subtends. 

87.  The  Central  An^le  of  a  simple  curve  is  the  angle 
at  the  centre  included  between  the  radii  which  pass  through  the 
tangent  points  (P.C.)  and  (P.  T,\  It  is  therefore  equal  to  the 
number  of  degrees  contained  in  the  entire  arc  of  the  curve  ' 
between  those  points.  The  central  angle  will  be  designated 
by  the  Greek  letter  a  (delta). 

From  the  definitions  of  the  Ungth  and  degree  of  curve  we 
have  the  proportion, 

2> :  A  ::  100  :  L. 

Hence,  to  find  the  Lieng^h.  of  curve  in  terms  of  the  central 
angle: 

Z  =  100 1  (18) 

Meample. — What  is  the  length  of  a  4°  curve  when  the  cen- 
tral angle  is  29°  ? 

2>  =  4**  and  A  =  29**  (  4)2900 

Am.     X  =  7  stations  +  25  feet     (       725  feet. 

To  find  the  Central  ang^le  in  t&rms  of  ilie  length  and  degree 
of  curve: 

A  =  —  (19) 

100  ^    ^ 

Example, — What  is  the  central  angle  of  a  5**  curve  730  feet 
long? 

i)  =  5^  X  =  730,        ^^J^^  =36°. 5 

Am.  A  =  36°  30' 

To  find  the  Degnree  of  curve  in  terms  of  the  length  and 
central  angle: 

i)  =  100|  (20) 

Example.— Wha.t  is  the  degree  of  a  curve  8  stations  long, 
and  having  a  central  angle  of  26°  40'  ? 

L  =  800,         A  =  26°. 666,         100  — ^  =  ^'^  .^^ 
Jn^.  J)  =  3"  20' 
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Fio.  4. 


88.  If  two  tangents,  joined  by  a  simple  curve,  are  produced 
(one  forward  and  the  other  backward)  until  they  intersect,  the 

point  of  intersection,  V  (Fig.  4), 
is  called  the  vertex,  and  the 
exterior  or  deflection  angle 
which  they  make  with  each 
other  is  equal  to  the  central 
angle,  A 

The  Tangent-distance, 
Ty  is  the  distance  from  the 
vertex  to  either  tangent  point; 
thus  in  Fig.  4.,  T  =  A  F=  VB, 
The  liongr  Chord,  C,  is 
the  line  AB  joining  the  two 
tangent  points. 

The  Middle-ordinate, 
My  is  the  line  OH,  joining  the 
middle  point  of  the  long  chord  with  the  middle  point  of  the 
curve. 

The  External  distance,  E,  is  the  line  HV^  joining  the 
middle  point  of  the  curve  with  the  vertex. 

We  observe  that  both  the  middle-ordinate,  Jf,  and  the 
external  distance,  E,  are  on  the  radial  line  joining  the  centre, 
O,  with  the  vertex,  F,  and  that  this  line  is  perpendicular  to 
the  long  chord,  C;  also,  that  it  bisects  the  central  angle 
^02?=  A,  and  its  supplement  ^ F5.  (Tab.  1. 14.)  We  also 
observe  that  the  angle  VAB=  VBjl  =iA  (Tab.  I.  20);  and 
if  in  the  figure  we  draw  the  two  chords  All  and  Bff,  the 
angle  ^.47/ equals  one  half  the  angle  BOH,  or  BAU=  ABH=: 
iA  (Tab.  I.  18);  also  the  angle  VAn=  F«//=iA. 

89.  If  we  have  laid  out  two  tangents  on  the  ground,  inter- 
secting at  V,  and  have  measured  the  angle,  A ,  between  them, 
we  may  then  assume  any  other  one  of  the  elements  of  a 
simple  curve  before  mentioned,  and  calculate  the  rest.  If 
we  assume  D,  for  instance,  we  then  find  E  by  eq.  (16)  or  by 
Table  IV. 

Then,  having  A  and  E,  we  may  proceed  to  calculate  the 
other  elements  as  they  are  needed. 

OO.  To  find  the  Tangent-distance  in  terms  of  the 
Radinn  and  Central  Angle: 
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In  the  right-angled  triangle  VOA,  Fig.  4,  we  have 

VA=0AX,  tan  VOA 
.'.  T    =i?taniA  (21) 

Otherwiae,  approximately:  In  Table  VI.,  opposite  the  central 
angle,  take  the  value  of  T  for  slV  curve  and  divide  it  by  the 
degree  of  curve  JD.  If  desirable,  add  the  correction  taken 
from  Table  V.,  corresponding  to  2>. 

Example. — What  is  the  tangent  distance  of  a  4°  curve  with 
a  central  angle  of  30°? 

D  =  4°  R  (Table  IV.)     log  3 .  156151 

A  =  30%         iA  =  15°     log  tan  9.428052 

Am.  r  =  383.89  feet  log        2.584203 

Otherwise : 

By  Table  VI.  4)1535.3 

Approximate  ans.  383.82 

Correction  from  Table  V.  .08 


Ans.    T=  383.90  feet. 

01.  2T?  fiyid  tJie  Long^  Chord  C,  in  terms  of  Eadius  and 

Central  Angle  : 
In  the  right-angled  triangle  BOG,  Fig.  4,  we  have 

Ba  =  BO  X  sin  BOG 
or 

^C  =  Bsin  iA 

.  C  =  2BsiniA  (22) 

But  in  case  A  can  be  divided  by  2>  without  a  remainder, 
that  is,  if  the  curve  contains  an  exact  number  of  stations  (not 
exceeding  12),  we  may  take  the  long  chord  at  once  from 
Table  VII. 

Example. — What  is  the  long  chord  of  a  3°  20'  curve  with  a 
central  angle  of  36°  40'  ? 

2  log        0.301030 

D  =  3°  20',  B  (Tab.  IV.)    log         3.235305 
A  =  36°  40',  i A  =-- 18°  20'  log  sin  9.497682 


Ans.  C  =  1081.48  feet  \o^        ^.<^%^SSVn 
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Otherwise : 

-  =     -^  -  =r  11  stations 

And  by  Table  VII.  C=  1081.48. 

02.  To  find  the  Middle-ordiuate  M,  in  termsofHadma 

and  Central  Anr/Ui: 

It  is  evident  from  the  figure  that  if  the  radius  OH  were 
unity,  the  line  Gil  would  be  the  nat.  versed  sine  of  the  arc 
BH.  But  the  arc  ^Zf  measures  the  angle  BOH=iA,  and 
OII=B; 

.-.  J*f=i?  vers  i  A  (23) 

But  in  case  A  can  be  divided  by  J)  without  a  remainder, 
that  is,  if  the  curve  contains  an  exact  number  of  stations  (not 
exceeding  12),  we  may  take  the  middle-ordinate  at  once  from 
Table  VIII. 

Example. — What  is  the  middle-ordinate  of  a  4**  30'  curve 
with  a  central  angle  of  40'  80'? 

B  =  r  30',        i?(Tab.  IV.)  log  3.105022 

A  =  40°  30',        iA  =  20'^  15'  log  vers  8.791049 

An8.M=  78.717  1.896071 

Otherwise : 

A      40.5      ^    .   .. 

—  =  —i-z  =  9  stations 
B        4.5 

and  by  Tab.  VIII.  M  =  78.717 

03.  To  find  tlie  Cxterual  Distance  E  in  terms  of 

Radius  and  Central  Angle. 

It  is  evident  from  the  figure  that  if  the  radius  OA  were 
unity,  the  portion  UV  of  the  secant  line  0  V  would  be  the 
external  secant  of  the  arc  AIL  But  the  arc  J.// measures  the 
angle  A 011=  ^A,  and  OA  =  B  : 

.'.  E=  B  ex  sec  i A  (24) 

Otherwise,  approximately: 

In  Table  VI.,  opposite  the  central  angle,  take  the  value  of 
E  for  a  1°  curve,  and  divide  it  by  the  degree  of  curve  D, 
If  desirable,  add  the  proper  correction  corresponding  to  D, 
taken  from  Table  V, 
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Example. — What  is  the  external  distance  -^of  a  7*  30'  curve 
when  the  central  angle  is  60°  ? 

D  =  r  30',        i?(Tab.  IV.)  log  2.883371 

A  =  60%  iA  =  80°       log  ex  sec  9.189492  . 

Am.  ^  =  118. 27  feet  log  2 .  072863 

Oiherwm: 

By  Tab.  VI.  7.5)886.38 

Approximate  ans.  1 18 . 1 84 

Correction  for  D  =  7°  80'  (Tab.  V.)  .084 


An8.E=  118.268 

94.  But,  instead  of  assuming  D  or  i?,  we  may  prefer,  or  may 
find  it  necessary  to  assume,  some  other  element  of  the  curve, 
the  central  angle  being  given. 

If  we  assume  the  tangent  distance,  then: 

95.  To  find  the  Radius  and  Degree  of  Curve  in  terms 
of  the  Tangent-distance  and  Central  Angle. 

From  eq.  (21),  and  by  Table  II.  40,  we  have 

B=T  cptiA  (25) 

Otherwise,  approximately: 

Divide  the  tangent  of  a  1°  curve  found  opposite  the  value  of 
A  in  Table  VI.,  by  the  assumed  tangent  distance;  the 
quotient  will  be  the  degree  of  curve  in  degrees  and  decimals. 

Example. — The  exterior  angle  at  the  vertex  is  54°,  and  the 
tangent  distance  must  be  about  700  feet.  What  shall  be  the 
degree  of  curve? 

A  =  54°,        J  A  =  27°      log  cot  0 .  292834 
T  =700  2.845098 


logi2=  3.137932 

Ans.  By  Table  IV.  2>  =  4°  10'  + 

Otherwise: 

By  Table  VI,    700)2919.4 

Ans.  D  =:  4°  10' 15'  4.1706 

But  as  it  13  difficult  to  lay  out  a  cxiTve  ^\vevy  B  \&  \\»k>:\ss^^ 
we  discard  the  fraction  and  aasmne  4**  \Q>'  ^  ^^  ^^^^&  ^^  *^ 
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This  may  require  us  to  recalculate  the  value  of  T,  which  we 
do  by  eq.  (21)  and  find  7"=  700.8  feet  log  2.845596.    If  the 
other  elements  are  required,  they  may  be  calculated. by  eqs. 
(22),  (28),  (24),  or  directly  from  Tand  A,  as  follows: 
1>6.  To  find  Vie  External  distance  E,  in  temu  of  the 

Tangent-distance  and  Central  Angle, 
In  Fig.  5  we  have  given 
AOB=  ^  and  AV=  T,  to  And 
HV=  E.  In  the  diagram  draw 
the  chord  AU,  and  through  ^draw 
a  tangent  line  to  intersect  OA  pro- 
duced in  /,  and  join  VL 

Then  ///  is  parallel  to  BA^  and 
since ni=AV=  Z  and  AI=z  HV 
=  ^,  FT  is  parallel  to  HA,  and 
Vin  =  UAB  =  i  A.     (Tab.  L  la) 


Fick5. 


In  the  right-angled  triangle  VHI  we  have 

ffV=ffIX  tan  Vlff 


or 


E=  rtaniA 


(26) 


Example. — The  angle  at  the  vertex  being  54*^  and  the  tan- 
gent-distance 700.80  feet,  how  far  will  the  curve  pass  from 
the  vertex  ? 


r=  700.80  (from  last  example)  2.845596 
A  =  54%  i  A  =  IS**  30'   log  tan  9.380354 


Ans.   E  =168.25  feet 


log  2.225950 


(For  the  formulae  by  which  to  find  the  long  chord  and  mid- 
dle-ordinate  in  terms  of  the  tangent-distance  and  central  angle, 
see  Table  III.  12  and  13.) 

07.  Again,  it  may  be  necessary  to  assume  the  external  dis- 
tance in  order  to  determine  the  proper  degree  of  curve. 

To  find  the  Radius  and  Degree  of  Curve  in  terms  of 
the  External  distance  and  Central  Angle: 

By  eq.  (24) 


B=: 


E 

ex  sec  ^  A 


(5KT\ 
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Otherwm:  '- 

In  Table  VI.  divide  the  external  distance  of  a  1'  curve, 
opposite  the  given  value  of  A,  by  the  assumed  external  dis- 
tance ;  the  quotient  is  the  degree  of  curve  required. 

Example. — The  angle  at  the  vertex  being  24°  30',  the  curve  is 
desired  to  pass  at  about  65  feet  from  the  vertex.  What  is  the 
proper  degree  of  curve  ? 

^  =  65         log  1.813913 

A  =  24"  30',         i  A  =  12"  15'  log  ex  sec  8.367345 

logi2=  3.445568 

^7w.  By  Table  IV.  2>  =  2°  03'  + 
Otherwise: 

By  Table  VI.    65)133.50 
Am.  D  =  2°  03'  14"  2"  .0588 

We  may  therefore  assume  a  2"  curve,  unless  required  by 
the  circumstances  to  be  more  exact,  when  we  might  use  a 
a°  03'  curve.     Assuming  a  2°  curve,  we  have  by  eq.  (24) 

^=66.75    log  1.824460 

Having  decided  on  the  degree  of  curve,  we  may  calculate 
the  remaining  elements  by  eqs.  (21),  (22),  (23),  which  is  always 
the  better  way,  but  we  may  calculate  them  directly  from  E 
and  A. 

.08.  To  find  the  Tangent-distance  in  terms  of  the 
External  distance  and  Central  Angle: 

From  eq.  (26),  and  by  Table  II.  40, 

r=^cotiA  (28) 

Example. — The  angle  at  the  vertex  is  24"  30',  and  the  curve 
passes  66.75  feet  from  the  vertex.  How  far  are  the  tangent 
points  from  the  vertex  ? 

jE?  -  66 .  75  (from  last  example)        log        1 .  824460 
A  =  24°  30',     i  A  =  6°  07'  30*  log  cot  0.969358 

Ans.  T  =  622. 04  feet  2 .  793818 

99.  Jie?nark'--Eqs.  (27)  and  (JiS)  axe  i^at^\Gv^3Kt\^  \iss«i\\sS.\si 
deSning  the  curve  of  a  railroad  tracW  N«i\i<et^  ^V  wcVsig^^^ 
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points  are  lost.  Produce  the  centre  lines  of  the  tangents  of 
the  curve  to  an  mtersection  F,  and  there  measure  the  angle  A . 
Bisect  its  supplement  A  VB,  and  measure  the  distance  on  the 
bisecting  line  from  Fto  the  centre  line  of  the  track.  This 
will  give  VH=  E.  Then  B  and  T  may  be  calculated,  and  the 
distance  T  laid  off  from  Von  the  tangents,  giving  the  tangent 
points  A  and  B. 

(For  the  formula}  by  which  to  find  the  long  chord  and  mid- 
dle-ordinate  in  terms  of  E  and  A,  see  Table  III.  16  and  17.) 

100.  Again,  having  only  the  central  angle  given,  we  may 
assume  the  long  chord,  or  the  middle-ordinate,  and  from  either 
of  these  and  the  central  angle  calculate  the  remaining  ele- 
ments. Or,  finally,  the  central  angle  being  unk/wwn,  we  may 
suppose  any  two  of  the  linear  elements  given,  and  from  these 
calculate  the  rest.  As  such  problems  have  little  practical 
value,  their  discussion  is  omitted.  The  requisite  formulae  for 
their  solution  are  given  in  Table  III.,  and  the  verification  of 
them  is  suggested  as  a  profitable  exercise  to  the  student. 

B.  Location  of  Curves  by  Deflection  Angles. 

101.  In  order  that  the  stakes  at  the  extremities  of  the 
100-foot  chords,  by  which  the  curve  is  measured,  shall  be  set 

exactly  on  the  arc  of  the  curve 
by  transit  observation,  it  is  neces- 
sary at  the  point  of  curve.  A,  to 
deflect  certain  definite  angles 
from  the  tangent  AV.  Let  us 
suppose  that  in  the  curve  AB, 
\  Fig.  0,  the  points  A,  a,  b,  <?,  d, 
etc.,  indicate  the  proper  posi- 
tions of  the  stakes  100  feet  apart, 
^  and  that  OA  is  the  radius  of  the 
curve.  In  the  diagram  join  Oa, 
Ob,  etc.,  and  also  Aa^  ab,  be,  etc. 
Then,  by  definition,  the  angle  AOa  =  D,  and  by  Geom. 
(Tab.  I.  20  and  11)  the  angle  VAa  =  J2>.  Therefore  if 
we  set  the  transit  at  A,  and  deflect  from  AV  the  angle 
J2>,  we  shall  get  the  direction  of  the  chord  Aa,  on  which  by 
measuring  100  feet  from  A  we  fix  the  stake,  «,  in  its  true 
position  on  the  curve.  So  again,  since  the  angle  aOb,  at 
i6e  centre,  =  D,  the  angle  aAh^  at  the  circumieTeTLce,  =  \D. 


Fia.  6. 
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If  therefore,  with  the  transit  at  A,  we  deflect  the  angle  \B 
from  the  chord  Aa,  we  shall  get  the  direction  of  the  chord 
Ah\  and  when  the  stake  h  is  on  this  chord  it  will  also  be  on 
the  curve,  if  h  is  100  feet  distant  from  a.  Thus,  in  general, 
we  may  fix  the  position  of  any  stake  on  the  curve,  by  deflect- 
ing an  angle  \D  from  the  preceding  stake,  and  at  the  same 
time  measuring  a  chain's  length  from  it, — the  chain  giving 
the  distance,  while  the  instrument  at  A  gives  the  direction  of 
the  point. 

\I)  is  called  the  Deflection-angle  of  the  curve;  so  that  in 
any  curve,  the  dejleeiion-anQle  is  equal  to  one  half  the  degree  of 
curve. 

102.  Since  each  additional  station  on  the  curve  requires 
an  additional  deflection-angle,  the  proper  deflection  to  be  made 
at  the  tangent  point  from  the  tangent  to  any  stake  on  the 
curve  is  equal  to  the  deflection-angle  of  the  curve  multiplied 
by  the  number  of  stations  in  the  curve  up  to  that  stake;  or  it 
is  equal  to  one  half  the  angle  at  the  centre  subtended  by  the 
included  arc  of  the  curve. 

103.  It  may  happen  that  all  the  stations  of  a  curve  are  not 
visible  from  the  tangent  point,  A.  When  this  is  the  case  a 
new  transit-point  must  be  prepared  at  some  point  on  the 
curve,  by  driving  a  plug  and  centre  in  the  usual  manner,  and 
the  transit  moved  up  to  it.  Let  us  suppose  that  the  point  d, 
Fig.  6,  has  been  selected  for  a  transit-point,  and  that  the 
transit  has  been  set  up  over  it.  Before  the  curve  can  be  run 
any  farther,  it  is  necessary  to  fiijd  the  direction  of  a  tangent  to 
the  curve  at  the  point  d.  For  this  purpose  we  deflect  from 
chord  dA  an  angle  Adz  equal  to  the  angle  VAd  previously 
deflected  to  fix  the  point  d,  (Tab.  1. 16.)  Or  we  may  adopt  the 
following 

Rule :  To  find  t?ie  direction  of  the  tang^ent  to  a 
curve  at  tlie  extremity  of  a  given  chord,  deflect  from  the  chord  an 
angle  equal  to  one  half  tlie  angle  at  the  centre  mbtended  by  tlie 
chord.    (Tab.  I.  20.) 

Having  thus  found  the  direction  of  the  auxiliary  tangent 
edx,  we  proceed  to  deflect  from  dx,  (^2>)  for  the  next  station  e, 
2  (^D)  for  station/,  3(JD)  for  station  g,  etc.,  as  before.  When 
the  end  of  the  curve  is  reached,  a  transit-point  is  set  at  the 
Point  of  Tangent,  after  which  it  only  remsviw^  Vi  ^^^  '^Jaa 
direction  of  the  tangent,  by  the  above  Ta\e,    'Wixsja^NS.  gVs^Ns^^s^ 
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the  point  of  tangent,  we  obtain  the  direction  of  the  tangent  by 
deflecting  from  the  chord  gd  an  angle  equal  to  iedg,  or  to 
^  dOg.  If  this  tangent  VB  was  already  established,  the  line 
gx  thus  obtained  should  coincide  with  it;  and  if  it  does  so, 
the  correctness  of  our  work  is  proved. 

104.  The  centre  line  is  measured,  and  the  stations  num- 
bered regularly  and  continuously  through  tangents  and 
curves  from  the  starting  point  fo  the  end  of  the  work.  It 
therefore  frequently  happens  that  a  curve  will  neither  b^^ 
nor  end  at  an  even  station,  but  at  some  intermediate  point,  or 
plus  distance. 

If  the  Point  of  Curve  occurs  a  certain  number  of  feet 
beyond  a  station,  the  first  chord  on  the  curve  is  composed  of 
the  remaining  number  of  feet  required  to  make  100. 

Any  chord  less  than  100  feet  is  called  a  siibcliord. 

If  a  curve  ends  with  a  subchord,  the  remainder  of  the  100 
feet  must  be  laid  off  on  the  tangent  from  the  Point  of  Tangent 
to  give  the  position  of  the  next  station,  so  that  the  stations 
may  everywhere  be  100  feet  apart. 

105.  TJie  deflection  to  he  made  for  a  subchord  is  eqiutl  to  one 
halftJie  arc  it  subtends. 

Let  c  =  length  of  any  subchord  in  feet. 
"  cZ  =  angle  at  centre  subtended  by  subchord. 
Then,  from  eq.  (22),  by  analogy 

c=2^sinj<?  (^ 

too 

But  by  eq.  (16)  2i?  =  -r-^ 

.•.c  =  100?l^  (SO) 

sm  ^D  ^    ' 


.',  smid  =-Tqq-  sin  JD  (31) 

When  D  does  not  exceed  8°  or  10°,  we  may  assume  without 
serious  error  that  the  angles  are  to  each  other  as  their  sines» 
and  the  last  two  equations  become 

d 
(appTOX.)  c  =  100  -g  (82) 
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and  *^=  W^*^)  <^) 

In  curves  sharper  than  10°  per  statioo,  the  error  involved  m 
this  assumption  becomes  apparent  and  must  be  corrected. 

106.  If  curves  were  measured  on  the  actual  arc,  then 
eqs.  (32)  and  (33)  would  be  true  in  all  cases;  but  since  a  curve 
is  measured  by  100-ft.  chords,  it  is  evident  that  if  a  100-ft. 
chord  between  any  two  stations  were  replaced  by  two  or  more 
subchords,  these  taken  together  would  be  longer  than  100  feet, 
since  they  are  not  in  the  same  straight  line.  Let  us  conceive 
the  actual  arc  of  one  station  to  be  divided  into  100  equal 
parts;  since  the  arc  is  longer  than  the  chord,  each  part  will  be 
slightly  longer  than  one  foot.  Now  if  we  take  an  arc  contain- 
ing any  number  of  these  parts  (less  than  100),  the  nominal 
length  of  the  corresponding  subchord  in  feet  will  egtial  the 
number  of  parts,  and  the  deflection  for  the  subchord  will  be 
proportional  to  the  number  of  parts  which  the  arc  contains. 
The  deflection  therefore  will  be  exactly  given  by  eq.  (33)  if  in 
that  equation  we  let  c  equal  the  number  of  parts  in  the  arc,  or 
the  nominal  length  of  the  subchord  in  feet.  Having  thus 
obtained  the  correct  value  of  (^  d)y  we  may  introduce  it  into 
eq.  (29)  or  (30),  and  obtain  the  tnoe  value  of  the  subchord, 
which  will  always  be  a  little  greater  than  its  nominal  value. 

Suppose,  for  instance,  that  the  arc  of  one  station  is  to  be 
divided  into  four  equal  portioDs;  then  each  subchord  will  be 
nominally  25  feet  long;  and  by  eq.  (33) 

OK 

which  is  the  correct  value  of  the  deflection,  whatever  be  the 
degree  of  curve.  Substituting  this  value  in  eq.  (29)  or  (30)  we 
obtain  the  true  mlue  of  the  sulxjhord,  c,  a  little  greater  than 
25;  the  excess  is  called  the  correction  of  the  nominal  length. 

107.  This  correction  for  any  given  subchord  bears  an 
almost  constant  ratio  to  the  excess  of  arc  per  station,  what- 
ever be  the  degree  of  curve.  These  ratios  are  shown  in  the 
following  table  for  a  series  of  subcliords,  and  Table  VII.  gives 
the  length  of  actual  arc  per  station  for  various  degrees  of 
curve.  Subtracting  100  we  have  Ike  e^LCfeaa  ol  «xe.  ^«t  ^^JsSvssol, 
and  multiplying  this  excess  by  tVie  ratio  cotT^'s^^^^vc^^  \»  ^^^ 
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nominal  length  of  subchord  we  obtain  as  a  product  the  proper 

correction  for  the  subchord. 

TABLE    OF    THE    llATIOS    OF    CORRECTIONS  OP    SUBCHORDS  TO 
'HIE  EXCESS  OF  ARC  PER  STATION. 


Nominal 

'■ 

1    Nominal 

Nominal 

Leagth  of 

Ratio.     1 

i  Lengtliof 
1  Subchord. 

Ratio. 

Length  of 

Batio. 

Subchord. 

; 

Subchord. 

0 

.003 

85 

.807 

70 

.856 

5 

.050 

40 

.83  J 

75 

.887 

10 

.099 

i          4a 

.353 

80 

.887 

15 

.147 

50 

.874 

85 

.885 

20 

.198 

65 

.383 

CO 

.   .169 

85 

.834 

60 

.883 

95 

.088 

80 

.873 

65 

.374 

100 

.000 

We  observe  that  the  largest  correction  is  required  by  a  sub- 
chord  between  55  and  60  feet  in  length. 

Exatnple. — It  is  proposed  to  run  a  14"  curve  with  a  50-ft. 
chain.    What  correction  must  be  added  to  the  chain? 


By  eq.  (30) 


iD  =  7"         id  =  ~x7''=  3°.5  =  3°  SCr 
,  =  100  ?^?:j2:  =  50.093 


sin  7° 


Ans.  Correction  =  .093 


Or,  by  Table  VII., 


and  by  above  table, 

Ans.  Correction  =  product 


length  of  arc 
excess  of  arc 
ratio  for  50  feet 


100.249 
.249 
.374 

=        .093 


Mxample.— The  P.  (7.  of  an  18"  curve  is  fixed  at  +  55  feet 
beyond  a  station.  What  are  the  nominal  and  true  values  of 
the  first  subchord,  and  what  the  proper  deflection? 

Nominal  value  =  100  —  55  =  45  feet 

45 
Deflection  =  Jtf  =  _  x  9°  =  4°.05  =  4"  03' 

and  by  eq.  (30) 

True  value  =  c  =  100  ?^5J^  =  45.148 

sin  9 
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Or,  by  Table  VII.,  excess  of  arc  =     .412 

by  above  table,  ratio  for  45  feet  =      .358 

Correction  =  product  =      .147 
Ans.  True  value  of  subchord  =  45.147 

Example. — The  last  deflection  at  the  end  of  a  40°  curve  is 
found  to  be  6°  30'.  What  are  the  nominal  and  true  values  of 
the  last  subchord? 

Here  id  =  6°  30',  and  by  eq.  (32) 

6  5 
Nominal  value,  c  =  100  -^  =  32.5  feet 

Byeq.  (30) 

True  value,  c  =  100  ^^?  ^J!^  =33.098  feet 

sm  20 

Orby  Table  VII.,  excess  of  arc  40°  =   2.060 

by  above  table,  ratio  for  32.5  feet  =      .290 

Correction  =  product  =      .597 
Nominal  value  of  subchord  =  32.5 


True  value  =33.097 

108.  For  convenience  in  making  deflections,  the  zeros  of 
the  instrument  should  always  be  together  when  the  line  of 
collimation  coincides  with  a  tangent  to  the  curve.  Thus,  in 
beginning  a  curve,  the  transit  being  set  at  the  P,  C.  zeros 
together,  and  line  of  collimation  on  the  tangent,  the  read- 
ing of  the  limb  for  any  station  on  the  curve  has  simply  to  be 
made  equal  to  the  proper  deflection  from  the  tangent  for  that 
station.  After  the  transit  is  moved  forward  from  the  P.  C. 
and  set  at  another  point  of  the  curve,  the  vernier  is  set  to  a 
reading  equal  to  the  reading  used  to  establish  that  point,  but 
on  the  opposite  side  of  the  zero  of  the  limb,  and  the  line  of 
collimation  is  set  on  the  P.  G.  just  left.  Then  by  simply  turn- 
ing the  zeros  together  again,  the  line  of  collimation  will  be 
made  to  coincide  with  a  tangent  to  the  curve  through  the  new 
point,  and  the  deflections  for  the  succeeding  stations  can  be 
read  off  directly,  as  before.  Thus  any  number  of  transit 
points  may  be  used  in  locating  a  curve  by  finding  the  direc- 
tion of  the  tangent  through  each  by  a  deflection  from  the  pre- 
ceding point,  until  finally  the  P.T,  \a T^afcYve^, ^\v«t^  WNS>JOwst. 
defection  gives  the  direction  of  the  \oeaXed  \».\i^^xiX, 
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109.  The  assistant  engineer  keeps  neat  and  systematic 
field-notes  of  all  his  operations  with  the  transit  in  running 
curves.  The  numbers  of  the  stations  are  written  in  regular 
order  up  the  first  column  of  the  left-hand  page  of  the  field- 
book,  using  every  line,  or  every  other  line,  as  may  be  pre- 
ferred. The  second  column  contains  the  initials  of  each 
transit  point  on  the  same  line  as  the  number  of  its  station,  or 
between  lines,  if  the  point  occurs  between  two  stations.  In 
the  third  column,  and  opposite  the  initials  in  the  second,  is 
recorded  the  station  and  plus  distance,  if  any,  of  each  transit 
point.  The  fourth  column  contains,  opposite  the  ''P.O."  the 
degree  of  curve  used,  and  an  R  or  Z,  showing  whether  the 
curve  deflects  to  the  right  or  left;  the  fifth  column  contains 
the  readings  or  deflections  made  from  a  tangent  to  set  each 
station  or  point,  written  on  the  same  line  as  the  number  of 
that  station  or  point;  and  the  sixth  column  contains  the  cen- 
tral angle  of  the  whole  curve,  a,  written  opposite  the  *'  P.  T" 

The  plus  distances  recorded  in 
the  third  column  are  always  the 
nominal  lengths  of  subchords,  but 
if  the  true  lengths  have  been  calcu- 
lated and  laid  off  on  the  ground, 
these  should  also  be  recorded  in 
parenthesis.  On  the  right-hand 
page  are  recorded  the  calculated 
bearings  of  the  tangents  and  their 
magnetic  bearings;  and  on  the 
centre  line  of  the  page,  opposite 
the  record  of  each  transit  point,  a 
dot  is  made  with  a  small  circle 
around  it,  to  show  the  relative  position  of  the  several  points 
on  the  ground.  Some  slight  topographical  sketches  may  be 
made,  indicating  the  more  prominent  objects,  but  the  full 
sketches  should  be  taken  by  the  topographer  in  a  separate  book. 
no.  Since  the  deflections  start  from  zero  at  each  new 
transit  point,  the  sum  of  tfie  deflections  by  which  the  transit 
points  are  located  vM  he  equal  to  one  half  the  central 
angle  of  the  curve. 

111.  The  stations  on  a  curve  may  be  located  hy  deflec- 

tions  only,  without  linear  measurements.    For  this  purpose 

two  transits  are  set  at  two  tTanslt  points  on  the  curve,  as  A 


^\% 
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and  B,  Fig.  7,  and  the  proper  deflections  for  any  station  are 
made  witli  botli  instruments,  the  station  being  located  by  find- 
ing the  intersection  of  the  two  lines  of  collimation. 

This  method  requires  that  the  two  transit  points  shall  have 
been  previously  established,  that  their  distance  from  each 
other  shall  be  known,  that  they  shall  be  visible  from  each 
other,  and  that  they  shall  both  command  a  view  of  the  stations 
to  be  located.  It  is  not  therefore  generally  useful,  but  may 
be  resorted  to  to  set  stations  which  fall  where  chaining  cannot 
be  accurately  done,  as  in  water  or  swamps.  The  chord  join- 
ing the  two  transit  points  becomes,  in  fact,  a  base-line,  and  the 
deflections  form  a  series  of  triangulations. 

I 

C,  Location  of  Curves  by  Offsets. 

112.  A  curve  may  be  located  by  linear  measurement  only, 
without  angular  deflections.  There  are  four  general  methods, 
viz.: 

By  offsets  from  tlie  elwrds  prodticed. 
By  middle-ordinates, 
By  offsets  from  the  tangents,  and 
By  ordinates  from  a  long  chord. 

To  locate  a  curve  by  offsets   from  the  chords 

produced. 

When  Vie  curve  begins  and  ends  at  a  station. 

113.  Let  A  J  Fig.  8,  be  the  P.  G.  of  a  curve  taken  at  a  station, 
to  locate  the  other  stations,  a,  b,  c, 
etc.  The  chords  Aa,  ab,  be,  etc., 
each  equal  100  feet,  and  since  the 
angle  AOa  —  D,  the  angle  VAa  = 
i-D.  (Tab.  L  20.)  Taking  an  oft- 
aet  oo;  =  ^,  perpendicular  to  the 
tangent,  we  have  in  the  right- 
angled  triangle  Axa. 

ax^iAax  sin  \B 
or 

t    =  100  sin  \D       (84) 

The  ofEset  t  is  called  the  tangent 
offset,  and  its  value  is  giveufor  all 
degrees  of  curve  in  Tab.  IV.  col.  4  Fio.  a 

If    the   curve   were   produced 
backward  from  A,  100  feet  to  station  z,  Wi^  ottaeX  ra  ^wi^A 
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equal  t;  and  if  the  chord  sA  were  produced  100  feet  from  A 
to  a',  the  offset  a'aj  would  also  equal  t.  Therefore  the  distance 
aa'  =  2t,  and  the  angle  aAa'  =  D,  So  if  we  produce  the  chord 
Aa  100  feet  to  b\  the  distance  bb'  =  2i. 

To  lay  out  the  curve,  stretch  the  chain  from  A,  keeping  the 
forward  end  at  a  perpendicular  distance,  t,  from  the  line  of  the 
tangent  to  locate  station  a.  Then  find  the  point  b'  by  stretch- 
ing the  chain  from  a  in  line  with  a  and  A,  and  then  stretching 
the  chain  again  from  a,  fix  its  forward  end  at  a  distance  from 
b'  equal  to  2t.  This  gives  station  b.  In  the  same  way  find 
other  stations. 

When  the  last  station,  as  d,  of  the  curve  is  reached,  produce 
the  curve  one  station  farther  to  e\  Then  the  tangent  through 
d  is  parallel  to  the  chord  ce\  and  laying  off  t  from  c  and  e'  per- 
pendicular to  this  chord,  the  tangent  c"e  is  found.  If  the  work 
has  been  correctly  done  the  tangent  c'e  will  coincide  with  the 
given  tangent  VB. 

When  the  curve  begins  or  ends  with  a  subchord, 

11*4.  Let  A,  Fig.  9,  be  the  P.  (7.  and  Aa  the  first  sub- 
chord  =  c,  and  the  angle  VAa  =  ^d,  and  let  the  offset  axz=ti. 

Then 

ti=e  sin  id  (35) 

Producing  the  curve  backward  to  the  nearest  station  2,  w© 
have  another  subchord  Az  =  (100  —  c),  and  the  angle  yAz  =  J 
(B  —  d),  and  putting  the  offset  yz  =  t„ 

^  =  (100  -  c)  sin  i{D-d)  (36) 

Laying  off  the  two  subchords  on  the  ground,  and  making 

the  proper  offsets,  t^  and  ^„,  at  the 
same  time,  we  fix  the  position  of 
the  two  stations  a  and  z  on  the 
curve  ;  after  which  we  may  pro- 
duce the  chord  za  100  feet  to  6', 
and  proceed  as  before  until  the 
curve  is  finished. 

If  the  curve  ends  with  a  sub- 
chord,  as  dBf  produce  the  curve 
to  the  first  station  beyond  B,  as 
e\  then  calculate  the  two  offsets 
for  the  two  subchords  Bd  and  Be\ 
;pja,  9,  9^^  ^&y  them  off  from  d  and  e" 
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perpendicular  to  the  supposed  direction  of  the  tangent.  If 
the  line  d'e  so  obtained  coincides  with  the  given  tangent,  7B, 
the  work  is  correct. 

115.  We  may  find  the  values  of  t,  and  t^  otherwise  than 
by  the  formulae  above,  for  in  Fig.  8  we  have  shown  that  the 
angle  aAa'  —  aOAy  and  since  these  triangles  are  isosceles. 
they  are  similar;  therefore 

Fig.  8,  OA  :  Aa ::  Aa  :  aa' 

or  J2:100::100:2« 

t=m-  (87) 


222 


and  similarly.  Fig.  9, 


c« 


''-TB  ^^^ 


Hence 

^,  :  r  ::  r'2  :(100)« 

Thus  t^  may  be  found  by  multiplying  the  square  of  the  sub- 
chord  by  the  value  of  t  given  in  Tab.  IV.,  and  dividing  tlie 
product  by  10000.  As  c  is  always  less  than  100,  so  t^  is  always 
less  than  t 

1 16.  In  eqs.  (35),  (88),  and  (39)  it  is  customary  to  use  the 
nominal  values  of  c,  and  this  can  produce  no  error  in  t  or  t^ 
exceeding  005,  when  the  degree  of  curve  does  not  exceed  ten 
degrees.  In  the  case  of  a  very  sharp  curve,  the  formulae  eqs. 
(40)  and  (41)  are  preferable. 

To  locate  a  curve  by  middle-ordinates. 

When  ths  curve  begins  and  ends  at  a  station. 

117.  In  Fig.  10,  let  A  be  the  P.  G.  at  a  station,  and  let  a  and 
e  be  the  next  stations  on  the  curve  either  way  from  A.  Then, 
since  gy  =  (Wj  =  ^,  the  chord  za  is  parallel  to  the  tangent  A  V, 
and  Ag  =  t.  Hence,  having  any  two  consecutive  stations  on 
the  curve,  as  z  and  A,  we  may  lay  off  the  tangent  offset  t 
from  ^  to  ^  on  the  radius,  and  find  the  next  station,  a,  100  feet 
from  A  on  the  line  zg  produced.  Then  laying  oft  ah  =  t  on 
the  radius  aO,  a  point  on  the  line  AJi  produced  «.\id\^\^^^ 
from  a  wiU  be  the  next  station  h. 
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On  reaching  the  end  of  the  curve,  the  tangent  is  found 
precisely  as  described  in  the  method  by  chords  produced,  §  113. 

In  Fig.  10,  we  observe  that  if  the  radius  OA  were  unity,  gA 
would  be  the  versed  sine  of  the  angle  aOA  =  i>.    But  gA  =?  t. 


,  • ,  t  =  B  vers  2> 


(40) 


WTien  the  curve  begins  or  ends  with  a  subchord, 

118.  Let  A,  Fig.  11,  be  the  P.C,  and  a  and  z  the  nearefit 


Fio.  10. 


Fio.  It 


stations.  Then  Aa  =  c,  the  first  subchord,  and  aOA 
by  analogy,  we  have  from  the  last  equation,  if  ax 
zy  =  t^ 

t,  =  B  vers  d  ) 

t^  =  i2ver8(i)-(Qf 


df  and 
:  t,  and 

(41) 


or  eq.  (39)  may  be  used  if  preferred. 

Having  found  the  two  stations,  a  and  z,  on  the  curve,  lay 
off  from  the  forward  station  a^  ah  =  t  on  the  radius,  and  so 
continue  the  curve  as  described  above. 

When  the  end  of  the  curve  is  reached,  produce  the  curve  to 
the  next  station  beyond,  and  find  the  tangent  by  offsets  as 
described  in  the  previous  method,  §  114. 

To  locate  a  curve  by  offsets  from  the  tangr^nts. 

When  tJie  curve  begins  at  a  station, 

119.  Let  A,  Fig.  12,  be  the  RG,  at  a  station.    Then  the 
next  station  a  is  located  by  t\\e  tawg^enl  otl«e;\.  t,  takfiu  from 
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Tab.  rV.,  or  calculated  by  eq.  (40).  To  calculate  the  distances 
and  offsets  for  the  following  stations,  b,  c,  etc.,  in  the  diagram 
draw  lines  through  the  points  6,  c,  etc.,  parallel  to  the  tangent 
AV,  Intersecting  the  radius  J. 0  in  ^',  g\  etc.,  and  draw  the 
lines  bxf,  ex",  etc.,  perpendicular  to  the  tangent. 

Then 

ABf  =  g'b  =  Ob  sin  bOA 


or 


and 
Also, 

or 


and 


Ax' =  B  sin  2D 

Ax"  =  B  sin  32) 
etc.  etc. 

baf  =g'A  =  Ob  vers.  bOA 

f  =  Myers  2D 
t"  =E  vers  3D 
etc.  etc. 


(42) 


(43) 


But  these  calculations  may  be  avoided,  for  as  twice  ag  equals 
the  chord  of  two  stations,  so  twice  bg'  equals  the  chord  of  four 
stations,  and  twice  eg"  the  chord 
of  six  stations,  etc.  So  also  as  Ag 
is  the  middlcordiuatc  of  two  sta- 
tion, Ag'  is  the  middle-ordinate  of 
four,  and  Ag'  the  middle-ordinate 
of  six  stations,  etc.  Hence  the 
rule: 

The  dUtance  on  tlte  tangent  from 
the  tangent  paint  to  tlie  perpendtcu- 
lar  offset  for  the  extremity  of  any 
are  is  equal  to  one  half  the  long 
chord  for  twice  that  arc;  and  the 
offset  from  the  tangent  to  the  ex- 
trenUty  of  any  arc  is  equal  to  Hie 
middle-ordinate  of  twice  thai  arc. 

The  long  chords  and  middlc-ordinates  nmy  be  taken-  from 
Tables  VII.  and  VIII.  for  2,  4,  6,  8,  etc.,  stations,  when  the 
P.C  is  at  a  station,  or  for  1,  3,  5,  7,  etc.,  stations,  when  the 
P.  (7.  is  at  -f  50.  or  half  a  station. 

If  the  offsets  from  the  first  tangent  vl  Improve  inconveniently 
long,  the  second  half  of  the  curve  may  1x3  located  from  the 
other  tangent  BV,  beginning  at  the  point  of  tangent  By  ^ssA 
QkooBg  on  a  station  located  from  the  firsX  \\)it\v^<i^wX.. 


Fig.  13. 
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When  tKe  eurve  begins  viitJi  a  gubehord. 
120.  If  rf  =  the  angle  at  centre,  subtended  by  the  first 
subchord,  we  haTe  for  the  dislanccB  on  tUe  tangent  (Fig.  13) 


A^'  =  5  sin  (rf  +  D) 
Ax'  =  R  sin  (d  +  2b) 


and  for  the  ofEaeta  (Fig.  11) 


■9  (rf  +  D) 
■s(rf  +  2D) 


If  the  first  subchord  equals  50  feet  (nominal),  then  d  =il>, 
dnd   the  Tables  VII.  and  VIII.   may  be  used  as  explained 


Fig. la 


above.  These  tables  may  be  used  In  any  case,  by  adopting  a 
temporary  tangent  through  any  station,  and  laying  off  the  dis- 
tances on  this,  and  making  the  offsets  from  it. 

When  a  curve  is  located  by  oflaets  the  cliaia  should  be  car- 
ried around  the  curve,  if  possible,  to  prove  tliat  the  slatiooa 
are  100  feet  apart. 
To  locate  a  curve  by  ordinates  from  a  long 

chord. 
When  the  curee  begins  and  end*  at  a  ttaUon. 
131.  In  Fig.  li  dravf  tlie  long  chord  AB,  joining  the  tan- 
gsnt  points,  and  from  this  draw  OTdloales  to  eWltie  tfkal&aDm& 
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the  ctirre.    We  then  require  to  know  the  several  distances  on 
the  long  chord  Aa!,  a'h\  h'c\  etc.,  and  the  length  of  ordinate 
at  each  point. 
Let  O  =  the  long  chord  AJB,  then  eq.  (22) 

(7=  2i2  sin  i  A 

If  a  is  the  second  station  and  i  next  to  the  last  on  the  curve, 
join  ai,  and  let  the  chord  ai  =  C.  Then  since  the  arc  Aa  = 
ik  =  D,  the  angle  at  the  centre  subtended  by  (7'  is  (a  —  3jD). 

.-.   C"=2i?8ini(A-22>) 

Again,  if  we  join  h  and  h  the  next  stations  and  let  2tA  =  (7* 

C"'=2i?sini(A-4Z?) 

and  so  on  for  other  chords. 
Since  Aa'  =  A»,  C^C  +  2Aa' 

r,Aa=-^ 
Similarly, 

a  b  = 


Thus  we  continue  to  find  the  distances  up  to  the  middle  of 
the  curve,  after  which  they  repeat  themselves  in  inverse 
order. 

122.  When  the  long  chord  0,  subtends  an  even  number  of 
stations  (as  10  in  Fig.  14),  the  middle  ordinate  of  the  chord  is 
the  ordinate  of  the  middle  station,  as  e.  Since  the  chords  AB 
and  ai  are  parallel,  the  ordinate  a' a  or  Hi  is  evidently  equal  to 
the  difference  of  the  middle  ordinates  of  these  chords. 

Let  M,  Jf ',  M\  etc.,  be  the  middle-ordinates  of  the  chords 
O,  0\  0%  etc.    Then  eq.  (28) 

M  =  B  vers  ^  a 

Jf'  =  i2  vers  4  (A  -2J9) 

Jf"'  =  i?vcrsi(A -42>) 

And  a'a=  fi  -M-M 

b'b  =h'h  =  M-]ir 
etc.      etc.        etc. 

The  values  of  the  chords  and  middle-ordinates  maybe.t»2E.^\SL 
at  once  from  Tables  VIL  and  Vlll. 
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Example. — ^It  is  required  to  locate  a  4  degree  curro-of  t«i 
stations  by  offsets  from  the  long  chord. 
By  Table  VII. : 


10  sta. 
8  " 
6  " 
4  " 
2  " 
0  " 


G  =980.014 
G^  =  789.803 
C7"  =  595.744 
C"^=  398.782 
C7»-  =  199.878 
C^  =000.000 


Dlff. 

190.211 
194.059 
196.962 

198.904 
199.878 


95.105  =  ^a'  =  A»' 
97.030  =  a'ft' =  fA' 
98.481  =5V  =Ay 
99.452  =  c'(r  =  5'/ 
99.939  =  («V  =  /«' 


From  Table  Vin. 


Diff. 


10  sta. 

M     =86.402 

8  " 

M^    =55.500 

30.902 

=  a' a  =  t"i 

6  " 

if«  =81.308 

55.094 

=  b'b  =h'h 

4  *' 

Jfi»  =13.943 

72.459 

=:c'c  =g'g 

2  " 

Jfi'  =  3.490 

82.912 

^dd^ff 

0  ** 

Jf'  =  0.000 

86.402 

=  ^6 

123.  When  the  long  chord  G  subtends  an  odd  number  cf 
stations,  the  middle  ordinate  will  fall  half-way  between  two 
stations,  and  need  not  be  laid  off. 

If  the  ordinates  near  the  middle  of  the  curve  prove  incon- 
veniently long,  we  may  subtract  Jf  —  Jfcf',  M'—M",  etc,,  and  so 
obtain  in  Fig.  14  a' a,  h"h,  c"c,  etc.  We  then  lay  off  Aa\  a'a^ 
ab\  h'h,  bc\  etc.,  turning  a  right  angle  at  every  point  The 
chain  should  be  carried  along  the  curve  at  the  same  time  to 
make  the  stations  100  feet  apart. 

Example. — It  is  required  to  locate  a  10-degree  curve  of  nine 
stations  by  offsets  from  the  long  chord. 

By  Table  VII. : 


Diff. 


^iPiff. 


9  sta.  811.314 

7  "  658.105 

153.209 

76.604  =  ^a' 

5  "  484.900 

173.205 

86.603  =  a'y 

8  "  296.962 

187.938 

93.969  etc. 

1    "  100.000 

196.962 

98.481 

>  "   O.OQO 

100.000 

^   50.000 
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By  Table  VUL: 

0  sta.  168.029 

7    " 

103.750 

6    " 

58.750 

8    " 

19.548 

1    " 

2.183 

0    " 

0.000 

Diff. 

64.279 
50.000 
34.202 
17.365 
2.183 


etc. 


124*  The  tables  can  be  used  equally  well  when  the  curve 
both  begins  and  ends  with  a  half  station ;  also  to  locate 
half-station  points  throughout  the  curve,  but  in  the  latter  case 
the  numbers  are  taken  from  consecutive  columns  of  the  tables 
instead  of  from  cUternate  col- 
umns, as  in  the  above  examples. 

.  When  the  curve  begins  or  ends 
with  any  subchord, 

125.  Let  A,  Fig.  15,  be  the 
P.  (7.  and  Aa  =  c  the  first  sub- 
chotd,  and  d  the  angle  it  sub- 
tends at  the  centre.  In  the  dia- 
gram draw  the  long  chord  AB, 
and  the  ordinates  to  each  sta- 
tion, and  through  each  station 
draw  a  line  parallel  to  ABy  and 
\e%AOB=  A. 

Since  the  angle  VAB  =  i  A  and 
VAa  =  H  the  angle  aAB^  J  ( A  -  (f).    The  deflection  angle 
from  the  subchord  Aa  produced  to  the  chord  ad  is  i  {d-\-D\ 
the  deflection  angle  between  any  two  consecutive  chords  of 
100  feet  is  i  (D  -f  i>)  =  i>.    Therefore  the  angle 

«6c''  =  i(A-2d:-D)-i(22))  =  i(A  ^M-W) 
eda'=:H£i  - 2e?-8i))  -  i  (22))  =  i( A  -  2«f-  52>) 


Fio.  Ifi. 


etc. 


etc. 


eUi. 
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Solving  the  several  right-angled  triangles  ire  havc/Tlg.  IBL 


And  also 


Aa!  —  c.    cos  i(A  —  d) 
ab"  =100  cos  i  {A  -2d^   D) 
be'  =  100  cos  i  ( A  -  2<i  -  3J5) 
(W  =  100  cos  i  ( A  -  2<i  —  61)) 
eic.  f  e  vC» } 

a'a  =  c.     sin  i  ( A  —  (f) 
b'b  =  100  sini  {A  -2d-   JA 
e'e  =  100  sini  (A  -  2e?  -  82>) 
d'c  =  100  sini  (A  -2d-  5D) 
eic*  f  eiic.  f 


m 


(47) 


When  the  middle  point  of  the  curve  is  passed  the  minus 
quantities  in  the  parentheses  hecome  greater  than  A,  making 
the  parentheses  negative,  and,  therefore,  the  sines  negative, 
and  indicating  that  such  values  as  are  determined  by  them 
must  be  laid  off  toward  the  long  chord  AB, 

By  a  proper  summation  of  the  quantities  determined  by  eqs. 
(46)  and  (47)  we  obtain  the  distances  Aa\  Ab',  Ae^,  etc.,  and 
the  ordinates  a' a,  b'b,  c'c,  etc.,  and  the  curve  may  be  located 
accordingly.  It  is  well  to  make  all  the  necessary  calculations 
before  beginning  to  lay  down  the  lines  on  the  ground,  thus 
avoiding  confusion  and  mistakes. 

JKmwpfe.— The  P.O.  of  a  3°  20'  curve  is  fixed  at  +  25  feet 
beyond  a  station,  and  the  central  angle  is  16°  24'  =  a.  It  is 
required  to  locate  the  curve  by  ordinates  from  the  long  chord. 

We  have  c  =  100-25  =  75  and  d  =  2°  30'  and  jD=8*  W. 
Hence,  eqs.  (46) 


Aa!  =    75  cos 

6°  57' 

=  74.449 

74.449  =  Aa' 

ab"  =  100  cos 

4**  02' 

=  99.752 

174.201  =  Ay 

be'  =  100  cos 

0*^42' 

=  99.993 

274.194  =  ^c' 

d'd  =  100  cos  ( 

-  2**  38') 

=  99.894 

374.088  =  A€F 

e'e  =  100  cos  (■ 

-  5°  58') 

=  99.458 

473.546  =  Afi' 

e'B  =    17  cos  ( 

-  7°  55') 

=  16.838 

490.384=  AB 

By  eqs.  (47) 

a'a  =    75  sin 

6°  57'  = 

9.075 

9.075  =  a'a 

b'b  =  100  sin 

4°  02'  = 

7.034 

16.109  =  b'b 

e'e  =  100  sin 

0"'42'  = 

1.222 

17.331  =  efe 

(?(?'  =  100  sin  (- 

2^^  38')  = 

-  4.594 

12.737  =  <f* 

if^"  =  100  8in  (- 

S**  58)  = 

-10.395 

2.342  =  tfe 

i'e'  =    178iB(- 

7°  55')  = 

-   2.^41 

[      0.000    »  ,    . 
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The  same  formuls  can  be  used  when  the  curve  begins  at  a 
station  by  making  c  =  100  and  cf  =  2>. 

120*  The  methods  of  locating  curves  by  linear  measure- 
ments do  not  require  the  use  of  a  transit,  although  one  may 
be  lised  to  advantage  for  giving  true  lines,  turning  right 
Jingles,  etc.  When  a  transit  is  not  used  the  alignments  should 
be  made  across  plumb-lines  suspended  over  the  exact  points 
previously  marked  on  top  of  the  stakes.  A  right  angfle 
may  easily  be  obtained,  without  an  instrument,  by  laying  off 
on  the  ground  the  three  sides  of  either  of  the  right-angled 
triangles  represented  in  the  following  table  (or  any  multiples 
of  them),  always  making  the  hose  coincide  with  the  given  line. 

Table  of  Right-Angled  Triangles. 


Base. 

HypotheniLse. 

Perpendicular. 

4 

5 

8 

12 

13 

5 

20 

29 

21 

24 

25 

7 

40 

41 

9 

60 

61 

11 

84 

85 

13 

D.  Obstacles  to  the  Location  of  Cwmes. 

127*  To  locale  a  curve  joining  two  tangents  when  (he  in- 
tersection F  is  inaccessible.    Fig.  16. 

Prom  any  transit  point  p  on  one  tangent  run  a  line  pq  to 
intersect  the  other  tjmgcnt;  measure 
pq  and  the  angles  it  makes  with  the 
tangents.  Then  the  sum  of  the  de- 
flections at  p  and  g  equals  the  central 
angle  A.  Solve  the  triangle  pqV 
and  find  Vp.  Having  decided  on 
the  radius  B  of  the  curve,  calculate 

1  ' 

the  tangent  distance  VA  by  eq.  (21), 
and  lay  off  from  p  the  distance 
pA^VA  —  Vp  Xo  locate  the  point  ^«-  ^*- 

of  curve.      The  point  p  being  as- 
sumed at  random,  Vp  may  exceed  VA,  in  which  case  the  differ- 
ence pA  is  to  be  laid  off  toward  V, 

In  case  obstacles  prevent  tlie  direct  alignment  of  any  line 
pq^  a  line  of  several  courses  may  be  SQb^WXwXic^^  Iot  \\.  V^*^ 
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explained  in  g§  46,  47,  48,)  from  which  the  length  of  pq  will 
be  deduced.  The  algebraic  sum  of  the  seyeral  deflections  will 
equal  A. 

128.  To  locate  a  curve  when  the  point  of  carve  is 
inaccessible.    Fig.  17. 

Assume  any  distance  Ap  on  the  curve  which  will  reach  to 
an  accessible  point  p.    Then  by  eq.  (19)  the  angle 

Ap'  =  jB  sin  pOA 
p'p  =  B  vers  pOA 
Vp'-  VA"  Ap' 

Measure  Vp'  and  p^p  to  locate  a  transit  point  at  p\  and  meas^ 
ure  an  equal  offset  from  some  transit  point  on  the  tangent,  as 

q^.  This  gives  a  linep^,  parallel 
to  the  tangent,  from  which  deflect  at 
p  an  angle  equal  U>  pOA  for  the 
direction  of  a  tangent  through  the 
point  p. 

Instead  of  measuring  the  second 
offset  q^  we  may  deflect  from  pq  an 

angle  found  by  tan  qpq'  =  -^  and  so 

obtain  the  line  p^  parallel  to  the 
S^«  l*^'  tangent.    Or  we  may  deflect  from  p  V 

jyp' 
the  angle  found  by  tan  p  Vp'  =-^,  to  obtain  the  line  q'p  pro- 
duced, from  which  the  tangent  to  the  curve  at  p  is  found  as 
above. 

Again,  we  may  lay  off  from  F,  the  external  distance  Vh 
found  by  eq.  (24)  or  Tab.  VI  on  a  line  bisecting  the  angle 
A  VB.  This  gives  us  h,  the  middle  point  of  the  curve,  and  a 
line  at  right  angles  to  hV  ib  tangent  to  the  curve  at  h,  from 
which  the  curve  may  be  located  in  either  direction. 

129.  To  locate  a  curve  when  both  the  Vertex  <md  Point 
of  curve  are  inaccessible.    Fig.  18. 

From  any  point  p  on  the  tangent  run  a  line  p^  to  the  other 
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titogent,  and  so  determine  pA  a&  in  g  127.    Suppose  the  curve 
pfTpduoed  backward  Xop'  on  the  perpendicular  offset  jTp'. 
Then 

sin  p'  OA  =  ^4r  *°d  PP'  =  ^  ^^^^  P'  ^-^ 

Having  located   the  point  p\  a  parallel  chord  p'q  may  be 
laid  off,  giving  a  point  q  on  the  curve,  since  p'q  =  2  X  pA. 
At  q  deflect  from  qp'  an  angle  equal  to  p'OA  for  a  tangent  to 
the  curve  at  q. 
If  taj  obstacle  prevents  using  the  chord  p'q^  any  other 


Fxo.  la 


Fig.  19. 


chord  as  p'9  may  be  used,  by  deflecting  from  p'q  the  angle 
qp'$  =s  ^  (qO^  and  laying  off  its  length, 

p'8  =  2i2  sin  {p'OA  +  qp's). 

At  <  a  deflection  from  the  chord  sp'  of  {p'OA  +  qp's)^Ni\\  give 
the  tangent  at  s. 

If  obstacles  prevent  the  use  of  any  chord,  the  methods  de- 
scribed in  §  131  may  be  resorted  to. 

130*  To  past  from  a  curve  to  the  forward  tangent  when  ihe 
Point  of  Tangent  is  inaccessible.    Fig.  19. 

From  any  transit  point  p  on  the  curve,  near  the  end  of  the 
curve,  run  a  chord  parallel  to  the  tangent.  The  middle  point 
g  of  the  chord  will  be  on  the  radius  tlirough  the  point  of  tan- 
gent B.  At  any  convenient  point  beyond  this  an  offset  equal 
to  pp'  ^  B  vers  pOB  may  be  made  to  the  oangent,  and  at 
some  other  point  an  equal  offset  will  fix  the  direction  of  the 
tangent. 
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Otheirwise,  if  an  unobstructed  line  p^  ean  be  found  inter- 
secting tlie  tangent  at  a  reasonable  distance  from  B,  measure 
the  angle  ^pq  ^pgp',  and  lay  off  the  distance 


M  = 


VP 


sm  qpq 
to  fix  the  point  q.    Then 

Bq  =  p'q  —  p'B  =  pp'  cot  ^pq  —  B  sin  pOB. 

OthertDise;  assume  an  arc  of  any  number  of  stations  from 
^  to  g'  on  the  curve  produced,  and  take  the  length  of  chord 
from  Tab.  VII.  Lay  off  pq',  and  from  q"  lay  off  q'q  =  R 
vers  q''OB,  pei*pendicular  to  the  tangent,  to  locate  q.  The 
angle  pq'q  =  90°  —  q'pq\  and  the  distance  qB^Beiaq"  OB, 

131.  To  pass  an  obstacle  on  a  curre.    Fig.  30. 
From  any  transit  point  A'  on  the  curve  take  the  direction 
of  a  long  chord  which  will  miss  the.  obstacle,  as  A'B',    The 

length  of  this  chord  is  2B  sin 
V'A'B\  V'A'  being  tangent  to  the 
curve  at  A'  (see  eq.  22),  and  by 
measuring  this  distance,  the  point 
B'  on  the  curve  is  obtained.  If 
the  angle  V'A  'B'  is  made  equal  to 
the  deflection  for  an  exact  number 
of  stations,  the  chord  may  be  taken 
from  Tab.  VII. 

If  the  chord  which  will  clear  the 
obstacles  would  be  too  long  for  con- 
venience, as  A'q\  we  may  measure 
a  part  of  it  as  A'p\  and  then,  by  an 
ordinate  to  some  station,  regain  the  curve  at  p.  The  distance 
on  the  curve  from  A'  to  p  being  assumed,  the  distances  A'p' 
and  p'p  are  calculated  by  the  methods  given  in  §  121  to  §  125. 
If  p'p  can  be  made  a  middle  ordinate  tlie  work  will  be  much 
simplified.  If  more  convenient  the  middle  ordinate  may  first 
be  laid  off  from  A '  to  p\  and  the  half  chord  afterwards 
measured  from  p"  to  locate  p. 

Again,  we  may  calculate  the  auxiliary    tangent  A '  V  for 

/izT^  assumed  length  of  curve  ^'^',  and  lay  off  the  distance 

^  'F '  and  V'B ',  deflecting  at  V  an  angle  equal  to  twice 
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VA'B'.  But  if  the  point  F' should,  pro  re  inaccessible,  we 
may  conceive  the  auxiliary  tangents  to  be  revolved  about  the 
chord  A'B'  as  an  axis,  so  that  V  will  fall  at  F",  and  the 
lines  A'V  and  V'B'  may  be  laid  out  accordingly.  If  these 
in  turn  meet  obstructions,  we  may  run  a  curve  from  A'  to  B' 
of  same  radius  as  the  given  curve,  but  tangent  to  J. '  F"  and 
V'B'. 

Again,  the  entire  curve  or  any  portion  of  it  may  be  laid  out 
bj  offsets  from  the  tangents,  or  by  ordinates  from  a  long 
chord,  as  already  explained,  §  119  to  g  126. 

In  case  any  distance  on  a  curve  must  be  measured  by  a  tri- 
angulation,  as  in  crossing  a  stream,  a  long  chord  may  be 
chosen,  either  end  of  which  is  accessible,  and  the  triangula- 
tion  is  then  performed  with  respect  to  this  chord  or  a  part  of 
it,  as  upon  any  other  straight  line. 

SPECIAL    FBOBLEMS  IS  SIMPLE  CURVES. 

132.  Oiceiu  a  curve  joining  two  tangents,  to  find  the  change 
required  in  the  radim  R,  and  external  distant  E,  for  an 
asmmed  ehemge  in  the  mlue  of  the  tangent  distance  T,    Fig.  21. 


Let  T  =  Ar=  VB        and  r=^'F=7B' 
"    R=zAO  *'   R'=A'0,' 

"    E^VH  **   E'  =  VH' 

Then  T—T'  =  AA'  =  the  given  change. 

Byeq.  (25)  R  =  T  cot^A 

i2'=  rcotiA 
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By  eq.  (26X  similarly, 

HE'  z^E-'E'  =  {T-  T')  tan  iA  (40) 

Eqs.  (48)  (49)  give  the  changes  in  B  and  E  for  any  ^ange 
in  T,  When  T  is  increased  B  and  E  will  be  increased  also, 
and  'oke  versa. 

Example, — ^A  4""  curye  joins  two  tangents,  making  an  angle 
of  38°  =  A,  and  it  is  necessary  to  shorten  the  last  tangent  dis- 
tance 80  feet.  What  will  be  the  change  in  the  radius  and  in 
the  external  distance? 

Eq.  (48)  r--  T'  =  80  log  1.908090 

iA  19°         log  cot  a4l»88d 


Am.  B   -B'    282.84  log.  2.36ftll8 

B  1432.69 


B'=        1200.86      or  about  4°  4fi' == J»', 

If  the  tangent  distance  had  been  increased  80  feet  we  should 
add  the  above  to  B. 

i?' =  1665.03      '  or  about  3°  26' =  2> ' 

Eq.  (49)        r-  T'  =  80  log  1.903090 

iA  9°  30'       log  tan  9.223607 


Ans.  E-E'      13.387  log  1.126697 

133.  Given:  a  curve  joining  two  tangents,  to  find  the  ehcmge 
required  in  the  radius  R,  and  tangent  distance  T,  for  any 
assumed  cJiange  in  the  value  of  the  exte^^nal  distance  E,    Fig.  21. 

We  suppose  EH'  given  to  find  OG  and  AA '. 

Byeq.  (24)  E  =B  ex  sec  i  A 

^'  =  i?'exseciA 

OG  =  B-B'=   ^''■^'  (50) 

ex  sec  i  A  ^    • 

By  eq.  (49) 

AA'  =  r-  T'  -  {E-  E')  cot  iA  (61) 
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t  JSxaniple, — A  4°  curve  joins  two  tangents^  makisg  an  angle 
of  38°  =  A,  and  it  is  necessary  to  bring  Uie  middle  point  of 
the  curve  25  feet  nearer  the  vertex  V.  What  changes  are  re- 
quired in  the  radius  and  point  of  curve? 

fiq.  (50)     E-E'=  25         log  1.397d40 

iA  19°        log  ex  sec  8.760578 

Am.        B-^B'      483.87         log  2.837362 

B    1432.69 


B'    998.82  or  about  5* 44' =  2>' 

£q.  (51)    E-E'  25  log  1.397940 

iA  9°  30        .  log  cot  0.776398 

y-  T'        149.39  2.174333 

or  the  P.  (7.  will  be  moved  toward  the  vertex  149.39  feet. 

But  If  the  point  JET,  Fig.  21,  were  to  be  moved  25  feet 
further  from  the  vertex  F,  then 

B '  =  1866.56  or  about  3°  04'  =  i> ' 

and  the  P,C.  will  be  moved  149.39  feet  further  from  the 
vertex. 

It  is  preferable  to  assume  some  radius  from  Table  IV.  near 
the  value  of  B '  found  as  above,  and  from  this  calculate  the 
value  of  2"  by  cq.  (21). 

134*  Qiten:  a  curve  joining  two  tangents,  to  find  the  change 
made  in  Hie  tangent  distan^ce  T,  and  external  distance  £,  hy 
any  assumed  change  in  the  value  of  tlie  radius  R.    Fig.  21. 

By  eq.  (48) 

AA'  =  T-T'  ^iB-B')  tan  i A  (52) 

By  eq.  (50) 

HE'  =E-'E'  =:{B-B')cxseciA  (53) 

The  changes  calculated  by  eqs.  (52)  (53)  will  be  added  to  or 
subtracted  from  T  and  E  respectively,  according  as  the  radius 
b  increased  or  diminished. 

135.  Since  for  a  constant  value  of  lYve  eewX-wX  wv^^  t^> 
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the  homologou3  parts  of  any  two  curves  are  propoMional-  to 
each  other,  we  may  write  at  once 


rpi  jjti 


=  B 


c 


r  =T 

etc. 


E 
etc. 


C 

c 


=  r 


M' 


M 

etc 


(64) 


136.  Qvcen:  a  curve  joining  two  tangents,  to  change  the 
position  of  the  Point  of  curve  so  that  the  curve  may  end 
in  a  parallel  tangent.    Fig.  23. 

Let  AB  be  the  given  curve,  AV^  VB  the  tangents,  and 
V'B '  the  parallel  tangent.    Then  VV  is  the  distance  from 

one  vertex  to  the  other;  and  since 
there  is  no  change  in  the  form  or 
dimensions  of  the  curve,  we  may 
conceive  it  to  be  moved  bodily, 
parallel  to  the  line  A  F,  until  it 
touches  the  line  V'B\  when  every 
point  of  the  curve  will  have  moved 
a  distance  equal  to  VV\  Hence 
AA'=00'  =  BB'=::  VV,  There- 
fore,  run  a  line  from  B  parallel  to 
AV,  intersecting  the  new  tangent  in 
B\  measure  BB\  and  lay  off  the  dis- 
tance from  A  to  find  A.  In  the  figure  the  new  tangent  is 
taken  outside  the  curve,  and  so  A '  falls  beyond  A^  but  if  the 
new  tangent  were  taken  inside  the  curve  at  VB',  the  new 
P.  G.  would  fall  back  of  A  at  some  point  A\ 

If  the  parallel  tangent  is  defined  by  a  perpendicular  offset 
from  Bf  as  Bp\  since  the  angle  BB'p  =  A 


Fia.  2a 


AA':=BB'  = 


Bp 

sin  A 


(55) 


137.  Given:  a  curve  joining  two  tangents^  to  find  the 
radius  of  a  curve  that,  from  the  same  Point  of  curve,  vnU  end 
in  a  parallel  tangrent.    Fig.  28. 

Let  AB  be  tlie  given  curve,  AV,VB  the  tangents,  and 
r.ff '  the  parallel  tangent ;  and  let  AO  =  jR  and  -40 '  =  B'. 
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Siacethe  central  angle  a  remains  unchanged,  the  angle 
^  A  between  the  tangent  and  long  chord  remains  unchanged; 
therefore  V'A  B '  =  VAB,  and  the  new  point  of  tangent  is  on 
the  long  chord  AB  produced.  Find  on  the  ground  the  inter- 
section of  V'B'  with  AB  produced 
and  measure  BB',  In  the  diagram 
draw  JSe  parallel  \o  AO,  then  BeB  = 
A,  and  by  eq.  {22) 


but 


BB'  =:2Be  8m  i  A 
Be=00'  =  B-'B 


B'  =  E  + 


BB' 


2  sin  i  A 


(56) 


Fio.  28. 


The  +  sigJi  is  used  when  B '  is  be- 
yond B,  as  in*  the  figure;  but  if  the 

IMiraUel  tangent  is  within  the  given  curve  it  will  cut  the 
chard  in  some  point  B\  and  then  the  —  sign  must  be  used, 
since  B '  will  evidently  be  less  than  B, 

11  the  parallel  tangent  is  defined  by  a  perpendicular  of^t, 
9ABp=iB'f\  since  BsB'  =  a 


Bp  =  Be  vers  A  =  (i?'  —  J?)  vers  A 


B'  =  B  + 


Bp 


vers  A 


(57) 


Add  or  subtract  as  explained  above. 

If  the  long  chord  C  =  AB  is  known,  then  the  new  long 
chord  0'=iAB'  OT  AB'  =  C  ±  BB\  and  by  eq.  (54) 


/ 


B'  =  B 


G  ±  BB' 
C 


(58) 


138*  Given:  a  curve  joining  two  tangents,  to  change  the 
radiuSy  and  dl9o  the  Point  of  curve*  so  that  the  new  curve 
maif  end  in  a  parallel  tang^ent  directly  opposite 
the  ffiten  Point  of  tangent.    Fig.  24. 

Let  AB  be  the  given  curve,  A  F,  VB  the  tangents,  V'B'  the 
parallel  tangent,  and  B '  the  given  tangent  point  on  the  radius 
OB  produced. 
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In  the  diagram,  produce  the  tangent  AVtind  the  xadins  QB 
to  intersect  at  K,    Then 

BK=Bexaec  a 

B'KtnB'  exeec  A 
Subtracting  we  have 

BB'  =(B-B')exsec  A 

BB' 


B-B'  - 


exscc  A 


(59) 


from  which  B'  is  easily  determined,  as  in  §§  182  and  133. 


Pio.  34. 


Fio.26. 


To  find  the  change  A  A'  of  the  P.G,/m  the  diagram  draw 
O'G^  parallel  to  ^'^;  then 


or 


O'Q-  OGtaiL  A 

AA'  =  {B  —  B')  tan  A 


(«0) 


By  substituting  the  value  of  (B  —  B')  from  eq.  (59)  and  ob- 
serving Table  II.  43  we  have 


AA'  =:BB'  X  cotiA 


(«) 


Observe  that  eqs.  (59),  (60),  and  (61)  may  be  derived  directly 
from  eqs.  (50),  (52),  and  (51)  respectively  by  writing  A  for  i A. 

139.  Given:  a  curve  joining  two  tangents;  to  find  the  new 

tang-ent  points  after  each  tangent  has  been  moTed 

Jf^B^rallel  to  itself  any  distance  in  either  dirttMrn,.    Yi^,  2S. 
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Let  A  and  B  be  the  given  tangent  points,  uad  A'  and  B' 
the  new  tangent  points  required.  Let  the  known  perpendicu- 
lar distances  Aq  =  a,  and  Bp  =  b.  We  then  require  the 
unknown  parallel  distances  qA'  =  x  and  pB'  =  y. 

Since  the  form  and  dimensions  of  the  curve  remain  un- 
changed we  may  conceive  the  curve  to  be  moved  bodily 
into  its  new  position  on  lines  parallel  and  equal  to  the 
line  VV  joining  the  vertices.    Then  AA'  -00'=BB'  = 

yy\ 

In  the  diagtam  draw  FJT  parallel  and  equal  \xi  Bp-=^h  and 
VH  parallel  and  equal  to  ulg  =  a.  Then  72"=  qA  =  aj,  anjd 
FX-=  j&'p  =  y.    Since  FG^  F'  =  a ,  we  have 


VQ  =  -X-  and  (?JEr=      * 


sm  A 


tan  A 


«nd  since 


FH'=  VQ-^GH^zx 


Similarly 


a;  =  _ 


a 


sm  A 


y  = 


tan  A 
a 


tan  A      sm  A  J 


(62) 


When  the  new  tangents  are  outside  of  the  given  curve,  the 
offsets  a  and  b  are  considered  positive;  if  either  new  tangent 
were  inside  of  the  given  curve  its 
ofbet  would  be  considered  negative. 
In  solving  eqs.  (62)  if  x  and  y  are 
found  to  be  positive  they  are  to  be 
laid  off  forwards  from  q  and  p,  as 
in  Fig.  25;  if  either  is  found  to  be 
negative  it  is  to  be  laid  off  in  the 
opposite  direction. 

Examp^, — A  certain  curve  has  a 
central  angle  of  50°  =  a,  and  it  is 
proposed  to  move  the  first  tangent 
te  iM>  feet  and  the  second  tangent 
mti  Id  feet  Required,  the  distances  on  the  tangents  from  the 
old  tangent  points  to  the  new.    Fig.  26. 


Fio.  36. 
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Here  a  =  —20  and  6  =  +  12 


+  *    12 
A       50*" 


1.079181 
log  sin  9.884254 


15.065 


1.194927 


—  a    20 
A       60" 


16.782 


1.801030 
log  tan  0.076186 

1.224844 


X  =  15.665  -  (-  16.782)  =  +  82.450 


+  i    12 
A       50° 


10.069 


1.079181 
log  tan  0.076186 

1.002995 


—  a    20 
A       50" 

-  26.108 


1.801030 
log  sin  9.884254 

1.416776 


y  =  10.069  -  (-  26.108)  =  +  36.177 


For  -J-  a  and  —  h 


For  +  a  and  +  h 


For  —  a  and  —  h 


j  a?  =  -  32.450 
"jy= -36.177 

(«=-    1.120 
]  y  =  -  15.939 


«  =  +  1.120 
+ 15.939 


If  we  have  a  and  x  given  to  find  h  and  y\  Solving  eqs.  (62) 
for  h  and  y  we  obtain 


ft  =  a?  sin  A  -f  •  axx>s  a 
y  =  a?  cos  A  —  a  sin  a 


( 


w 


In  which  the  algebraic  signs  of  the  quantities  must  be  ob- 
served as  above. 

140*  Oiven:  a  curve  joimng  two  tangents,  to  find  a  new 

Radius  and  new  position  of  the  Point  of  curve,  mteh 

that  the  curve  may  end  at  the  same  point  as  before,  but  vnih 

a  given  change  in  the  direction  of  the  forward  tangmn/L 

,  Fig.  27. 

Let  AB  be  the  given  curve,  J.F,  VB  the  given  tangento, 
P'"^  the  new  tangent,  and  VBV  the  given  change  iu  dirao- 
iion.     Let  A'  =  A  +  VBV, 
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In  the  diagram  dr&w  BG  perpendicular  to  ulF  produced; 
then 


BO  =  B  vers  A 
=  B'  vers  a' 


Hence 


and 


B'=:B 


vers  A 
vera  a' 


(64) 


AA^AG  —  AG^Bsiii  a  -  B'  sir  a'       (65) 


In  the  figure  the  change  in  direction  of  tangent  makes  a' 
greater  than  a  ;  therefore  V  falls  beyond  V,  and  A  beyond 


Fia.27. 


FiowdS. 


A;  but  if  the  change  made  A 'less  than  A,  then  V*  and^' 
would  fall  behind  V  and  A  respectively,  and  B '  would  be 
greater  than  B. 

The  same  formal®  apply  to  the  converse  problem  in  which 
B  is  taken  as  the  point  of  curve,  and  A  and  A  as  points  of 
tangent 

141.  Oicen  a  curve  joining  tu>o  tangents,  to  find  the  change 
i%  the  Point  of  curve  whsn  the  forward  tangent  takes  a  new 
direction /r<>fl»  the  vertex  V.    Fig.  28. 

By  eq.  (21) 

.     F-4  =  J2taniA,    Ful' =  J^tan^A' 


AA  =  B  (tan  i a  -  tan  ^a') 


(66) 


142.  Given:  a  eurte  Joining  two  tangents,  to  jvivd>  CKa  ivw) 
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radius^  R',  when  the  forward  tangent  take$  •  new  direc 
tion  from  the  vertex,  V.    Fig.  39. 
By  eqs.  (21)  (25) 


R'  -BtAU^A  coliA' 


(67) 


143*  Given:  a  curve  joining  ttoif  tangenfg,  and  a  given 
cJtange  in  the  direction  €f  the  forward  tangent  from  the 
vertex^  to  find  the  radius  and  point  of  curve  of  a  cv/rte 
iJiat  shall  pass  at  the  same  distance,  YH,  from  tk  vertex. 
Fig.  30. 

Let  AB  be  the  given  curve,  BVB'  the  given  change  in 


Fio.29. 


Fio.  aa 


direction  of  tangent,  and  FH"  =  VH.    Let  a  =  £s,+BVB\ 
then  eq.  (24) 


FH=iifex»eciA  =  FH' =  i2' ex  seciA' 


B'=^B 


By  eq.  (28) 


exsec  jA 
exsec  iA' 


<«8) 


VA  =  YH cot  i  A,     VA  =  VH'  cot  i  A' 


AA'  =  FH(cot  iA  -  cot  iA') 


But  in  case  A'  =  A  —BVB',  A  A'  becomes  negative  and 
aust  be  laid  off  backward  from  A, 
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jhjBHupfo.— Given  a  2°  curve,  A  =  80''  and  JBFB'  =  - 10* 
.-.  A' =  70'' 


B 

VH 

B' 

iA' 


-40' 

874.97 
85° 

1**  27'  nearly 

irso' 


log  8.457114 
log  exsec  9.484879 

2.941998 
log  exsec  9.343949 


8.598044 


cot  2.74748 
cot  8.17159 


-  0.42411 


^-4' =  874.97  X  (~  .42411)  =- 871.08 
and  must  be  laid  off  backward  from  A. 

144.  CUven:  two  indefinite  tangents,  a  pdrU  situated  he- 
tioeen  them,  and  the  angle  a  ,  to  find  the  radius  R,  and  tan- 
gent distance  1^  of  a  curve  joining  the  tangents  which  sJtaU  pa^ss 
throv^gh  the  given  point.    Fig.  31. 

If  the  given  point  is  on  the  bisecting  line  FO,  as  H,  mesis- 
\iieVH=:E,  and  find  iJ  and  T  as  in  §§  97,  98. 
When  the  given  point,  as  P  is  not  on  the  bisecting  line  V0\ 

if  a  line  OK  is  passed  through  P  per- 
pendicular to  VOy  it  will  be  parallel 
to  any  long  chord,  as  AB,  and  the 
angle  VOK=\A.  The  curve  pass- 
ing through  P  will  intersect  GK  in 
some  other  point  P'\  the  line  GK 
is  bisected  by  the  line  VO  at  /,  and 
P/=  PL 

If  the  given  point  P  is  located  by  a 
perpendicular  offset  from  the  tangent, 
as  Pi;  in  the  triangle  PLG,  LG  = 
PL  oot  ^A.  Lay  off  LG,  and  at  G  deflect  VGK=  iA,  and 
measure  GP  and  PK.  Since  by  Geom.  (Tab.  I.  24)  GA*  = 
GP'  X  GP,  and  GP'  =  PK; 


Fio.  81. 


GJ  =  VGP  X  PK 


V^^N 


84 


FIELD  KKGIHTBEBIKG. 


Lay  off  GA;  &ndA  is  the  Point  of  curve, uiFs:  T,.ftnd 
B  =  AVcotiA, 

If  the  given  point  were  located  by  an  offset  from  BV,  find 
B  first,  and  make  VA=:BV. 

If  the  given  point  P  is  located  by  a  perpendicular  offset 
IP  from  the  bisecting  line  FO;  produce  IP  to  intersect  the 
tangent  at  G  and  measure  PG,    Since  P'G=GP+  2PI 


GA=^  VGP{GP+2PI) 
whence  we  have  the  point  of  curve  A,  as  before. 


(71) 


145.  Given:  a  curce,  AP,  and  tJie -radial  o£Qset  PP' 

to  find  a  curve  which  shall  pass  through  the  point  P ',  start- 
ing from  the  same  point  of  curve  A.    Fig.  82. 

K 


Fia.as. 


Let  h  =  PP',  and  in  the  diagram  draw  P'G'  parallel  to  the 
common  tangent  AX^  and  join  AP'.    Then 

P'G'  =z(B±h)%m  A 
GA  -B-iR  ±  *)co8  A 


taniA'  = 


B 


GA 

P'G'"^  (B  ±  b)em  A 


—  cot  A 


„,  _  P'G'  _  (ig±^)sin  A 
*~  sin  A'  ""       ''-~^' 


sm  A 


m 


(78) 


When  the  offset  is  outward  use  B-\-b,  when  it  is  inward 
use  B  —  b. 

Example.^Qiycn:  a  S**  curve  of  IQ  stations  and  a  radfel 
oJTset  of  205  feet  inward  from  the  P.  T.  to  find  the  radius  of 
tlie  curve  passing  through  tlie  extremity  oi  tti^  offset. 
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H«e  A  =  8'  X  16  =  48^  and  6  =  306. 


-B     S'z: 

z    1910.08 

B-h 

1705.08 

log  3.231745 

A    48" 

log  sin  9.871073 

P'G' 

3.102818 

2?  8" 

log  3.281051 

1.50742 

0.178233 

A    48** 

cot  .90040 

iA' 

tan  .00702  = 

=  31°  15i' 
2 

A' 

62°  3r                log  sin  9.947995 

P'G' 

log  3.102818 

i?' (about  4°  01).    Ans.  3.154823 

If  the  same  offset  were  made  ouUide  of  the  curve  we  should 
find  B'  log  8.438360,  or  about  a  2°  05'  curve. 

This  solution  is  inconveniently  long  for  ordinary  field  prac- 
tice. When  the  offset  is  small  compared  with  the  length  of 
curve,  we  may  use  the  following 

Approximate  Rule :  Divide  twice  the  offset  h  by  the 
length  of  curve,  look  for  the  quotient  in  the  table  of  nat. 
sines,  and  take  out  the  corresponding  angle,  which  multiply  by 
100,  and  divide  by  the  length  of  curve.  The  quotient  is  the 
correction  for  the  given  degree  of  curve;  to  be  svhtracted  when 
the  offset  is  made  outward,  and  added  when  the  offset  is  made 
iH/mird, 

This  rule  is  expressed  by  the  formula 

^      ^  _  100   .     _i  26  ^.. 

ly  =  D^  -j-mi       -J-  (74) 

Taking  the  same  example,  we  have 

%  =  sin  14°  51' 
100 

and  oomction  =  14°  61'  X  j^  =  qp  0°  55' 
Hence  jy  =  B""  Bff  or  1/ =  2^*  M' 
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146.  Oiven:  any  nwmber  of  tireular  ewwt  tf  eguaJ  length 
L,  aU  Karting  /nwn  a  wtnmon,  point  of  curve  A.  in  a  eommon 
tangent  AX,  lo  find  Uu  equation  of  the  carre  jcmmg 
their  exti-emttiet.    Fig.  3a 
Let  AP  be  any  one  at  the  given  curves, 
•■  R=  its  radius ^0, 
"  i>  =  its  degree  of  curve, 
"    A  =  its  central  angle  AOP, 
"    C  =  its  lonsf  chord  AP. 


By  BubstitntiDg  the  viJue  of  H  from  eq.  (16)  in  eq.  OS)  ««l 

Substitutiag  in  this  the  value  of  D  from  eq.  (30)  and  letting 
(Iheta)  6  =iA,  (rho)  P  =  inn  and  JV=  t^,  we  have  for  tbo 
polar  equation  of  the  required  curve 


in  which  p  is  the  mdiua-vecttir  AP,  B  the  variable  angle 
SAP.  the  unit  of  measure  is  one  side  of  the  inscribed  ptdygnt 
ar  which  the  circular  curve  AP  is  measured,  and  iV  the  niua- 
i>er  of  the»e  sides  in  the  leuEth  ot  tbe  curve  AP.    Bj  ItN 
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conditions  of  the  problem  N  is  constant,  but  3  may  have  any 
Value  whatever.  If  we  let  0  vary  from  0"  to  +  180°  and  from 
0*  to  —  180°  the  point  X  will  describe  the  curve  XP'PA 
shown  in  the  figure,  which  is  called  the  Valwid  from  its  re- 
sembkuice  to  the  shell  of  a  bivalve.  All  circular  curves  tan- 
gent to  AX  at  A  and  having  a  length  L  =  AX  will  terminate 
in  the  valvoid,  and  the  line  PP'  joining  the  extremities  of 
any  two  of  them  is  a  chord  of  the  valvoid. 

147.  To  find  a  tang^ent  to  the  yalYoid  at  any  point 
P.    Fig.  34     See  Appendix. 
Differentiating  eq.  (76) 


dp 
W 


=  /c'(cote--lcot~)  (77) 


which  is  essentially  negative,  since  /9  is  a  decreasing  function 
ofO. 
Let  (phi)  (p  =  APG,  the  angle  between  the  radius  vector 

and  the  normal  PG, 

1  6 

tan  9>  =  -^  cot  -^  —  cot  0  (78) 

Thfi  line  PK  perpendicular  to  PG  is  tangent  to  the  valvoid 
at  P,  and  PF  perpendicular  to  PO  is  tangent  to  the  curve  AP, 

Then  APV  =  0  and  VPG  =  B-<p,  and  letting  i  =  OPK  = 
VPG. 

«  =  0  — <P  =  iA  — <p  (79) 

Therefore,  to  obtain  Ihe  direction  of  a  tangent  to  the  val- 
void at  any  point  P,  deflect  from 
the  radius  PO  an  angle  equal  to 
i  =  (iA  —  <p\  on  the  side  of  PO 
farthest  from  the  point  ot  curve  A 

The  value  of  i  may  be  found  by 
eqs.  (78)  (79),  but  we  are  saved 
this  somewhat  tedious  calculation 
by  the  use  of  Table  X.  1,  which 

contains  values  of  the  ratio  —  =u  ^^-  ^ 

A 

for  various  values  of  a  ,  and  length  of  curve  L.  Multiplying 
A  by  the  proper  tabulated  number  gives  the  value  of  »  =  OPK 
ftt  once;  or  .^^ 

»=(iA-<p)=UA  ^$$!^ 
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148.  To  find  the  radius  of  currature  of  the  valwnd 
(U  any  point  P.    See  Appendix. 
Differentiating  eq.  (77)  we  have 


=  p[-i-|- cote  cot  J.  +  ^(acot«A.  +  l)J 


The  general  formula  for  the  radius  of  curvature  of  polar 
curves  is 


( 


r  = 


f^  +  m^j 


Substituting  in  this  the  values  of  p,  ^,  and  -^,  and  putting 

(16  V 

-rrrr  cot  ^  —  cot  9  j  =  «  WO  have  after  reduction, 

p  (l  +  a«)i 

This  formula  being  too  complicated  for  convenient  use  in 

Vhe  field,  its  use  is  avoided  by  referring  to  Table  X.  2,  which 

r 
contains  values  of  the  ratio  y  =  ^  for  various  values  of  A  and 

L.  Multiplying  the  given  value  of  L  by  the  proper  tabular 
ratio,  gives  the  value  of  the  radius  of  curvature  of  the  valvoid 
for  a  short  distance  either  way  from  the  given  point  P;  or, 

r  =  tjZ  (80) 

149.  To  find  the  lengtli  of  arc  of  the  f>alwid  eorre- 
sponding  to  a  change  of  one  degree  in  the  value  of  the 
angle  a.     Fig.  35. 

From  any  chord  AP  suppose  a  deflection  of  i  degree  to  be 

made  each  way  to  Ap'  and  Ap" ;  then  the  angle  p'Ap'  =  i*  = 

tlie  change  in  9,  and  since  A  =  29,  this  makes  a  ch»ige  of  I* 

in  the  value  of  A.     We  then  require  to  ^onv  \.\ift  len^  of 
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tbe  arc  ^'p',  and  we  may,  without  sensible  error,  consider  it 
to  be  described  by  the  radius  of  curvature  r  =  Pc^  for  the 
point  P,  through  an  angle  p'op".    Now 


jp^op'  =  Xop'  —  Xop' 

A' 


=  (l^+-')-(x---) 


-^+<?>'-<p' 


^j-eq.  (80) 


A' 


^  =  -f-(i-at*') 


A' 


and       <?>"  =  -^  (1  ^  ^  21*") 


Fio  .85. 


and  since  ^'  is  so  nearly  equal  to  <p'  we  may  assume  u'  = 
u'  =  u;    hence  tp'  —  g>'  =  ^ (1  —  2u)  and  p'op'  = 

(A'-  Aoa-t*). 

But  the  condition  of  the  problem  requires  a'  —  a''  =  1**, 

hence  p'op'  =  (1  —  uf. 

Therefore  the  length  of  arc  p'p"  for  a  change  of  1"  in  the 

value  of  A  is 

l^  =  r(l  —  u)X  arc  1' 

or  (Tab.  XVII.)        l,  =  r(l^u)  .0174533 

and  shice  r  =  i>L  (Tab.  X.  2), 

l  =  v{l''U)L  .0174533  (83) 

By  this  formula  Table  X.  3  has  been  prepared,  for  various 
values  of  a  and  L. 

150.  Given:  two  curves  of  the  «ame  leTigtft.  L  W\  oj 
dtffhrent  radU^  itarUng  from  the  m/tm,   p<yiut  of    curoe  in.  ^ 
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common  tangent,  to  determine  the  direction  and  lefngth.  qf 
a  line  joining:  their  extremities.    Fig.  26, 

Let  AX  be  the  common  tangent,  and  AP,  AP*  the  two 
curves,  to  determine  the  direction  and  length  of  P'P', 

If  we  take  the  point  P  on  the 
arc    P'P'   determined   by  the 


angle   a  = 


_  A'+ A 


and  draw 


a  tangent  PK  to  the  valvoid  at 
Py  we  may  assume  without  ma- 
terial error  that  the  chord  P'P' 
will  be  parallel  to  PK  for  any 
value  of  P'P'  not  exceeding 
iL,  a  limit  not  likely  to  be  ex 
ceeded  in  practice. 
Let  0  be  the  centre  of  the  curve  AP  fixing  the  point  P ; 

then  AOP  =  ^^—,  and 


K     0*0    O' 

Fio.  86. 


A'+A' 

2 


OPK=  i  =  u 


PKO  =  K=  ^±Al  ^  ,  =  ^^jtA'(i  - 1,) 

Since  PP'  is  assumed  parallel  to  PK, 
PP'O'  =  KGO'  =  A''-K=  A'-  ^'"t  ^'(l-«) 

Similarly  producing  P'P  to  any  point  H, 


(W 


SP-C  -  f  ^  A'(l+tt')-  A'  (1  -«■) 


whence  also 


»    =  »    -f-   A    —    A 


(O) 


(86)' 


The  slight  error  involved  in  the  above  assumption  is  cor- 
rected by  taking  out  the  value  of  u  (Table  X.  1)  correspond- 
ing lo  a",  the  less  of  the  two  given  central  angles;  we  have 
therefore  written  tA  with  the  double  accent  in  equations  (B^ 
and  (85). 
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When  t"  and  f'  are  positive,  they  will  be  deflected  as  in 
Fig.  86,  oa  the  side  of  the  Ta/dansfariJieitfrom  A  ;  should  t"  be 
negative  it  will  of  course  be  deflected  from  P"0"  toward  A. 

The  arc  P'P'  corresponds  to  a  change  of  the  central  angle 
from  a'  to  A'  ;  hence 

V  :  A'-  A"  ::  I,:  P'P" 

P'P"  =  (a'- A');,  (86) 

in  which  I,  is  taken  from  Table  X  3  for   Z  =  AP,  and 

A'+  A" 

^=  —  2- 

As  in  practice,  the  distance  P'P"  is  usually  small  compared 
with  L,  the  arc  and  chord  will  be  almost  identical  and  no 
further  calculation  is  necessary.  It  P'P"  is  large,  it  will  be 
found  that  equation  (86)  gives  the  '.ength  of  arc  very  correctly 

A  '   —     A  " 

when  — -= does  not  exceed  20°,  and  the  length  of  chord 

when  — "^ —  exceeds  60° ;  for  intermediate  mean  angles  it 

gives  a  value  to  P'P"  between  that  of  the  arc  and  chord. 
The  arc  P'P"  may  be  considered  to  be  described  by  the  radius 

r  =  tjX,  V  being  taken  f  Cv  -  A^ —  (Table  X.  2),  and  its  total 

curvature  is  founo  oy  multiplying  its  length  by  the  degree  of 
curve  corres%onding  to  r  (Table  IV). 

I^mple.  Given,  a  2°  30'  curve,  and  a  1°  curve  of  12  stations 
each  from  the  same  PC,  to  determine  the  distance  between 
their  extremities. 

A'  =  2i'  X  12  =  30°,         A'  =  12°,        ^~^-  =  21° 

A' -A' =  18°,  1/"=  .33446 

Eq.  (84).   i"  =  2^9737  =    2°58'25'' 

Eq.  (85)'.  »•'  =  i"  +  A'  -  A'  =  20°.9737  =  20°58'25'' 
Eq.  (86).   Arc  P'P"  =  18°  X  10.425  =  187.65  ft.    Ans. 

Eq.  (82).   r  =  1200  X  .7479  =  897.48  ft.  =  (say)  a  6°23'  curve. 
Total  curvature,  P'P"  =  6°.383  X  1.8765  =  11°.9777. 
(The  distance  P'P"  may  be  found  by  solving  the  triangle 

formed  by  itself  and  the  long  chords  of  the  curves  AP\ 

AP\) 
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151.  GvDen :  a  curve  AP,  to  find  a  ewrve  starimgfrom  thi' 
%ame  point  A,  that  shM  shift  the  station  P  any  desired  die- 
tan4ie  PP'  to  the  right  or  left.    Fig.  36. 

Before  we  can  determine  what  distance  PP'  is  desired,  we 
must  know  (approximately)  its  direction.  We  have  given, 
therefore,  D,  X,  and  a  to  find  the  angle  OPP\  and  (after 
measuring  PP')  to  find  a'  and  D'. 

The  solution  is  necessarily  somewhat  approximate,  yet' 
close  enough  for  all  practical  purposes.  For  if  the  required 
value  of  D'  were  obtained  precisely,  it  would  probably  involve 
some  seconds,  and  would  therefore  be  discarded  in  favor  of 
some  value  in  even  minutes. 

When  P'  is  inside  the  given  curve  : 

Eq.  (80).  i  =  0PK-U6..    Table  X.  1. 

iki.  (82).  r  z=Po      =  «X.      Table  X.  2. 

Let  S  (delta)  =  degree  of  curve  corresponding  to  r^  by 
Table  IV. 

OPP'  =  %  -  ^  •  \6  nearly. 

Eq.  (86).  A'  =  A  +  ^.    Table  X.  8. 

Instead  of  taking  I,  from  Table  X.  3  for  the  exact  value 

A  '  -X-   A 

of  A  it  is  well  to  take  it  for  the  esHnuUed  value  of  — ^ — k 

100 
Eq.  (20).  ly  =  ^  A' 

When  P'  is  outside  of  the  given  curve : 

i  =  UA,       r  =  vL, 

ISC'*  -  OPP  =  t  +  ^  •  ^d  nearly. 
^ifample.  Oiven,  a  4"  curve  of  800  leet,  or  a  =  83'  to  find 
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a  ciure  from  the  same  P.  G.  which  shall  shift  the  last  statkxDu 
in,  about  55  feet.    (Fig.  86.) 

i  =  32"  X  .3355  =  10^786 
r  =  800  X  .7450  =  596,        .*.   ^  =  9**  36'  =  9^6 

rttr 

OPP'  =  W.7S6  -  j^  X  4°,8  =  8°  08' 

i>'  =  ^  =  5^    ^iwr. 

Por  a  5°  curve,  the  true  distance  PP  '  =  55.53 
«   "  4059'  **      **      **         "        PP'  =  54.60 

which  proves  this  method  practically  correct. 

102*  Given :  a  tangent  and  carve,  and  a  strais^l^t  line 
intersecting^  tJiem,  making  a  given  angle  with  ths  tangent  at 
a  giDen  point,  to  determine  the  distance  on  the  line 
from  the  tangent  to  the  curve.    Fig.  37. 


Fig.  87. 

We  have  OA,  AG,  and  the  angle  AGP  io  find  GP. 

R 


\xaAGO=: 


AG 


PGO  =  AGO  -  AGP 


^^f^ryr       ^^    •     r^nn       sin  POO 

nn  OPI  =  -^^  sm  PGO  = 


R 


sin  AGO 


Bin  PGO 


u 
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When  AGP :=  AGO,  cq.  (24), 

GP-B  exsec  (90*'  -  AGO) 

When  AGP=  90^  §§(92),  (119), 

GP=zR  vers  POA,        sin  POA  = 

When  ^G^P'  >  AGO,  we  have 


P'G^O  =  AGP'  -  AGO 


GA 


but  the  other  formulae  remain  unchanged. 
JSxample.—Let  R  =  955.37,.  ^G^  =  350,  ^G^Ps  40* 


12        955.37 
AG    850. 

AGO 
AGP 

^r  52'  47' 
40° 

log  2.980170 
1(^3.544068 

log  tan  0.436102 

PGO 

AGO  69'  52'  47" 

29**  52'  47' 
32°  02'  36' 

log  sm  9.697887 
log  sin  9.972658 

OPI 

log  sin  9.724734 

POG 

2°  09'  49' 

log  sin  8.576953 

R 

PG            72.40    A718. 

8.879566 
log  2.980170 

log  1.859786 

This  problem  may  be  used  in  passing  from  a  tangent  to  a 
curve  when  the  tangent  point  is  obstructed.  The  distance 
AP  on  the  curve  is  defined  by  the  angle  ^  OP,  which  is  readily 
found. 

If  AGP'  >  2AG0  the  line  will  not  cut  the  curve. 


153.  Given :   a  curve  and  a  distant  point  to  find  a 
tangent  that  shall  pass  throug:h  the  point.    Fig.  88. 

We  have  the  curve  adg  and  the  point  P  visible,  but  distuice' 
unknown,  to  find  the  point  of  tangent  /?. 


SIMPLE  CTJBVB8. 


95 


Any  chord,  as  6/,  parallel  to  the  required  tangent,  if  pro- 
duced will  pass  the  point  P  at  a  perpendicular  distance  equal 
to  the  middle  ordinate  of  that  chord.  Hanging  across  every 
two  consecutive  stakes  on  the  curve  we  at  iBrst  find  the 
range  falling  outside  of  the  required  tangent,  as  hcO^  cdH, 
etc. ;  but  finally  the  range  falls  inside,  as  deK,  We  then  know 
that  the  required  point  is  between  c  and  e.  f 

If  the  range  ee  falls  inside  the  point  P,  a 
perpendicular  distance  equal  to  the  middle 
ordinate  of  <?e,  the  tangent  point  is  at  (2. 
If  the  perpendicular  distance  is  greater 
than  this,  the  point  B  is  between  c  and  d. 
If  less,  or  if  the  range  ce  falls  outside  of 
P,  the  point  B  is  between  d  and  e.  The 
middle  ordinate  for  ce  (200  feet)  equals  the 
tangent  offset  for  100  feet,  given  in  Tab. 
lY.,  and  it  is  generally  so  small  that  it  can 
be  estimated  at  P  without  going  to  lay 
it  off. 

To  find  the  exact  point  B,  when  it  falls 
between  d  and  e,  find  by  trial  a  point  x 
on  the  arc  cd  in  range  with  e  and  a  point 
inside  of  P  a  perpendicular  distance  equal 
to  the  middle  ordinate  of  ex.  The  point  B 
is  at  the  middle  point  of  the  arc  ex.  If 
the  point  B  is  between  c  and  d,  stand  at  c 
and  find  a  point  x  on  the  arc  de  in  the  same 
way.    P  is  at  one  half  the  arc  ex. 

The  middle  ordinate  of  any  chord  ex  is 
less  than  M  for  200  feet,  and  greater  than  m  for  100  feet. 
necessary,  its  exact  value  m'  can  be  found  by 


Fia.  88. 


If 


,      ni  X  ex^ 

m  = 

10000 


(87) 


and  this  equation-  Is  nearly  true  when  ex  is  as  great  at  300  or 
400  feet.  That  is,  middle  ordinates  on  tlie  same  curve  are  to 
each  other  as  tiie  squares  of  their  chords  very  nearly. 

By  this  method  the  point  B  is  found  without  the  use  of  the 
tnmsit,  80  that  tlie  plug  can  be  driven  at  B  before  the  transit 
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*  is  brought  up  from  the  rear.    It  is  therefore  preferable  to  the 
following  solution.    Fig.  89. 

From  any  two  points  a  and  c  of  the  curve  measure  the 
angles  to  the  point  P,  so  that  with  the  chord  oo  as  a  base, 
and  the  measured  angles,  we  may  find  cP  by  the  formula 

♦  y^         sin  caP 

sm  '^'Pa 

Knowing  the  angle  e  that  cP  makes  with  a  tangent  at  c,  we 
find  the  length  of  the  chord  cd  hy  cd=^  2i2  sin  e. 
By  Geom.  Tab.  I.  24, 


PB=zPez=z  VcP  X  dP 

whence  we  know  ce.    Opposite  e,  or  on  the  arc  eB  described 
with  the  radius  Pe,  we  find  B. 


/ 


Fig.  39. 


Fig.  40. 


154.  Given:  two  curves  exterior  io  each  other,  to 
find  the  tangent  points  of  a  Une  tsngrent  to  both.  €md  Us 

len^h  between  tangent  points.    Fig.  40. 

Let  B  and  A  be  the  required  tangent  points.    Let  OB  s=  B, 
and  0'A=:B\ 

On  the  ourve  of  greater  radius  B  select  a  point  ff  supposed 
to  be  near  the  unknown  tangent,  point  B,  and  knowing  th« 
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direction  of  the  radius  Oil,  find  on  the  other  curve  a  point  K 
having  a  radius  OK  pamllel  to  OH,  and  measure  HK.  '  In 
tlie  diagram  draw  Ob  and  O'a  perpendicular  to  HK.  Then 
the  angle  KO'a  =  90"  -  HKO'  =  KO'A  nearly,  which  is  the 
angle  required.  We  have  therefore  to  find  the  correction 
aO'A  =  x,  and  apply  it  to  KO'a, 

Aa  =  R '  vers  KO  a ;        Bb  =  R  vers  KO  'a  nearly. 

Ka  =  R'  sin  KO'a;         Hb  =  R  sin  KO'a 

m  -Aa=:  (R-R')  vers  KO'a 

ab  -HK+{R-R')smKO'a 

(R^R)  vers  KO'a  .  ,^-. 

.  ''''  ^  =  JlK+iR  -  R)  sin  KO'a  ^"^^^^^       (^^> 

KO'A  =  {KO'a  -  jr)  =  ^05 

Observe  that  KO  'a  =  the  angle  between  the  tangent  at  K  or 

H  and  the  line  HK ;  and  ^0  '-4  =  the  angle  between  the 

tangent  ai  Kot  Hand  the  required  tangent  BA. 

If,  instead  of  H  and  K,  the  points  H'  and  ^'  had  been 

selected,  then 

(R'^R')YeTsH'Oh  ,       ,._ 

^  ^  =  TFa-  -  (/e  -  iTTSn  i/-^6  '^^^^^y >  ^^^ 

and 

H'OB  =  K'O'A  =  H'Ob  +  x. 

The  length  of  BA  should  be  obtained  by  measurement,  but 
it  may  be  calculated  by 

AB  =  a&  -  (12  -  R')  sina;  (89) 

When  i?  =  i?',  «  =  0,  and  HK\^  parallel  to  BA. 

In  ease  the  curves   are  reverse  to  each  other,  as  in 

Fig,  41, 

{R  +  R')YersKO'a  .  ,... 

KO'A  =  HOB  =  KO'a  -  x 

If  the  points  H'  and  K '  are  selected.  Fig.  41, 

{R+R')vQV%H'Ob  .       ,_,, 

IT'OB  =  K'O'A  =^  H'Ob  ^x. 
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Tbe  lines  HE,  AB,  kud  00'  all  intoieect  Ja  &  c 
point  I,  Fig.  41. 

^=    B  +  if' 

IB=  ¥EI(,HI+2H»iaS0b) 


AB=IB 


11 


C93) 
(M) 


These  Ibh(  three  equations  furulsli  another  metbod.  of 
solving  the  same  pratlem.  They  may  be  apphed  to  Pig.  40 
by  GhaaglDg  the  sign  of  B'. 

In  Fig.  41,  itB  =  B:  then  111=  \HK and  J^  =  2ZB. 


FiQ.  41.  rio.  a. 

155.  Given:  two   cnrves,  O  and   O',  rCTerse   to 

each  ether,  joined  bg  a   tangent  BA',   and    temUruOing  i» 
another  tangent,   B'F  ;    to  change    the    poution  of   the 
Point  of  Tangent  "B  cf  the  fir»t  curve,  to  that  the  teetmd 
eune  may  terminate  in  a  given  parallel  tangent,  B'F'. 
Fig.  43. 
Let  X  be  the  required  new  position  of  B. 
"  0' be  the  correspnnding  position  of  0'. 
'■   A'  =  .d'0'5'aQd  a'  =  ^"0'£'. 
Stace  the  radii  and  tbe  connecting  tangent  ai 
in  length,  and  all  rotate  together  about  0  as  a  c< 
be  on  a  circle  passing  through  0',  described  with  a  ndiiu 
C'O ;  and  tbe  inquired  angle  BOX  =  0'  00" . 


!,  O'wiU 
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In  the  diflgram,  imxluce  0  'A'  and  draw  the  perpendicular 
00,  and  let  a  =  the  angle  00' G.  Also,  draw  OK  parallel 
and  O'K  and  0 'IT  perpendicular  to  B'O'.  In  the  triangle 
00' O  we  have 

^^,^      GO'  RA-R' 

cot  00'G  =  ^j^,      or     coia=^^^^^~         (95) 

and 

00'  =  :^+^  (96) 

cos  a 

The  angle  KOO'  =  OO'B'  =  a  +  a'. 
The  angle  KOO"  =  00" B'  =  r^  +  a\ 

JTO  =  00",  cos  (a  +  A"),      HO  =  00'.  cos  (a  +  a'X 
.-.     jETiT  =  00'  [cos(a  +  A")  -  cos(a  +  a')]  =  B'F' 

cos(a  +  a")  =  cos  {ex  +  A')  +  -^^  (97) 

BOXz=  000'  =  (a+  A')  -(a+ A")  (98) 

If  we  conceive  a  line  to  be  drawn  through  0  bisecting  the 
arc  O'O",  the  angle  it  makes  with  J^'O"  is  a  mean  between 
B'0'0  9XiAB"0"0  ;  hence  the  chord  00"  y  perpendicular  to 
this  line,  makes  an  angle  with  O'P  perpendicular  to  J5'0'  of 

PO'0'==i[(«+  A')  +  («+  A")] 

and  since 

O'P  =  P0'' cot  POO* 

^  F'B*  =  B'F'  cot  i  [  (a  +  A')  +  (a+  A')]      (99) 

which  gives  the  distance,  measured  on  the  parallel  tangent, 
between  the  old  tangent  point  and  the  new. 

This  problem  occurs  in  practice  when  both  the  connecting 
tangent  and  the  radius  of  the  last  ciu've  arc  at  their  minimum 
limit,  and  the  parallel  tangent  is  irmde  of  the  old  one,  as  in 
the  figure.  Should  the  new  tangent  be  outside,  the  same  for- 
mul»  apply,  only  changing  the  sign  of  B'F'  in  cq.  (97).  But 
in  this  last  ease  it  is  usually  preferable  to  employ  problem 
g  186  or  g  187. 

BaeampU.—A.V  40'  curve  is  followed  by  ^  \«a^\j\.^l'36l55feA\.., 
•nd  tbJit  by  a  4**  curve  of  10  8talioii&  eiidYii^Va.  ^  \«ws,«o^^ 
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and  the  offset  to  tiie  given  parallel  tangent  is  80  ft.  on  tlw 
inaide.     Required,  the  position  of  the  new  tangent  points  A' 
and  B\ 
Here  E  =  3437.87,  E'  =  1432.69,  BA  =  200,  B'F'  =  80. 

Eq.  (95)  E  +  E'  4870. 56  log  8. 687579 

BA'  200.  log  2.301080 

.-,  a  2"  21'  log  cot  1.386549 

Eq.  (96)  a  2"  21'  log  cos  9.999635 

00'  8.687944 

Eq.  (97)  B'F'     80  1.903090 

.01641  ail5146 

a+  A' 42;  21' COS. 73904 

a+  A"  40°  56' cos  .75545 


TSCi.{9S)B0X        1°25'     .*.  ^X  =  85ft.^nA 

Eq.  (99)  POO"  41°  38'  30'  cot  1.12468  X  80  =  89.97  =  F'B ' 

156.  When  the  tangents  of  a  proposed  road  a.ve  to  be  in 
general  much  longer  than  the  curves,  it  is  desirable  to  estalv 
lish  the  tangents  first  in  making  the  location,  and  afterwards 
determine  suitable  curves.  On  the  other  hand,  if  the  curves 
necessarily  predominate,  they  should  be  first  selected  and 
adjusted  to  the  ground  with  reference  to  grade  and  easy 
alignment,  and  afterwards  joined  by  tangents.  In  the  latter 
case  the  field  work  cannot  be  successfully  accomplished 
unless  the  location  has  been  previously  worked  out  upon  a 
correct  map  constructed  from  the  preliminary  surveys.  The 
map  ^ould  show  contours  of  the  surface,  and  also  the  grade 
contour,  or  intersection  of  the  surface  and  plane  of  the  grade. 
In  side-hill  work  the  grade  contour  indicates  approximately 
the  degree  and  position  of  the  necessary  curves.  In  the  work 
of  selecting  proper  curves  upon  the  map,  templets  or 
pattern  curves  are  almost  indispensable.  The  templets  are 
cut  to  form  a  series  of  curves,  the  radii  being  taken  from 
Table  IV.  to  a  scale  coiTcsponding  to  the  scale  of  the  map, 
which  ranges  from  400  to  100  feet  per  inch,  according  to  the 
difficulty  of  the  location.  The  templets  should  reprosent 
rohhentent  curves,  or  those  in  wWch  lYi^a  TxvwaOQCt  ol  to&sv'otaa 
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per  station  bear  a  simple  ratio  to  100.  Curves  of  50'  and 
multiples  of  50'  are  most  convenient;  40'  curves  and  multi- 
])los  standing  next  in  order,  and  30'  curves  and  multiples 
next. 

TABLE  OF  CONVENIENT  CURVES. 


D. 

1 

Batio  of  Mln. 

D. 

Ratio  of  Min. 

D. 

Batio  of  Min. 

to  Feet. 

to  Feet. 

to  Feet. 

W 

1:8 

40' 

2:5 

30' 

3:10 

!•  4fy 

1:1 

i*»  2(y 

4:5 

1°  00' 

3:5 

»»  acy 

3:2 

2?  OO' 

6:5 

1°  30' 

9:10 

••  2^ 

2:1 

2°  40' 

8:5 

2°  00' 

0:5 

4»  10* 

6:2 

3«»  20^ 

2:1 

2°  80' 

3:2 

9»  OtK 

S;l 

40  00' 

12:5 

30  00' 

9:5 

6«»  SCK 

7:2 

4»  40^ 

14:5 

3<»  30' 

21:10 

ei»  4sy 

4:1 

6P  2(y 

16:5 

4°  00' 

12:5 

7«  day 

9:2 

60  OO' 

18:5 

4°  30' 

27:10 

8«»  ay 

5:1 

6°  40' 

4:1 

6°  00' 

3:1 

9»  ic 

11:2 

7»  20^ 

22:5 

5°  30' 

33:10 

ia«»  (xy 

6:1 

8<»  OO' 

24:5         ! 

6<»  00' 

18:5 

After  drawing  the  curves  and  tangents  upon  the  map,  the 
tangent  points  and  central  angles  are  carefully  determined, 
the  latter  being  compared  with  the  lengths  of  the  curves  ob- 
tained by  a  pair  of  stepping  dividers  set  precisely  by  scale  to 
the  length  of  one  station.  Field  notes  are  then  prepared  from 
the  map,  and  if  the  work  has  been  well  done  these  notes  may 
be  followed  in  the  field  with  scarcely  any  alterations. 

No  ordinary  protractor  will  measure  the  angles  closely 
enough  for  this  purpose  ;  it  is  better  to  use  a  radius  as  large 
as  convenient,  of  50  parts.  The  chord  of  any  arc  drawn  with 
this  radius  equals  100  times  the  sine  of  one  half  the  angle 
subtended. 

The  importance  of  having  absolutely  straight-edged  rulers 
in  such  work  is  obvious.  In  case  a  very  long  line  is  to  be 
projected  upon  the  map,  it  is  well  to  use  a  piece  of  fine 
sewing  silk  for  the  purpose.    See  §§  53,  54. 
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CHAPTER  VI. 
Compound  Curves. 

A.  Theory. 

157*  A  compound  curve  consists  of  two  or  more  coDsecu- 
tive  circular  arcs  of  different  radii,  having  Iheir  centres  on 
the  same  side  of  the  curve  ;  but  any  two  consecutive  arcs 
must  have  a  common  tangent  at  their  meeting  point,  or  their 
radii  at  this  point  must  coincide  in  direction.  The  meeting 
point  is  called  the  point  of  compound  curve,  or  P.CC. 
Compound  curves  are  employed  lo  bring  tlie  line  of  the  road 
upon  more  favorable  ground  than  could  be  done  by  the  use 
of  any  simple  curve. 

When  a  compound  curve  of  two  arcs  connects  two  tangent 
lines,  the  tangent  points  are  at  unequal  distances  from  the 
intersection  or  vertex,  the  shorter  distance  being  on  the  line 
which  is  tangent  to  the  arc  of  shorter  radius. 

158.  Let  VA,  VB  (Fig.  43)  be  any  two  right  lines  inter- 
secting at  F,  and  let  a  be  the  deflection  angle  between  them. 
Let  A  and  B  be  the  tangent  points  of  a  compound  curve  ( VA 
less  than  VB),  and  let  AP,  PB  be  the  two  arcs  of  the  curve. 
The  centre  Ox  of  the  arc  AP  will  be  found  on  ABy  drawn  per- 
pendicular to  VA  ;  the  centre  Oa  of  the  arc  PB  will  be  found 
on  BS  produced  perpendicular  to  VB  \  and  the  angle  A8B 
will  evidently  equal  A.  Join  VS,  and  on  F>S  as  a  diameter 
describe  a  circle;  it  will  pass  through  the  points  A  and  J?, 
since  the  angles  VAS,  VB8  are  right  angles  in  a  semicircle. 
Draw  the  chord  FQ,  bisecting  the  angle  AVB,  and  join  AQ, 
BQ.  Then  AQ,  BQ  are  equal,  since  they  are  chords  subtend- 
ing the  equal  angles  AVQ,  BVQ.  From  Q  as  a  centre,  and 
with  radius  QA,  describe  a  circle  ;  it  will  cut  the  tangent 
lines  at  A  and  B,  and  also  at  two  other  points  G  and  F,  such 
that  VQ  =  VA,  and  VY=  VB.  Hence  BG=AT,  and  the 
parallel  chords  AG,  BY  are  perpendicular  to  VQ.  Join  AB; 
then  AQB  -  ASB  =  a,  since  both  angles  are  subtended  by 
the  same  chord  AB. 

In  the  triangle  VAU,  (he  sum  of  the  angles  at  A  and  B  is 

cgu/il  to  the  exterior  angle  A  between  the  tangents ;  while 

t/jcj'r  difference  (A  —  B)  is  equal  to  lYie  angle  at  the  centre  Q 
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imbtended  by  the  chord  BG,  which  is  the  difference  of  the 
rides  (YB  -  VA).  For  the  angle  VAB  =  VAO  +  GAB,  and 
the  angle  VBA  =  VBT  -  ABY.  But  VAG  ~  VBT  and 
GAB  =  ABY,  and  by  subtraction  VA£  —  VBA  =  2GAB  = 
OQB,  since  ^  is  on  tlie  circumfei'ence  and  Qnt  the  centre. 

ISO.  Theobeu. — The  dreU  TAGB,  lehoae  centre  ie  ^,  it 
the  locus  o/  the  point  ^  eompotind  imrtx  P,  vihatever  be  tht 
rdaUte  lenslha  of  the  ara  AP,  PB  eomporing  IJie  curve. 


On  the  drcle  TAOB.  and  between  A  and  0,  take  any  point 
P,  and  on  .^S  find  a  centre  Oi,  from  which  a  circular  arc  may 
be  dmrn  cutting  tbe  circle  at  A  and  P ;  also  on  B8  produced 
find  k  centre  Qi,  from  which  a  circular  arc  may  be  drawn 
cutting  tbe  circle  at  B  and  P.  Join  P<i.  POi  and  PO,. 
GUnce  when  two  drdet  intersect,  the  angles  are  equal  be- 
tween radii  drawn  to  tbe  points  of  intereecXKotx,  QPO,=  ^.AOi 
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and  QPOi  =  QBO^,  Draw  the  chord  QS  and  it  jsubtends  the 
equal  angles  QAOi  =  QBO^.  Hence  QPOx  =  QPO9  and  the 
radius  POi  coincides  in  direction  with  the  radius  P0%,  which 
is  the  condition  essential  to  a  compound  curve. 

Now,  if  we  imagine  another  point  P '  to  be  taken  on  QP  or 
on  QP  produced,  and  the  arcs  AP'  BP',  drawn  from  centres 
found  on  AS  and  BS,  it  is  evident  that  the  equality  of  angles 
found  in  respect  to  P  could  not  exist  in  respect  to  P'.  Hence 
the  arcs  would  intersect  in  P '  at  some  angle  OiPOa  and  would 
not  form  a  compound  curve.     Therefore,  Q.  E.  D. 

160.  Theorem. — In  any  compound  curve  the  radial  Une$ 
passing  through  the  three  tangent  points  Ay  P,  and  B  a/re  aU 
tangent  to  a  circle  having  the  point  Q  for  its  centre,  and  for  iU 
diameter  the  difference  of  tlie  sides  VB  and  VA. 

Draw  the  three  lines  QM,  QN,  QL  perpendicular  to  the 
radial  lines  POa,  AS,  and  POa  respectively.  Then  the  three 
right-angled  triangles  BQN,  PQL,  and  AQM  are  equal,  since 
BQ  =  PQ  =  AQ  =  radius  of  the  circle  AGB,  and  the  angles 
at  B,  P,  and  A  are  equal  by  the  last  theorem.  Hence  QMzz: 
QL  =  QN,  and  if  a  circle  be  described  with  this  radius  about 
Q,  the  three  lines  POa,  POa,  and-40i  produced  will  be  tan- 
gent to  it.  Draw  Ql  perpendicular  to  VB\  it  will  bisect  the 
chord  OB  in  /;  and  QN  =  BI  =  \BG.  Hence  the  diameter 
2QN=  BG  =  VB  —  VA;  which  was  to  be  proved. 

Corollary  1.  The  compound  curve  intersects  the  circle  AGB 
in  the  point  P,  at  an  angle  equal  to  half  the  difference  of  the 
angles  VAB,  VBA.  For  QPL=  QBN=  BQJ  =  iBQG.  The 
arc  AP  is  exterior,  and  the  arc  PB  interior  to  the  circle 
AGB. 

Cor.  2.  Since  both  centres  are  on  the  line  PL,  the  position 
of  the  point  P  fixes  the  lengths  of  the  radii  of  a  compound 
curve.  As  P  is  moved  toward  G  both  radii  are  increased, 
until  when  P  reaches  G,  AOx  becomes  AK,  a  maximum,  while 
POa  becomes  infinite.  As  P  moves  toward  A  both  radii  are 
diminished,  but  the  least  value  of  the  arc  AP  depends  upon 
the  least  radius  allowed  on  the  road.  If  in  the  diagram  we 
make  AOy  equal  to  the  least  radius  allowed,  a  right  line  drawn 
through  the  point  0\  tangent  to  the  circle  LMN  fixes  the 
corresponding  minimum  value  of  the  arc  AP^  and  also  of 
the  radius  POa  for  given  values  of  VA,  VB,  and  A.     Be* 
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tween  these  limits  any  desired  values  of  the  radii  may  be  em 
ployed. 

Oor.  3.  In  the  triangle  SOi  O3,  the  sum  of  the  two  central 
angles  AOiPskud  PO^B  is  equal  to  the  exterior  angle  A8B  = 
A  ;  consequently,  as  the  central  angle  of  one  aic  is  increased 
by  any  change  in  the  position  of  the  point  P,  the  central 
angle  of  the  other  will  be  diminished  an  equal  amount. 

Cor,  4  Only  one  value  of  the  angle  AOiP  is  consistent  with 
a  given  value  of  the  radius  AOi,  since  both  depend  on  the 
variable  position  of  the  line  PL;  and  for  the  same  reason  only 
one  value  of  the  angle  BO^P  is  consistent  with  a  given  vjilue 
of  the  radius  BO^.  Hence  only  one  radius  or  one  central 
angle  can  be  assumed  at  pleasure,  the  remaining  parts  being 
deducible  therefrom  in  terms  of  the  sides  VA,  VB,  and  the 
angle  A. 

B,  General  Equations. 

161.  Let  81  =  the  side  VA,  S^  =  the  side  VB 

Let  Bi  =  the  radius  AOi  Ri  —  the  radius  BO^ 

'*    y  z=  difC.  VAB  -  VBA,  A  =  the  sum  VAB+  VBA 

"  Ai  =  central  angle  AOxP,  Aa  =  central  angle  BO1P. 

In  the  triangle  Bqi,  cot  Bqi  =  ^.    But  IQ  =  VI  X 
cot/CF=  i(^a  +  /S,)cot  iA,  andi?/=  US^  -  Si), 

cotir  =  ^-f  cotiA  (100) 

09  —  Oi 

By  Cor.  8,  Ai  +  Aa  =  a  (101) 

In  the  triangle  AQM,  AOi  =  AM—  MOu  But  AM  = 
MQ cot  ir,  and  MOi  =  MQ  cot  i Ai. 


iJ,  =  ^^  -  81)  (cot  ir  -  cot  i  Ai)  ) 

Aa)! 


(102) 


BimUarly,      JB,  =  «/»«  -  8x)  (cot  iy  +•  cot  i , 
Subtracting, 

22,  -  i?i  =  i(/Sa  -  8x)  (cot  iAa  +  COt  i Ai)       (108) 
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cot  ^  A 1  =  cot  iy  — 


Ml 


i(-S.  -  Sr) 


B, 


From  (102), 

^<>nA.=j(^~^^~C0t4r     J 

In  the  triangle  ABO, 


(101, 


BG:= 


AB  sin  BAG 


or 


iiS^  -  S^) 


sin  AG  V 

_  ^AB  sin  ^y 
sin^A 


ao6) 


by  wliich  we  find  ^8^  —  8i)y  when,  instead  of  the  sides  and 
A,  we  have  given  AB,  and  the  angles  VAB  and  VBA. 


From  (103),    ^8^  -  8i)  = 


xia  —  Bi 


COt^Aa  +  COt  jAi 


(106) 


B, 


From  (102), 


<^oHr  =  -|^^ZX)  +  <^^tiA. 


cot  ir  = 


i?. 


K^t.  -  -8^0 


—  COtitAa 


ao7) 


FromdOOi     i.,Sa  +  ^0  =  ^^4^^^ 

^  '         ^  cot  iA 


(108) 


8a  and  Si  are  found  by  adding  and  subtracting  the  values 
found  by  eqs.  (106),  (108). 


From  (105),         ^AB  =  M^Zl^O^A 
^  *  sm  ^y 


(109) 


which  may  be  used  instead  of  (108)  when  the  sides  are  not  re- 
quired.    VAB  =  i(  A  +  r)  and  VBA  =  i(  a  -  p^). 

162.  Given :  tlie  sides  VA  =  8i  and  VB  =  89  and  th€ 
angle  A;   assuming  the  shorter  radiiis  Bu  to  find  Ai,  As, 
and  Bi. 
Use  equations  (100),  (104),  (101),  (102).  and  (18). 
Example.— Let  VA  =  18d9.90,  VB  =  1091.12,  A  =  74%  and 
assume  jRi  ■=  955.27. 
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(ICN))i(^  +  5,)1495.Bl 

log  3  17478B 

•■    2.806800 

lA 

37- 

CO 

"    0.567989 

"    0133886 

lio*)^  {0  =  9') 

U8,  -  5.) 

irsi 

01'.6cot4.B076« 
3.36249 

"    0,690875 
■■    8.980170 
■'    3.606800 

"    0.873870 

(101)  I  a' 

31°  a? 

87" 

cot  2.54530 

ixmir' 

1B°S8 

"   &59870 
■'   4.90769 

vs.  -  B,)      ■ 

'eliiiM 

■■    0989490 
■■    2.606800 

L,= 

IB;  A,  =  81'' 06', 

L, 

3.636390 

=  1866. 

163.  Given  :   Oie  Urn  AB.  ami   the  angles  YAB.  VBA  ; 
aituming  the  longer  radiut  R,,  to  ftiid  Ai,  A,,'and  Ji,, 

RmmpU-.—h-it  AB  =  3437.82,  VAB  =  48°  31',  VBA  =  25°  89', 
and  uBume  B.  =  8437.87. 


(105)  iJ5 1818.81 

ll"  81' 

siD 

log 

3.085978 
9.300276 

U 

87'' 

2.886348 
9.779463 

iiooS,  " 

-50  404.88 

2l06785 
8.630389 

» 

ir  81' 

8.50166 
cot  4.90785 

0929504 

atti>iA 

15°  83' 
87° 

col  3759381 

.■;«.}?' 

31°  27 

cot  2.54516 
•'  4.90785 

«*- 

-&> 

8.B6369 

log 

0878407 
8.606785 
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164.  Usually  a  compound  curve  is  fitted  by  trial  to  the 
sliapc  of  the  ground,  after  wliicli  it  may  be  desirable  to 
calculate  tlie  sides  VA,  VB,  or  the  line  AB,  and  the  angles 
VAB,  VBA. 

Example. — From  the  point  of  curve  A,  a  6"  cu^ve  is  run 
715  feet  to  the  P.  C.  C. ;  thence  a  1"  40'  curve  is  run  1866  feet 
to  the  P.  T,  Required,  the  sides  VA,  VB,  and  tlie  line  AB, 
and  angles  VAB,  VBA.  Here  Bx  =  955.37,  Ai  =  42"  64', 
J^  =  3437.87,  Aa  =  3r  06'. 


(106)  Ei  "  Ml    2482.50  log  8.894889 

iAi  21^27'        cot  2.54516 

iA,  16*  88'  *•  8.59870 

6.13886       "    0.788088 


.-.     K^  -  iSi)  404.89  "  2.606801 

(107)^1  "  2.980170 

2.86248  "  0.878869 
^Ai                         21"  27'        cot  2.54516 


.-.     ir  ir  81' Or.7  "  4.90764       "    0.690878 

(108)  i{8^  -  Si)  2.606801 


<( 


8.297674 
iA  37"  cot  "    0.122886 


^« 
Si 

VAB 
VBA 

-Si)  1495.51 
1899.90 
1091.12 

lSi) 

1218.91 
2437.82 

48"  81' 
25"  29' 

37" 
11"  81' 

01" 

.7 

sin 
sin 

«< 

<< 

(( 

(( 
it 

8.174788 

2.606801 
9.779468^ 

ir 

2.886264 
9.800294 

.-.     lAB 
AB 

a086970^ 

165*  Given  :  the  radii  Bi,  B%,  the  angle  A,  and  one  side, 
VA,  or  VB,  to  find  the  other  tide  and  the  central  angU%  Ai, 
A».     Fig.  43. 
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In  the  triangle  AMQ,  AO,  =  AM  —  MOx  =IQ-  MQ  cot 
MO,Q;  or 

Hi  =  i(>Sa  +  8i)  cot  i  A  -  USi  —Si)  cot  iAi 
whence 

USt  +  8i)  =  US*  -^O.cot  i  A,  tan  i  A  +  i2i  tan i A 
By  eq.  (106) 

sin  iA 
Substituting  tliis  above,  subtracting  and  reducing 

5,  =  (i2,  -  Ri)  sin  i A,  i^:r(-f_IlAL>  +  ij,  tan  iA 

^sin  A 

But  Ka  —  Aj)  =  iAa  and  2  sin''  iAa  =  vers  A  a,  whence 

(iZa  —  Ri)  vers    a  a  +  -Ki  vers  A 

I  — 

Transposing, 


^  ^^^^^ — --/  — ^  "-    ■   --  (110) 

sm  A 


*Si  sin  A  —  -Bi  vers  A  ,^^^. 

vers  A  a  = D xi (111) 

^a  —  xSi 


Similarly,  from  the  tnangle  BQO^ 

iJ,  =  ^^  +  ^i)  cot  i  A  +  i(iSa  -  8i)  cot  i  A, 

fttxm  which  and  eq.  (106)  we  derive 

^      A  vers  a  —  (i2a  —  i?i)  vers  Ai 
o%  = _.„  . 

and 


(112) 
sm  A 


*^—  A         -^»  vers  A  -  &  sin  A  « .  ^. 

vers  Ai  = 5 5 v>va?^ 
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ExampU.'-QlYen  :  VA  =  8i  =:  1091.12.  A  =  U\  and  Uit» 
radii  Ri  =  955.37,  i2,  =  8487.87,  to  flud  a„  a,,  and  S^. 


(Ill)  S^ 
A 


1091.12 


74^ 


log  3.037873 
sia  ••    9.982840 


A 

-Ei  2482.50 

1 

74'' 
8r06' 

1048.85 

vers  *' 
692.03 

'    8.020715 
'    2.980170 
'■   9.85995G 

'    2.840120 

R.- 

856.82 

vers  * 

tt     ft 

668.96 

vers  * 
2490.26 

'    2.552449 
'    3.394889 

Aa 

•    9.15756C. 

A, 
(112)  i?a  - 

42*' 54' 

'    9.4272W 
'    3.894889 

A 

'    2.822143 
'    8.536289 
'    9.859956 

'    8.396245 

A 

1826.30 

sin  " 

'    8.261572 
9.982842 

-s. 


1899.90 


"    8.278780 


166.  Given  :  one  side,  and  the  radius  and  central  angle  of 
the  a>dja^nt  are,  to  find  ths  other  rudiau  amd  tide. 
From  eqs.  (Ill),  (118)  we  have 


R^  —  R\  = 


R^  —  ^1  = 


8i  sin  A  ~  i?!  vers  A 
vers  A  a 

jgg  vers  A  —  iSa  sin  A 
vers  A  4 


(114) 


by  one  of  which  the  required  radius  may  be  found ;  the  required 
side  is  then  found  by  eq.  (110)  or  (112),  as  in  the  last  problem. 
Mfample.^Qiven  :  Kl  =rSi  =  1091.12  A  =  74%  -Ri  =:  955.87 
and  A,  =^  42°54';  to  find  R^        t.^  --^^^  -  4a^  ^'  =»  tt*  06' 
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lii 


iii4)  ;^  1001.12 


A 


955.87 


.•.  iJa  -  Ui  2482.52 
.  -.  Jit  3437.89 


74' 


log  8.037873 

**     Bin  9.982842 


1048.85  *• 


8.020715 


2.980170 
"  vers  9.859956 


692.08  " 


2.840126 


8r06 


856.82  "  2.552449 

"  vers  9.157556 


« 


8.394S98 


Fxo.  44. 


Otherwise :  Fig.  44.  If  convenient  in  the  field,  a  tan- 
gent PVt  may  be  run  from  the  point  P  to  intersect  the 
farther  tangent.  The  distance  PFa  multiplied  by  cot  ^Aa 
will  equal  the  radius  i?a  by  eq.  (25). 


1Q7.  Eemarks.—lt  the  first  arc  AP  be  produced  to  O, 
Fig.  44,  so  that  AOiO  ■=.  A,  then  G  is  the  tangent  point  of  a 
tangent  parallel  to  VB^  and  by  §137,  the  tangent  point  B  must 
be  on  the  line  PG  produced.  Conversely,  if  the  point  B  is 
a80amed,  and  the  arc  AG  given,  the  point  P  must  be  on 
flie  line  BO  produced.    The  radius  Ri  mxw^  \)^  ^.qw.^^  \s^ 
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BP 
lU  =  ;c—. — ; ,  J^P  being  measured  on  the  ground  ;  or  by 

2  811liAa  «  ^ 

similar  triangles  R^  i  Ri  ::  BP  :  GP. 

Tho  distance  VD,  Fig.  43,  from  the  vertex  to  the  circle 
AQB  is  expressed  by  the  formula 

VB  =  KS.-S,)  -?5^51iA  (115) 

^  '      sm  iy 

If  the  point  PfaUs  at  B,  then  VB  is  also  the  distance  of  the 
curve  from  the  vertex  measured  on  the  line  VQ.  But  when 
P  falls  at  B,  tlie  radius  PO^  is  perpendicular  to  the  line  AB, 
and  Ai  =  VAB,  and  As  =  VBA.  When  Ai  is  greater  than 
VAB,  the  arc  AP,  being  exterior  to  the  circle,  cuts  the  line 
VB;  but  when  Ai  is  less  than  VAB,  the  arc  PBcuts  the  line 
BQ. 

Jf  the  line  O^P  irrodtbced  passes  through  F,  we  have 

sin  Q  VL  =  fLT^  sin  i  A  (116) 

giving  Ai  =  i A  +  QVL  and  Aa  =  i A  —  QVL, 

When  Ai  is  greater  than  this,  we  have  for  the  external 
distance  of  the  vertex 

El  =  Ri  ex  sec  AOi  V 

in  which  the  angle  AOiVls  found  by  the  formula  cot  AOi  F= 

Ti 

— -,  and  El   is  measured  on  a  line  VOi,  making  the  angle 

AVOr  =90^  -  AOiV. 

When  A 1  is  less  than  i}A  -\-  Q  VL),  we  have  similar  expres- 
sions with  respect  to  the  arc  BP  and  centre  Oj. 


168.  To  locate  a  compound  curve  when  the  paint  qf  eom- 
pound  carve  i'i  inaccessible.    Fig.  45. 

Each  arc  being  in  itself  a  simple  curve  is  located  as  snch. 
When  the  P.(XC.  is  accessible,  the  transit  is  placed  oveirit, 
and  the  direction  of  the  common  tangent  found,  from  which 
the  second  arc  is  then  located. 

Wlien  the  P.  0.0.  is  not  accessible,  the  common  tangimt 

^ /^  may  be  found  by  locating  the  points  Fi  and  V%,  whidi 

o>iO^  be  easily  done,  since  VxA  —  V^P  ~  BvXaxk  \^\,  ^wd 
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V^B  -  \\P  =  jRa  tan  i  Aa,  from  wliicli  eacli  arc  may  then 
be  located  by  offjiets  or  otherwise,  as  la  the  case  of  simple 
curves 

Should  the  points  V\  Fa  be  obstriicted,  the  common  tangent 
may  be  found  by  tin  offset  IIG  =  LP  from  any  convenient 
point  II,  for  knowing  tlie  anj^le  HOiP,  we  have  EG  =  Rx 
vers  //6>,P,  and  OP  -  II,  sin  HO^P. 

If  the  entire  tanj^ent  T,  Fa  is  too  much  obstructed  for  use, 

the  parallel  line  IIK  may  be  employed,  observing  that  the 

LP 
angle  POM  is  found  by  vers  PO2K  =  -^-,  and  the  distance 

LK  by  LK—  i?a  sin  POiK,  by  which  a  point  K  on  the  second 
arc  is  found  having  a  tangent  offset  KI  =  HQ, 


Fio.  45. 


Fio.  46. 


Should  the  line  ^^be  also  obstructed,  we  may  run  the  in- 
verted curve  HP  =  HP  and  P'K=  PK  to  find  the  point  K 
from  which  so  much  of  the  second  arc  as  is  accessible  may  be 
located. 

0.  Special  Problems  in  Compound  Curves. 

169*  GHven:  a  compound  curce  ending  in  a  tangent;  to 
change  the  P.C.C.  so   tliat  the  curve  may  end  in  a  given 
parallel  tangent.    Fig.  46. 
Let  APB  be  the  given  curve  ending  in  VB, 
F'-B'  be  the  given  parallel  tangent, 
p  =  perpendicular  distance  between  tangents. 
It  is  required  to  change  the  point  P,  and  with  it  the  values 
of  Ai  and  At,  80  that  with  the  same  radii  iJ,  and  Ri  the  new 
curve  APB.  may  end  in  the  paraV\e\  law^eiiX.  V  B . 


(( 


<( 
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a.  Wh&n  the  tangmt  VB'  is  inside  4(f  VB: 

Let  A,  =  ^OiP,  A,'  =^OiP'.  £^^  =  FO^B,  A.'^P'O.'^", 

and  in  the  diagram  draw  0x0  perpendicular  to  -BOa;  tlieo 
GOi  =  OiOq  cos  a 5,  KO9  =  OiOa  cos  As'.  Subtracting, 
since  0,0^  =  OiO,'  =  {E,  -  i?,),  and  iTOi'  -  00^  -  GB  — 
KB'=p. 

p  =  {Ri  —  i?i)  (cos  A  a'  —  COS  A  a) 

"whence 

cos  Ai    -   77-— D-  +  cos  A  a  (117) 

POiP'  =  (  Aa  —  A  a)  Hud  the  point  P  is  ^miTMJtfdL 

b.  When,  the  tangent  VB'  is  outside  jf  VB.- 

p  =  (i?a  —  El)  (cos  Aa  —  COS  A  a') 


whence 


P 

cos  A  a    =  COS   Aa  —  >>  p  (118) 

/va  —  x*i 


POiP'  =  (Aa'  —  A  a)  and  the  point  i*  is  moved  hack  and  the 
arc  AP  diminished. 


Fig.  47. 

In  case  the  curve  terminates  Tvith  the  are  of  shorter 

radius,  or  Bi  follows  R^.    Fig.  47. 
c.  When  VB  is  inside  of  VB: 

pz=z(R^  —  Bi) (cos  Ai  —  cos  aO 
wlience 

cos  Ai'  =C08  Ai—   p    ^    p  (114 

J^O^P  •=  (Ai    -  ^1)  and  the  yomt.  P  la  tnooed  da«JL 
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d.  When  V'B'  is  outside  of  VB: 

p  i=  (/ta  —  El)  (cos   A  i'  —  COS  Ai) 


whence 


cos  A  I '  =  COS  A  J  +   'fi--—ry  (120) 

/la  ""■  ill 


PO2P  =(Ai  —  Ai )  aud  the  point  P  is  advanced. 

Meample.—Lei  It  =  2293.01,  Rx  =  1482.69,   A,  =-28',  and 

p  =  20.07  inside  of  VB ;  case  a* 

p  20.07  log  1.302547 

ai7)  iJ.  -  iJi    869.32  *'    2.984155 

.028356        *'    8.868892 
A,  28°  cos  .88295 

.-.      A',  25^  ••   .906306 

.-.     POiP'  8" 

170.  Owen:  a  compound  curve  terminating  in  a  tangent, 
to  cbang^e  the  P.C.C*  and  aXso  the  last  radius,  so  tliat  the 
eurte  %haU  end  in  a  parallel  tangent  at  a  point  on  the 
same  radial  line  at  before.    Fig.  48. 


Fig.  48. 

Let  APB  be  the  given  curve  ending  in  the  tangent  VB:  let 
VB'  be  the  given  parallel  tangent;  and  let  p  =  BB'  =  HI=: 
tne  jKjrpendicular  distance  between  tangents. 
'  It  is  required  to  change  the  point  P  \o  P\  and  also  the 
vahie  of  iSs  to  i2a',  so  that  the  new  curve  may  end  in  V'B'  at 
B'  inside  of  VB  on  the  same  radial  line  BO^. 

In  the  diagram  produce  the  arc  AP  to  G  to  meet  OiG 
dfAwn  pttrallel  to  0«5;.then  POiG  =  Aa.  Draw  the  cbo\d 
PB,  and  it  will  pfiB8  through  G.    Lay  ofi.  XYv^  ^>ceX».x^c»  -p  Vc^^ctv 
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^on  BO9  to  find  B';  draw  B'G  and  produce  it  to  intersect 
the  arc  APG  in  P'.  Tlien  F'  is  the  RCC.  required.  Join 
P '  Oi  and  produce  it  to  meet  BO2  produced  in  0%,  Then 
P'Oi  =  B'Oi  =  i?a'  the  new  radius,  with  which  describe  the 

KTCP'B'. 

By  Geom.  Tab.  I.  18: 

PBV  =  I  PO^B  =  i Aa,  and  GB'  V  =  \P'O^B  =  iA,'. 

PGP'=BGB'  =  K  A  a  -  A ,') 

Draw  OiK  perpendicular  to  BO9. 

Then  OiK  =  B'ff=zBI=  OiOiSin  As  =  (iJa --Bi)  sin  Aj 

GI  ,      GH      GI-P 

tan  iAa  =^        tan^Aa  =^7g=     b'H" 

taniAa'  =  taniA3-;^ 1..     ^  (121) 

(iia  —  i*i)  Sin  A  J 

In  the  triangle  OyOiO^' 

sin  Aa'  :  sin  Aa:;  OjOa  :  OM  ::  (J2a  -  iJ,)  :  (J2,'  -  jB|) 

R%    —  R\   =  — ; ,-  {R2  —  ^1) 

sm  Aa 

^^^  sin  A. 

sin  z\a 

J/ J5'  F'  t/Jer«  outside  0/  VB; 

tan  iAa'  =  tan  i Aa  +  ^^^  ^  ^^.^^  ^^  (138) 

iJa'  =  (iJa  -  Rx)-^'^-^  +  Ri  (128) 

sin  A  a 

m 

WTien  (he  smaller  radius  Ri  foUows  Bti  ff  (he  given 
tangent  B'V  is  inside  ofBV.    Fig.  49. 


tanW  =  tanlA.  +  -^^_|^-_^        (184) 


i?,'  =  ii, -(B,-RO^^  aSB) 
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jgrj^F'  is  outside  ofBV: 

tan  iAi'  =  tan  |Ai  — 


JBi'  ^  Mi  —  (^a 


p 


(5a  —  jBi)  sin  Ai 


sin  Ai' 


(126) 
(125) 


Fio.  49. 


Example  1.— 
Leti2a 

■Fig.48. 

=  2292.01        p 
=  1432.69     A, 

=  20.07  insids. 

=  28" 

28" 

11"  17' 
22"  34' 

28" 

(121)  i?a  -  5i 

Aa 

=    859.32 

20.07 

.04975 
.24933 

log  2.934155 
log  sin  9.671609 

:P 

2.605764 
1.302547 

taniAa 

8.696783 

.'.  taniAa' 

(122)             A  a' 

.19958 

1051.25 
1482.69 

sin  9.584058 
2.934155 

Aa 

3.350097 
sin  9.671609 

(A'  -  R,) 
Rx 

3.021706 

Ans.       Bi,       2483.94  ..  2)  =  2*  18' 26' 

.    PO,P=r  B8*-  22**  a4'  =  5"  W  ,• .  PP'  =\^!^  W 
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Example  2,— Fig.  49. 

Let  5a  =  2292.01 
Ex  =  1432.69 


p  =  20.07  inaide. 

Ai 


46° 


(124)  Et  -  Ex 

Ai 

859.82 

20.07 

.03247 
42447 

.45694 

817.60 
2292.01 

46- 

28'* 
24'83i' 

49"  or 

46" 

log  2.984155 
log  sin  9.856984 

P 

2.791089 
1.802547 

taniAi 
.*.  taniAi' 

.'.   Ai' 

E^-Ex 

8.511458 

log  sin  9.878547 
2.934155 

Ai 

8.055608 
log  sin  9.856984 

JK. 

2.912542 

Am.       El'  =  1474.41  .  •.  2)  =  8"  53'  12' 

PO,P'=Ar'-  Ai=3"07  .  .arcPP'=-?^i-^=i24.67ft. 

Observe  that  in  either  figure  both  tangents  must  be  on  the 
same  side  of  the  point  G,  in  order  to  a  solution. 


Flo.  60. 


171.  Given:  a  compound  curve  ending  in  a  tangent^  to 
e^Ti^e  ^  last  radius  and  also  the  position  of  the  P,G«C«» 
^  t/mitAs  curve  may  end  in  the  sailie  tUTif^esiit.   "^i^,  50. 
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I.   When  Ihe  eut^ve  ends  with  tlie  ^eat'er  radius  R%^ 

Let  APB  be  the  compound  curve  in  which  i?i  i^s  A  i  and 
As  are  knoMm« 

In  the  diagram  draw  the  chord  PB  and  produce  the  first 
arc  -IP to  meet  it  in  0\  draw  OxG,  and  produce  it  to  meet  the 
tangent  in  K  Then  by  §  137  OiK  is  parallel  to  O^B,  and  by 
eq.  (57) 

GK  =  {Bt  -  Bi)  vers  a  a  (127) 

J^we  assume  IP' as  the  new  P.  G.  G.,  we  have  A2'=  PV^'B*, 
and  the  chord  P'G  produced  will  intersect  the  tangent  at  the 
new  point  of  tangent  B\  and  BGq  =  Bt.  Similar  to  eq.  (127) 
we  have 

GK=(B^'  -  i?,)  vers  a  a' 

and  equating  the  two  expressions,  we  obtain 

R.-  =  B.+  ^^  -  «-)versA.^  i?.  + -g^     (128) 
'  vers  As  '  vers  Aa      ^ 

If  we  assume  Ral  we  have 

I        Bi  —  Bi                        GK  ,^«^v 

vers  Aa  =  -^, ^-  vers  a  a  =  ^^ ^         (129) 

xta    —  IXi  It^   —  111 

In  the  two  right-angled  triangles  BKG  and  B'KG,  we  have 

BK=z  GK  cot  ^Ai 
BK=  GK  cot  iAa' 

and  by  subtraction, 

BB'  =  GK  {cot  i  A  a'  -  cot  i  A,)  (130) 

in  which  GK  is  obtained  from  eq.  (127). 

When  BB  as  given  by  eq.  (130)  is  negative,  the  point  B'  falls 
between  B  and  V. 

If  we  assume  tlie  distance  BB'  on  the  tangent,  we  have 
from  the  last  equation, 

BB* 

'      *     .  COtiAa'  =  COt^A^  ±  -^^  ^\^ 
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G^-K"  being  obtained  from  eq.  (127)  and  R^'  from  eq.  (138).    In 
eq.  (131)  use  the  +  sign  wlien  B'  is  beyond  5  as  in  the  Pig,  50.  ■ 

II.   When  tlie  given  curve  ends  with  the  smaller  radius 
/?!.    Fig.  51. 

0 


Pxo.  61. 

We  have  by  a  similar  reasoning 

OK  =  (jBa  -  R,)  vers  a,  (182) 

(^,-^OversA,  ^ ^         (138, 

vers  Ai  vers  Ai  ^ 


,  -Z?a     Rl  QK  /H€\A^ 

vers  Ai  =    p p-,  vers  Ai  =  -p ^        (134) 

BE  =  GK{cot  iA,  -  cot  iAi')  (135) 

DO* 

cot  iAi'  =  cot  i Ai  ±  -^^  •  (186) 

using  the  —  sign  wlien  B  is  beyond  B, 

Example. — Fig.  51, 

Let  i?2  =  2292.01,  Ri  -  1432.69,  A,  =  46%  and  let. the 
P.  G.  C,  be  moved  back  200  feet  from  P  to  P* ;  lience  PO^F  = 
5°  and  Aj'  =  51°;  to  find  the  new  radius  Ri  and  the  distance 
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Eq.  (182)  Bt  - 

iJ, 

859.82 

SI'* 

707.85 
2292.01 

r8° 

30' 

log 
<< 

log 

87' 
log 

log 

2.984155 
vers  9.484786 

.-.  GK 

eq,  (183)  Ai' 

2.418941 
vers  9.568999 

lU-Bi' 
B, 

2.849942 

eq.  (186)  GK 

COt^Ai 
COtiAi' 

1584.16  and  D  = 

2.35586         23° 
2.09654         25° 

2.418941 

0.25931 
68.04 

9.413819 

.^BB 

1.832760 

172.  Given:  a  compound  curve  ending  in  a  tangent,  the  last 
radius  being  the  greater,  to  change  the  last  radius  and 
also  the  position  of  the  P.C.C.  so  that  the  curve  may  end  at  the 
same  tangent  point,  but  with  a  given  different  in  the 
direction  qf  the  tangent.    Fig.  52. 


FiQ.  6S. 

Let  APB  be  the  given  compound  curve,  POi  =  Bi  and 
POa  =  Bt>  jR,. 

LetF'Sbe  the  new  tangent,  and  the  angle  VBV  =  t,  the 
given  difference  in  direction  :  to  find  BO^'  =  B^,  BO^'P'  - 
Ai'  and  the  angle  POiP'. 
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Wc  have 

BOi'  -  OiO.;  =  i?u  -  (^'-  -Bi)  =  Bi 

From  which  we  see  that  whatever  may  be  the  value  of  tho 
new  radius,  the  difference  of  the  distances  from  B  and  0\  to 
the  new  centre  is  eonstanty  and  equal  to  Bi.  We  therefore 
conclude  tliat  the  centres  Ot  and  Oi'  are  on  au  hyperbola  of 
which  B  and  Oi  are  the  foci,  and  Ri  the  major  axis. 

This  suggests  an  easy  graphical  method  of  solving  the 
problem. 

Through  B  draw  a  line  perpendicular  to  the  new  tangent 
V'B  wliich  will  give  the  direction  of  the  required  centre  Oa\ 
On  this  line  lay  off  5/i  equal  to  Ru  and  since  (R^'  —  Ri)  = 
OiOa'  =  KOi,  if  wc  join  KOi,  the  triangle  KO%Oi  is  isosceles; 
therefore  bisect  KOi  and  erect  a  perpendicular  from  the  mid- 
dle point  to  intersect  the  line  ^AT  produced  in  Oy.  Draw  Oa'Oi 
and  produce  it  to  intersect  the  arc  AP  (produced  if  necessary) 
in  P'.  Then  P  is  the  new  PG.C.  required,  and  BOt  = 
P'O'i  =  Ri,  the  new  radius. 

The  analytical  solution  is  as  follows : 
Adopting  the  usual  notation  of  the  hyperbola 

Let  2a  =  Ri     —  the  major  axis, 
"  2c  =  BO,  =  the  distance  between  foci. 

Produce  the  arc  AP  and  through  B  draw  the  tangent  Bff, 
and  join  HOi  =  Ru    Then  m  the  right-angled  tnangle  BHOt 

BW  =.  BO,'  -  R:'  =  4<j«  -  4a« 

Now  by  Anal.  Gkom.,  c^  —  a'^  =  h^. 
Therefore  2b  =  BE  =  the  minor  axis. 
Draw  the  chord  PB  and  produce  the  arc  AP  to  cut  it  in  Q 
Then  by  Geom.  (Table  I.  24) 

BH^  =  PBx  0B  =  2Rt  sin  i  Aa  X  2(i?a  -  Ri)  siniAt 
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Let  a  '=  Uie  angle  MOiB,  then 

tan  a  =  ^^  and  J?Ox  ==  — ^  (id8) 

El  cos  a    ■  ^     ^ 

In  the  triangle  BOiO^  let  OiBO^  =  /?  ;  then 


Sin  /?  =  — gg sin  Aa  (189) 


The  polar  equation  of  the  hyperbola  for  the  branch  lOM, 
taking  the  pole  at  B  and  estimating  the  variable  angle  'o  from 
the  line  BOu  is 

r  = 


c  ,  cos  V  —  a 


When  f>  =  /S  ±  t,  r  sz  R^\  and  substituting  the  values  of 
a,  b,  and  e  found  above,  we  have 

^'  =  2"(J?07cosT/i~±  0  -  iJi)  ^^^^ 

using  (/J  +  0  when  F'  falls  between  V  and  -4,  as  in  the 
figure,  and  {/i  —  i)  when  V  falls  beyond  F. 

In  the  triangle  BOiO^,  the  angle  BO%Ox  =  Aa'  and 

Sin  Aa'  =   p       '  p  sin  (^  ±  i)  .  (141) 

Finally 

POiP'  =   A.  -  (Aa'   ±  t)  (142) 

ifomarA:.— When  V  falls  between  P^  and  A,  as  in  Pig.  52,  if 
the  angle  i  be  greater  ihan  ilio  angle  VBH,  the  curve  ceases  to 
be  a  compound,  and  becomes  reversed.  Therefoi*e  VBH  — 
a  —  /J  is  the  maximum  value  of  i  possible  in  this  case.  When 
V  falls  beyond  F,  the  point  P  will  fall  between  Pand  A\ 
and  the  laigest  possible  value  of  i  will  ihei\  V^  v.\v^\.^\s^OQi 
renders  POiP'=i  a  i,  and  makes  U\e  pomx  P'  eo\Tic\^^ ^'v^Nj*^  A^- 
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Eimnple.— Fig.  52.    Let  Bi  =  1482.09  Ai  =  81' 

t  =  6"        iJa  =  2292.01  A.  =  SO** 
(137)  Bi  -  Bi      859.32  log  2.934156 

B^    2292.01  8.360217 


• 

(138) 

iAa 

2 

BH 
B, 

a 
a 

BO, 

As 
fi  +  t 

BO, 

B, 

BH^ 
B,' 

1432.69 

1727.09 
1432.69 

28* 

43'*  86'  28'.7 
42°  86'  23'.7 

56** 

21''  28'  06'.8 
27''  28'  06'.8 

><  2  =  588.80 

=  36'*  18'  26' 
=  13°  41'  34'  = 

2 )  6.294372 

3.147186 

log  siu  9.671609 

0.801030 

3.119825 
3.156151 

• 
•        • 

log  tan  9.963674 
log  cos  9.866889 

• 

(139)  B^ 

a289262 
2.934155 

9.644893 
log  sin  9.918574 

• 

(140) 

log  sin  9.568467 

log  cos  9.948053 

8.289262 

8.237815 

294.40: 
2949.05 

A,' 

POxP' 

2.769968 
6.239650 

• 
•        • 

(141)  .-. 

(142)  .'\ 

8.469682 
342.3  feet. 

Bemark — This  problem  may  also  be  solved  by  first  finding 
the  new  sides  V'A,  V'B,  from  which  and  the  new  central 
angle  (A  ±  i),  and  the  radius  i?i,  may  be  found  a/,  a«',  and 
B^'y  as  in  §  162.  The  new  sides  are  readily  found  from  the 
old  ones  by  solving  the  triangle  VBV  .  If  the  original  sides 
are  not  given,  they  must  be  calculated  as  in  §  164. 

173.  Oimn:  a  comp&und  curve  ending  m  a  tanffent^  the 

last  radius  being  the  less,  to  change  the  last  radius  and  the 

position  of  the  P.C.C.  so  that  the  curve  may  end  at  the  same 

tangrent  point f  but  with  a  given  cUfferenoe  in  tk$ 

direction  of  fangent.    Fig.  5d. 
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.    Let  iljRB  be  the  given  curve,  and  POt  =  i2a,  and  POi  = 
Ri  <  i?a.    Let  V*B  be  the  new  tangent,  and  VBV  =  t,  the 
-iven  angle;  to  find  Bd'  =  5,'.  50,  P'  =  A.',  and  PO^P'. 
We  have 

BO,  +  0,0^  =  i?i  +  (i?a  -  Ri)  =  iJi 

from  which  we  infer  that  the  locus  of  the  centre  Oi  is  an 
elUpse,  of  which  B  and  O2  are  the  foci,  and  R^  the  major  axis, 


Fig.  5a 

since  the  mm  of  the  distances  BOi'  and  OaOi'  is  always  equal 
toi^a. 

This  suggests  an  easy  ^aphical  solution  of  the  prob- 
blem,  as  follows : 

Perpendicular  to  V'B  draw  the  indefinile  line  BKy  which 
will  contain  the  required  centre  Oi\  and  layoff  BK  =  Ri. 
Join  KOtt  bisect  it,  and  from  the  middle  point  erect  a  perpen- 
dicular to  Interdcct  i^JT  in  Oi.  Join  OaOi',  and  produce  the 
line  to  intersect  the  arc^P  (produced  if  necessary)  in  P . 
which  is  the  new  P.  C.  C.  required.  P'Oi  =  Bd'  =  Ri\  the 
required  radius,  and  P'Oi'B  =  Ai'. 

The  analytical  solution  is  as  follows  :  Adopting  the 
usual  notation  of  the  ellipse, 

let  3a  =  i?a    =  the  major  axis. 

**  2e  =  BOi  =  the  distance  between  foci. 

At  J9  erect  ^JST  perpendicular  to  BO^  \o  *\tA.ex«fec\,  V^oa  w^  i^ 
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(produced  if  necessary)  in  H,  and  join  H(h  =  A.     Then 

But  by  Anal.  Geom.,  a*  -  c'  =  6*. 

Hence  26  =  SIT  =  the  minor  axis. 

In  the  triangle  BO1O2  we  know  BOi  =  Ei,  and  OiO.  = 
i^i  —  Bi,  and  the  included  angle  BOiO^  =  180°  —  Ai;  hence 
by  Trig.  (Tab.  II.  25) 

tan  no, OiB  -  0. J?Oa)  =       '       ^  tan  i  a ,        (148) 

The  angles  at  B  and  O2  are  then  found  by  (Tab.  IL  26). 
Let  fi  =  the  angle  OiBO^ ;  then 

^0,  =  (i?a~i?0^^^-  a44) 

The  value  of  BR^  above  may  be  written 

BH^  =  {B2  +  BO2)  (i?a  -  BO2)  a45) 

The  polar  equation  of  the  ellipse,  taking  the  pole  at  B,  and 
estimating  the  variable  angle  v  from  the  axis  -BOa,  is 

r  = 

a  —  c.  cos  u 

When  V  =1  fi  T  if  then  r  =  i?i',  and  substituting  the  values 
of  a,  b,  and  c,  given  above,  we  have 

BH^ 

using  (fi  —  i)  when  V  falls  between  Fand  ^,  as  in  Fig.  58, 
and  (/?+  0  when  F'  falls  beyond  F. 

In  the  triangle  BOi'O^,  the  angle  O/^Oa  =  (>5qF  ^),  and  the 
exterior  angle  BOi'P'  =  Ai';  hence 

sin  Ai'  =    r,       \.  sin  (/5  T  i) .  a^T) 

xia  —  -til 

Finally  POaP'  =  (Ai  T  *)  -  A,'  (148) 

WJien  V 18  on  A  F,  then  PO%P'  is  negative,  showing  that 
it  must  he  laid  oft  from  P  towatd  A;  bwX.  ^\veu.  V  V!^\)«^Qiid 
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Vt  then  POiP'  is  positive,  and  P'  will  be  on  ^P  produced. 
The  only  limits  imposed  on  the  angle  i  are  that  the  resulting 
value  of  PP'  shall  nol  exceed  PJ,  and  that  Rx  shall  not  be 
less  than  a  practical  minimum. 

Exam/pie. — Fig.  53. 


Let  Da  =  S*"  20'     Ri  =  1719. 12      a  «  =  23''  20' 


D,  =  6^ 


i?i=    955.37      Ai  =  48^ 


»  =  7'*45' 


The  resulting  values 

are  as 

follows : 

fi 

21'  09'  32\6 

BO^        1572.42 

Bm 

R,'        1273.65 

A,' 

54^56' 

0,P' 

14"  41' 

PP'         440.5 

3.196567 
6.683829 
3.105052 


(See  also  remark  at  end  of  g  172.) 

174.  Given  a  simple  cvLwe  joining  two  tangents,  to  re- 
place  it  by  a  three-centred  compound  curve  between 
the  same  tangent  points*.    Fig.  54. 


Fig.  54. 
Let  R  =:  AO  =  radius  of  simple  curve. 
R,  =  POi  =  P'O,  <  P    Ai  =  POiP' 

P,  =  AO2  =    BO3  >  R    Aa  =  AOiP  =  BObP' 

A  =  AOB 

Since  -40a  is  made  equal  to  BOs  and  VA  =  VB  ,  AOiPmust 
eqiial  BOtP\  and  the  compound  curve  will  be  symmetrical 
about  the  bisecting  line  VO;  and  the  centre  Oi  will  be  on  the 
lino  FO. 
We  have  at  once  from  the  figure, 

2a,+  A^=    £.  ^*^^^ 
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In  the  triangle  OOi  O3  wo  have 

OiOa:   00a  ::  sin  AOV :  ^n  POiV 

whence 

(2?2  -  i?)8iniA 


R^  —  Ri  = 


sin|Ai 


(160) 


V,  liicli  expresses  the  general  relation  between  the  quantities, 
II  arul  A  being  given. 

We  tnay  now  assume  values  for  Ri  and  R^  subject  to  the 
above  conditions,  viz.,  Ri  <  R  and  J?a  >  -B;  whence 


sin  ^Ai  = 


(i?a^-^jin_iA 
R2  —  Ri 


(151) 


In  selecting  values  for  Ri  and  R^,  the  degree  of  curve  2>i 
should  be  but  little  greater  than  D  of  the  simple  curve,  say 
from  30  to  60  minutes,  while  2>a  may  be  taken  at  iD  to  iD, 

Example.-Giyen:     72  =  1719.12    i>  =  8"  20'     A  =  40" 

Let  R,  =  1432.69    Di  =  4" 
"   R.  =  5729.65    D.  =  V 


Ri-  R 
Ri  —  Ri 

4010.53 
4296.96 

^   138.4  ft. 

20" 

18°  36'  57' 

37"  13'  54' 

1"  23'  03' 

log  8.603302 
"  8.638161 

iA 

'*  9.970041 
log  sin  9.534052 

iA. 
A, 
Aa 

AP  =  P'B 

"    "    9.504098 

Again  we  may  assume  a  a  (iiid  Rx,  whence 

Ai  =    A   —  2A9 


and 


^   _  72  sin  ^  A  —  Rx  sin -J  A 1 
sm  ^  A  —  sin  i  A 1 


(152) 


Example.— QU(iXi\  R  =  1719.12     A  =  40" 

Let  Rx  =  1432.69     Aa  =  1'     '.   Ai  =  88* 
Ans.  Ri  =  7387.24     .  •.  A  =  0"  46^'    AP  =  189. 

FiiKMy  we  may  assume  As  and  Ri,  and  deduce  Ai  and  A 
from  cqs.  (149)  (150);  but  this  is  the  least  desirable  becMue 
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the  value  of  Ri  so  found  will  not  usually  give  a  convenient 
value  to  the  degree  of  curve  A. 

175.  To  determine  the  distance  HH'  between  the  middle 
points  of  a  simple  cui*ve  and  a  thre&'Centred  compound  curve 
joining  the  same  tangent  points  AB,    Fig.  54 

In  the  triangle  00 1  Oa,  we  have 

00,  =  (i?,  -  R,)  "^^-^-^ 
HE'  =  00^  +  OxH'  -  OH 

.-.  HH  ={R,^  ^')Se^'  -  (^  -  ^0     (153) 

In  the  first  example  given  above  HH'  =  14.55,  and  in  the 
second  HH'  =  17,05  ft. 

In  many  instances  the  distance  HH '  is  so  great  as  to  render 
this  problem  practically  useless,  unless  the  distance  HHx  is 
discounted  beforehand  by  putting  the  siniple  curve  AHB  a 
sufficient  distance  inside  of  the  proper  location  through  the 
point  H',    But  the  problem  given  below  is  usually  preferable. 

1 76.  Given,  a  simple  curve  joining  two  tangents  to  re- 
place it  hy  a  three-centred  compound  curm  which 
shall  pass  Uurough  t/ie  same  middle  point  H. 

L  7^  curve  flattened  at  the  tangents.    Fig.  55. 

Let  i^  =  AO,  the  radius,  and  A  =  the  central  angle  of  the 
simple  curve  AHB,  and  let  H  be  the  middle  point. 

Let  i2»  =  POi  =  J70.       •  Ai=PO.P' 

"  Rt-PO^  =  A'O^  =  B'Ot  As  =  POuA'  =  P'OiB' 

**  A'  and  B'  be  the  new  tangent  points  required. 

"We  have  at  once,  as  in  the  last  problem, 

2Aa+  Ai  =  A.  (154^ 
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Since  the  curve  is  to  be  symmetrical  about  VO,  HP  =  HP '.. 
PA  =  P'B,fin^AA' =BB'.    ^ 


In  the  diagram  produce  the  arc  HP  to  6r,  and  draw  dG 
parallel  to  OA,  and  produce  it  to  K.  Then  a  tangent  line  a1 
(r  will  be  pai*allel  to  VA ;  and  by  §  137  the  point  O  will  be  on 
the  long  chord  HA,  and  on  the  long  chord  PA'.  OK  is  the 
perpendicular  distance  between  parallel  tangents,  and  the 
problem  h  similar  to  that  given  in  §  171 ;  whence  by  eq.  (57) 
we  have,  in  this  case, 

GK  =  (J?,  -  Ri)  vers  A,  =  (i?  -  i?i)  vers  i  A.    (165) 

for  the  general  equation  in  which  R  and  A  are  given, 
Analagous  to  eq.  (130)  we  have 

AA'  =  KA'  -  KA=z  GK  cot  GA'K-  GK  cot  GAK 

.  •.  AA'  =  GK  (cot  iAa  -  cot  iA)  (15«) 

« 

in  which  GKis  obtained  from  (155). 

We  may  tww  assume  values  for  Ri  and  Rt,  making  Ri  <R 
and  R,  >  R,  and  deduce  the  values  of  As,  As,  and  AA, 

Solving  eq.  (155) 

(R  -  Rx)  vers  iA          GK  ,^\,^ 

yen  Aa  =  ^ t>        jy  =  ^ 51  ^^T) 

^-  afi4)  ffivcB  A  I,  and  eq.  (156)  givcB  AA' 


CQMPOUKD  CURVES. 


131 


Bmmple. — F^.  56. 

Given:.22=   .764.489 
Leti?,  =    716.779 
*'  Bi  =  3437.870 
(165)  E-Bi  47.71 

iA 


D  =  7''  30' 
A  =  8" 
Da  =  1°  40' 

20° 


A  =40* 


log  1.678609 
log  vers  8.780370 


(156) 


GhK 

2721.091 

158.00 
43.5081 
5,6718 

37.8368 

=  cot   V  19' 
cot  10° 

log  0.458979 
"  8.434743 

A3 

A'P 

iAa 
iA 

QK 

log  vers  7.024286 

log  1.677914 
"  0.458979 

AA'       108.87 
Again,  toe  may  assume  a  a  and  i?i  <  K;  whence 

Ai  =   A  —  2A3 


ti 


2.086898 


and 


and 


eq.  (155)    GK  =  (B  -  Ei)  vers  i  a 


.Ba  =  ^1  -f- 


OK 


vem  A  a 


(158) 


Eq.  (166)  gives  AA'. 

Again,  we  maig  asmm^e  a  a  (Mid  the  distance  AA';  whence, 
from  eq.  (166) 

A  A' 

^^  = .  .1.  .1  069) 

COtiAa—  COtiA  ^       ^ 


eq.  (166)      Bi  =:  B '- 


GK 


vers  ^A 


eq.  (158)  gives  i2a. 
Again,  toe  may  assume  Bt  <  B  and  AA' ;  then,  eq.  (165) 


and  eq.  (166) 


,:--tO 


0^^=  (iJ-iJO  vers  i  A 


cotMi  =  cotiA-f  ^ 


vv^^Jss 


Md0qi  (158)  giYea  A. 
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Example. — Fig  55. 

Given  :i2  =    764.489 
Let  Bi  =    716.779 
'•  ^1.4'  =    110. 

Hence  by  last  example, 


D  =7°  80' 

A  =  8° 


A  =40' 


GK 
eq.  (160)  AA 


110. 


log  0.458979 
2.041393 


(158) 


COtiA 

88.2809 
5.6713 

1.582414 
10' 

cot  iAa 
Aa 

GK 

48.9022 

V  18'  18"        log  1.642486 

(say)      2'*  37'      log  vers  7. 018147 

0.458979 

-Ba  —  Ml 

AP' 


2759.5 

8476.3 

157. 


i>a  =    V  39' 
Ai  =84°  46' 


3.440882 


II.  The  curve  sharpened  at  the  tangents.    Fig.  56. 

This  case  will  only  occur  when,  with  a  given  external  dis- 
tance  VH,  a  simple  curve  would  absorb  too  much  of  the  tan- 
gents. 


Fia.  66. 

Let  AHB  be  the  simple  curve,  and 
*'   A'PffP'B'the  required  compound  curve. 

'*    ii?a  =  POa  =   HOu;  Aa  =    PO^P' 

"  ^1  =  PO,  =  A'Oi  =  B'0»i  Av=  A'OiP=  P'ObB'. 
We  have  from  the  figure, 

2Ai  -f  /^*=  ^. 


we\ 
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In  the  diagram  draw  0^0  parallel  to  OA  cutting  the  tan- 
gent kt  JT,  and  produce  the  arc  HP  to  O.  Draw  the  chords 
OH  and  GPy  passing  through  A  and  A'  respectively.  We 
have  then  a  discussion  similar  to  tiic  preceding  case,  nnd  to 
the  problem  §  171,  Fig.  51,  whence  we  derive  the  general 
formulae : 

GK  =  {Ba-  Bi)  vers  a  ,  =  (i?,  -  i?)  vers  i  a     (162) 
and 

AA  =  GE {cot  iA,  -  cot  iA)  (163) 

1.  Assuming  Ri  <  E  and  Bi>  B 

vers  Ai  =  D jFT  =  -15 dT  vers  iA        (164) 

xta  —  -til  xtjj  —  Ml 

2.  Assuming  Ai  <  iA  and  Bi  <  B 

„       B  vers  iA  —  Bi  vers  Ai  .^^^ 

21  — . (loo) 

vers  i  A  —  vers  A  i  ^ 

3.  Assuming  Ai  <  iA  and  A  A' 

A  A' 

GK  =  —r-.-^^—TT-  (IW) 

COtiAi— cotiA 

B^  =  Bt+        ^^  (167) 

'   vers  iA 

Bt=B, ^  -  (168) 

vers  Ai 

4.  Assuming  B^  >  B  and  AA' 

GK={Ri  -  B)  vers  ^  A 

AA' 

cot  iAi  =  cot  iA  +    Q^  (16^) 

The  third  assumption  will  usually  secure  most  readily  the 
desired  curve.  AA'  should  be  assumed  as  small  as  the  nature 
of  the  case  will  allow,  and  Ai  should  not  be  much  smaller 

than  i  A. 

It  is  evidently  not  necesmry  that  the  new  curve  should  be 
symmetrical;  for  having  laid  out  the  curve  APH,  the  simple 
curve  HB  m&y  then  be  used,  or,  ii  deaVt«\i\ft,  ^otofc  ^^jpkc^w^^^ 
curve  SP'B'  determined  by  an  aasvxvftSieL  n^xj^r.  ci.\  "KB'   "^^"^ 
equad  to  A  A'. 
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These  formulse  (154)  to  (169)  are  readily  adapted  to  the 
case  of  substituting  a  compound  for  a  simple  curve  when  it 
is  necessary  to  keep  one  tangent  point  fixed,  but  to  move  the 
other  a  certain  distance  in  either  direction  on  the  tangent. 
For  if  in  Figs.  55,  56,  we  draw  a  tangent  at  H,  and  make  H 
the  fixed  point  of  tangent,  it  is  evident  that  the  central  angle 
of  the  curve  will  then  be  AOII,  The  only  change  necessary, 
therefore,  to  adopt  the  formulae  to  this  case  is  to  write  A  in 
place  of  iA,  and  to  observe,  instead  of  eqs.  (154)  (161),  that 


Example. — Fig.  55. 


Ai  +  Aa  =  A. 


Let                R 
Assume    A  A' 
Eq.  (166)  AA 

cot  1 A  1 
COt^A 

=  1910.08     A 
=     260.         A, 
-     260. 

2.90421 
2.60509 

=  84° 
=  38° 

19^ 
21° 

42° 

38° 

• 
• 

D  = 
PH  = 

y.               go 

log  2.414d73 

.29912 

3384.07 
1910.08 

log         9.475846 

OK 

Eq.    (167)  i  A 

2.989127 
"  vers  9.409688 

R 

8.629439 

Eq.  (168)  OK 

A, 

5294.15 

4100.27 

sav  1°  05' 
log         2.939127 
"  vers  9.826314 

8.612818 

A'P 

1193.88 
791.67 

=  369.23 

177.  Oiven,  two  curves  joined  by  a  common  tafiffeni 
to  replace  the  taiigrent  by  a  curve  compounded  with 
the  given  curves.    Fig.  57. 

Let  Ri  =  BOi  the  radius  of  one  curve, 

Rs  =  AO3  the  radius  of  the  other  curve,  >  Eu 

I  ■=  BA  the  common  tangent, 
i?a  =  PO2  =  P'O^  the  radius  of  connecting  curve. 
A«  =  PO2P  the  central  angle  of        "  •* 

a  =  AOsP  and  /3  =  BOiP. 

t=AO:,Ou 


a 
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In  the  diagram  join  OiOs  and  draw  OiG  parallel  to  BA. 
Then  in  the  right-angled  triangle  O1OO3  we  have. 


cot  t  = 


0^0t 


GOi    " 

cose 


B»  —  Bi 


I 
6in» 


an 


071) 


which  gives  the  distance  between  the  centres  of  the  i^ven 
curves. 


Fio.  57. 

We  shall  now  assume  the  following  geometrical  truths, 
which  may  be  easily  demonstrated. 

If  two  circles  intersect  in  one  point,  they  intersect  in  two 
points;  and  the  line  joining  the  two  points  is  the  common 
chord. 

The  common  chord  is  perpendicular  to  the  line  joining  the 
centres,  and  when  produced  it  bisects  the  common  tangents. 

If  a  third  circle  is  drawn  touching  the  two  circles,  a  tangent 
to  the  third  circle,  parallel  to  the  common  tangent,  will  have 
its  tangent  point  on  the  common  chord  produced. 

Conversely,  therefore,  if  the  tangent  BA  be  bisected  at  K. 
and  a  line,  JT/,  drawn  perpendicular  to  Oi  O3,  KI  will  coincide 
with  the  common  chord  produced,  and  the  angle  IK  A  — 
AOiOi  =  t.  If  on  KI  we  assume  a  point  /  through  which 
it  is  desirable  that  the  connecting  curve  should  pass,  then  /  is 
the  tangent  point  of  a  tangent  parallel  to  BA ;  consequently 
a  line  through  I  perpendicular  to  BA  contains  the  teo^uix^^ 
centre  0%, 
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I.  Let  'p  =  HI  =  the  perpendicular  distance  between  the 
tangents. 

If  in  the  diagrain  wc  join  lA  and  IB^  and  produce  the 
chords  to  intersect  tbe  given  curves  in  Pand  P',  then  Pand 
P'  are  the  points  of  compound  curvature;  and  the  lines  POi 
and  P'0%  produced  will  intersect  /Oa  in  the  same  point  0%\ 
and  the  angles  P  0^1  =  a  and  FO%I  =  fi. 

In  the  triangle  AIB  the  line  KI  bisects  the  base  AB^  and 
we  have  by  Geom.  Tab.  I.  25. 

AI^-  +  BI^  =  2^ir«  +  2^/» 

By  eq.  (56)         AI  =  2(i?2  -  i?,)  sin  \a 

BI  =  2(i2,  -  Rx)  sin  ^p 

AK=il     and     KI  = -^ 

sinft 

. •.  4(Pa  -  iJsf  sm8  ia  +  4(i?a  -  B^f  sin*  i/?  =  i?  +  -^. 

Dividing  by  2  and  putting  vers  a  =  2  sin*  ia  and  vers  fi  = 
2  sin2  i>S  (Tab.  II.  46) 

(iJ,  -  Ps)*  vers  a  +  (Pa  -  Pi)*  vers  /S  =  i?  +  ^^. 
But  by  eq  (57) 

(P,  ~  Pa)  vers  a  =  (P,  -  Pi)  vers  /S  =  p        (172) 

.'.  :p(2Pa  -  (P»  +  i?0)=  F  +  ^. 

2P.  =  (P.  +  i?0  +  -|-  +  -^.  a7?) 

From  (172) 

^^"^  =  Pr=^^  ^^^^  =  57^       <^^* 
and  from  the  figure 

A,  =  a  +  /?  (178f) 

These  formulsB  solve  the  problem  when  p  is  assumed.    If 
desirable  we  may  find  a  and  /3  indev^iideiitly  of  B%,  tat  in 
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the  triangle  AIBy  LAB  =  ia  and  ISA  =  Jy5;  and  since 
HK  =  p  cot  iy 

cot  la  = -g^  =  ^-^— =  ^  -  cot  t  (176) 

II.  In  ease  a  or  fits  assumed,  we  have  from  the  last  equa- 
tion 

^  ~  2(cot  ia  +  cot  0  ~  2(cot  i/J  -  cot  0  ^^    ^ 


IIL  /n  ea^  the  radius  E^  is  assumed^  then  in  the  triangle 
OxO%0%  we  know  all  three  sides  ;  for  OiOj  =  (B%  —  R\\ 

O^Ot  =  (5,  -  i?0,  and  O^O,  =  ^'""?' 

cost 


By  Trig.  (Table  II.  31.) 

3(«-  OiOa)(«-  OaOa) 

in  which  s  =  ^  sum  of  the  three  sides. 
Substituting  values,  and  reducing,  observing  that, 

/_^  .  -  l)  (-1^+  l)  =  sec«  *  -  1  =  tan«  % 

ACOS*  /    \COS»     '       f 


and  that  {R%  —  i?i)  tan  t  =  /,  we  have 


I  ^"'^^'  =  2(ii.-.g.)(iZ.-iZ.)    •  ^™^ 


In  the  same  triangle. 

sin  O9O1O9  =  sin  a 


O3O2 


But  from  the  figure  0^0x0^  z=  i  —  fi,  and  taking  the  value 
of  Ox  Ot  from  eq.  (171). 
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We  then  find  a  from  eq.  (175)  and  j?  from  (172). 

The  angles  a  and  fi  may  be  found  otherwise,  for  by  Trig 
rab.  II.  27)  we  have  in  the  triangle  0x0^0% 


't 


sin  ^(OiOaOa  -  OsOiOa)  =  ^'%  q""^^  cos  iAt 


or 


sm(90   -(t  +  -^)|_ ^^zrn, 

.  • .  cos  \i  -\ ^^1  =  cos  i  .  cos  i  Aa  (181) 

which  is  a  convenient  formula  when  i  and  A«  are  not  too 

a  —  /3 
small.    Having  obtained  — ^-^,  we  have 

a  =  iA,+^^^        /^  =  iA,-^^        (183) 


For  a  constant  value  of  I  the  le»»  the  difference  of  R%  —  R\ 
the  greater  will  be  the  value  of  the  angle  i.  When  22^  =  :Si, 
cot  *  =  0  and  i  —  90°  and  the  tangent  point  /  will  be  on  a  per- 
pendicular to  BA  drawn  through  the  middle  point  K\  aqd 
a  —  p.  On  the  contrary,  as  {B.%  —  Ei)  increases,  » becomes 
less,  and  the  foot,  H,  of  the  perpendicular  jET  moves  toward 
B,  the  tangent  point  of  the  curve  of  smaller  radius  Bi.  The 
distance  ffK  =  p  cot  i.  The  connecting  curve  is  farthest 
from  the  tangent  BA  at  /.  To  find  the  ordinate  from  BA  to 
the  curve  at  any  other  point,  subtract  from  p  the  tangent 
offset  for  the  length  of  curVe  from  /  to  the  ordinate  in  ques- 
tion. §115,  eq.  (39)  may  be  used  on  fiat  curves  with  tolera- 
ble accuracy,  even  when  the  distance  equals  several  hundred 
feet. 

IV.  It  is  evident  that  in  this  problem  Rt  must  be  |^e«iter 
tJ/an  either  Jii  or  B^.     As  the  centre  Ox  is  taken  nearer  the 


i 
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line  O1O3,  R9  grows  less,  and  is  a  minimum  when  Ot  falls  on 
the  line  OtOa.    In  this  case  we  have  Aj  =  180°,  and 

i2a  =  i(i?3  +  Rt  +OiOz);  a  minimum.         (183) 

This  limit  must  be  regarded  in  assuming  the  Value  of  E9. 
Since 

0,0a  -  OiOt  =  (iJ,  -  i?,)  -  (i?a  -  iJs)  =  (i?8  -  Bi) 

a  constant  value,  independent  of  i?a,  we  infer  that  the  centre 
Oa  is  always  on  a  hyperbola  of  which  Oi  and  Os  are  the  foci; 
(i?s  —  -Si)  equals  the  diameter  on  the  axis  joining  the  foci; 
and  I  equals  the  diameter  at  right  angles  to  it,  for  in  the  tri- 
angle OiGOt, 

I*  =  Oio;'  -  (i?8  -RiY  (184) 

Example. — ^Fig.  57. 

Given:  i?,  =  1482.69    Ra  =  1910.08  and  Z  =  400. 

Assume  p  —      11.4   to  find  R^^a  and  p. 

Eq.  (170)  B^-Rx        477.39  log  2.678878 

I        400.  "    2.602060 

i  39°  57' 34"    log  cot  0.076813 

Eq.(178)  *  39°  57' 34"      "  sin  9.807701 

%  39°  57' 34"      ^  sin^  9.615402 

p  11.4  log  1.056905 

♦  27.64  '*  1.441503 
i?«  '*  4.602060 

p  '*   1.056905 

♦  3508.77  *'  3.545155 
A  +  A       3342.77 

2)  687808 


Ra  3439.59    (say)  8437.87 

Eq.  (174)           p  11.4  **  1.056905 

Rt-Rz  1527.79  '*  3.184064 

a  7°  00'     log  vers  7^72841 

p  11.4  log  1.056905 

Bt-Ri  2005.18  '•   3.302153 

P  (nearly)  6°  07'    log  vers  7/754752 
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Exumple.—Fig  57. 

Given:    Ei  -  1432.69,  iJa  =  1910.08,  and  I  =  400. 
Assume  i2»  =  3487.87,  to  find  At,  fi.amdp. 
Eq.  (179)  2.  log  0.801080 

B^-Bi       2005.18  "  8.802158 

i?a  -  Bs       1527.79  "  ai84064 

"  6.787247 
2t  6.204120 

A  a  18°  07' 22'     log  vers  8.416878 

Sq.  (170)  i?a-  Bi         477.89  log  2.678878 

«         400.  **  2.602060 


i  89°  57' 84*  log  cot  0.076818 

Eq.  (180)            i  89°  57'  84*  log  sin  9.807701 

A  a  13°  or  22"  "     **  9.856099 

Ba-  B»  1527.79  log  8.184064 

log  sin  2.847864 

;  400.  log  2.602060 

1-8  88°  50' 89'  log  sin  9.745804 

a  6°  06'  55' 

kq.  (175)            a  7°  00'  27' 

Eq.  (172)  Ba  -i?a  log  8. 184064 

a  7°  00'  27'  log  vers  7.878809 

p  11.41  1.057878 


178.  Given:  a  three-centred  compound  curve  to  replace 
the  middle  arc  by  an  are  of  differerU  radius, 

I.  When  the  radius  of  the  middle  are  is  the  g^reatest. 
Fig.  57. 

First  find  the  length  and  direction  of  the  common  tangent 
AB.  Let  As  =  central  angle  of  the  middle  arc,  B%  =  its 
radius,  and  Bi  and  B9  the  radii  of  the  other  arcs.  From  eq. 
(179).  

I  =  V2(fia  -  Bi)  (B^  -  i?,)  vers  A.  (185) 

Then  find  i  by  eq.  (170).  a  and  fi  by  eqs.  (181)  (182),  and  p  by 
eq.  (172). 

For  the  new  arc  we  may  now  assume  a  new  value  for  p,  or 

for  i?j,  or  for  a.    Indicating  the  new  values  by  an  accent,  if 

we  assume  p'  we  proceed  as  in  the  last  problem,  using  eqs. 

fl78),  etc.    If  we  assume  Bt,  we  use  eq.  (179),  etc.    If  we 

assume  a',  we  use  eq.  (178). 


COMPOUND   CUUVES. 


141 


II.  When  the  rctdius  of  the  middle  a/rc  is  the  least  of  the 
three.    Fig.  58. 

In  this  case  the  middle  arc* is  within  the  other  two  pro- 
duced; and  for  the  same  values  of  Itilia  and  OiOs,  the  locus 


Fio.  58. 

of  the  centre  Oa  is  the  opposite  branch  of  the  hyperbola  found 
in  §177.  When  the  centre  O2  falls  on  tlie  line  O1O3,  Aa  = 
180',  and 

i2,  =  Ki?3  +  i?i  -  OiOs),  a  maximum.         (186) 
Analogous  to  eq.  (185),  we  have 


I  =  VZ(Bi  -  i^a)  (Bz  -  i^a)  vers  Aa 
which  gives  the  length  of  the  common  tangent  TZ. 


(187) 


We  then  have  the  values  of  i  and  of  OiOs  by  eqs.  (170)  (171), 
and  of  a  and  /S  by  eqs.  (181)  (182),  and  analogous  to  eq.  (172), 

p  =  (iJi  —  iJa)  vers  a  =  (iZs-iJa)  vers  /?        (188) 

in  which  p  is  the  perpendicular  distance  J?T  between  parallel 
tangents. 

For  the  new  arc  we  may  now  assume  a  new  value  for  p,  for 
R%,  or  for  a.  Indicating  the  new  values  by  an  accent,  if  we 
aMmne  p*,  we  have,  analogous  to  eq.  (,Vi(tS) 
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and  from  eq.  (188) 


huve,  anali^ious  to  eq.  (179), 


B  find  aiaid  fihy  eqs.  (181)  (182),  aod  j?'  b]r  eq.  '18S1. 


III.    n'/ieii  the  mdin*  of  the  mMdU  are  hat  an  interMiedi- 
ate  valuCf  annpared  vith  the  other  Tad».     Fig.  59. 


FlQ.  60. 

In  thia  case,  whatuver  be  Uie  value  of  U,,  we  liaye 

0.0,  +  0,0,  =  (B.  -  R,)  +  (It,  -  fl,)  =  {R^-Si 

a  constant  value  independent  of  Ma;  hence  we  infer  that  »ke 
loeut  of  Oi  is  an  ellipse,  of  which  0,  and  0,  are  the  fod,  tnd 
(Ri  —  Jf,)  equal  to  the  transverse  axis. 

Let  i  =  QQ'  =  ihe  conjugate  axis,  and  let  t  =  QOtO,  = 
QO.O,. 
Produce  0,Q  to  G,  making  QG  =  0,Q.  and  Join  QC 
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Then  by  similar  triangles  GOi  is  perpendicular  to  0x0%,  and 
QOi  =  l\  and  in  the  right-angled  triangle  GO^Ox 

OiOs  =  (i?8  -  -ffi)  COS  t  =  ^  cot  i  (1»3) 

Analogous  to  eqs.  (185)  and  (187),  we  have 


I  =  1^  2(i?8  -  i2a)  (iJa  -  i2i)  vers  A  a  (1»4) 

which  may  also  be  derived  from  the  triangles  0x0^0%  and 

Let  a  =  OaOsOi,  and  /^^  =  OaOjOa 
Then 

sm  a  =  yc-TT-  sm  Aa  =  ? tan  i,  sm  Aa         (196) 

From  the  figure  /?  =  Aa  -  a  (196) 

In  the  diagram  produce  the  line  OsOi  and  it  will  intersect 
all  the  arcs.  At  the  points  Z  and  T,  where  it  cuts  the  inner 
and  outer  arcs,  draw  tangent  lines  perpendicular  to  OsOi. 
Draw  the  radius  0^1  parallel  to  OsOi,  and  the  tangent  line 
IL  at  /. 

Let  q  =  ZY&ndp  =  ZL  =  RI 

Then  by  the  theory  of  parallel  tangents,  §137,  the  point  /  is 
on  the  chord  PZ  produced,  and  it  is  also  on  the  chord  P'  F; 
and  we  have 

p  =  ZL  =  iR,-  R,)  vers  /5 .  (197) 

q-p=  LT  =z{R^  -  R^)  vers  a  (198) 

and  ^equals  the  mm  of  these.  But  ^  =  ZY\9>  the  shortest 
distance  between  the  inner  and  outer  arcs,  and  lias  a  constant 
value  independent  of  i?a.  If  we  assume  i?a  =  {{R^  +  Rx)  the 
centre  Oa  will  be  at  Q,  and  a  =  /3  =  *,and  p  =  iq.  Making 
these  substitutions  above, 

g  =  (i?,  -  R,)  vers  i.  (199) 

Also,  £rom  the  figure. 
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ZY^  OzY-  OiZ-^  OiO«, 
or, 

q  =  Ei  -  Bi  -  OiOz.  (200) 

In  the  triangle  ZIY  we  have  by  Gteom.  Tab.  I.  36, 

zp  =  /r«  +  ZY*  -  2zr(ZY  -  zl) 

or 

zr«  -  2ZYZL  =  /r«  -  zi« 

Now, 

Z/«  =  MR^  -  i?i)«  sm«  i/5?  =  2(22,  -  i2i)»  vers  fi 

lY^  =  4(i2«  -  iJa)'  sin«  ia  =  2(i2,  -  iJ.)  vera  a 

Hence 

Z/«  =  2(i2a  -  i2i);>  and  /F*  =  2(i2,-  JS.)(g-l?) 

Substituting  these  values,  and  solving  for  |>,  we  have 


Also 


R,  =  {E,-^)'-p.^  (202) 


For  any  other  value  of  B^,  we  have 

i?t.'=(i28-i(?)-i>'^ 
Hence 

R,'^E,  =  ^^(p-p')  (208) 

which  gives  the  change  in  Ra  for  a  given  change  in  the  value 
of  p 

Observe  that  as  p  diminishes  Ra  increases  and  vice  versa. 

Having  determined  the  value  of  Ra\  we  find  p'  by  substitut- 
ing E2'  fori2a  in  eq.  (201);  and  from  eqs.  (197)  (198)  we  have 

'«™  "'  =  ^^  <«>*> 

Ter8a'  =  ^~|,  QMNQ 
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and  the  change  in  the  points  of  compound  curvature  is  found 
hjifi  -  /?')  and  (a'  -  a). 

Bemark. — When  Ra  =  ^jBj  +  ^0»  Aj  =  2»,  a  minimum, 
and  the  long  chord  PP'  is  perpendicular  to  OiOs.  When  Bt 
i!B  greater  than  this,  a  is  greater  than  ^,  and  vice  versa.  What- 
ever be  the  value  of  i^a,  the  long  chord  PP'  always  cuts  the 
line  OiOs  produced  in  the  same  point  8,  at  a  distance  from  Zof 

ZS  =  Bi  vers  i; 

or  from  Oi  of  0i8  =  Bi  cos  i. 

This  item  will  be  found  useful  in  solving  the  problem 
graphically. 

£ixample. 

Let  Bi  =    781.84    i>»  =  7°  20' 


Bq.(] 

"    B,= 
Let  p  —p'  = 
.94)           2 

-Bs-iJa 

Aa 

I 

Bt^Bi 

m 

t 

• 

b.-b\ 

Aa 

a 

OiOt 

Q 

OiOs 
P-P 

1375.40 

1910.08 

:      11.30 

68468 
593.56 

458.27 
1128.24 

1030.98 

97.26 

11.30 
119.78 

Da  =  4"  10' 
i>,  =  8"  00' 

48' 

23"  57'  55" 
23"  57'  65" 

48' 

25"  19'  52' 
22"  40'  08' 

Aa  =  48" 

log  0.801080 

'*  2.728094 

*'  2.773465 

log  vers  9.519657 

• 

(193) 

2)  5.822246 

log  2.661123 
*'  3.052402 

• 
•         • 

log  sin  9.608721 

(193) 

• 

(196) 

log  cos  9.960847 
log  3.052402 

log  *  3.013249 

log  2.773465 
log  sin  9.871073 

» 

(196) 
(208) 
(200) 

log  *  2.644538 
;  log  sin  9.631289 

log  3.013249 
1.987984 

• 
•  • 

1.025315 

log  1.053078 

*'  2.078393 

B»'      1495. 18  (say)  1494.95  ioi  ^'^  ^^'  cvxr?^. 
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(201)  iJ 

0,0, 

9 

P' 
R%  —  Ml 

9  -P' 

CL 
A,' 

«'  —  a  = 

866.50 

3457 
718.11 

62.69 
415.13 

6'  34'  .-. 

4^45'   .-. 

* 

\r  56'      log 

3r  54'      log 

49°  49' 
P'P"  =  218.89 
PP'     =    64.77 

log  2.664074 
*•  1.026815 

• 

(197) 

"  1.688769 
"  2.858167 

versa686d0d 

(198) 

log  1.797198 
"  2.618184 

vers  9.179014 

The  practical  difScuIty  in  changing  the  middle  arc  of  three 
ceDtrcd  curves  lies  in  the  difference  of  measuremeqt  that 
ensues.  Thus,  in  the  last  problem,  although  the  total  central 
angle  is  the  same,  the  new  curve  is  6.56  feet  shorter  than  the 
original,  making  a  fractional  station  at  P  ".  If  the  change  is 
made  during  the  location,  it  is  well  to  re-run  the  last  arc  from 
P"'  to  the  tangent  following,  so  as  to  eliminate  the  fractional 
station  from  the  curve. 
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CHAPTER  VII. 
Turnouts. 

170.  A  turnout  is  a  curved  track  by  which  a  car  may 
leave  the  main  track  for  another.  At  the  point  where  the 
outer  rail  of  the  turnout  crosses  tlie  rail  of  the  main  tmck  u 
frog  is  introduced  which  allows  the  flanges  of  the  wheels  to 
pass  the  rails.  A  frog  consists  essentially  of  a  solid  bl(x;k  of 
iron  or  steel  having  two  straight  channels  crossing  each  other 
on  the  upper  surface,  in  which  the  flanges  of 
the  wheels  pass.  The  triangular  portion  of  the  V^^^ft^S^ 
upper  surface  formed  by  the  channels  is  called  \  |  / 
the  tongue  of  the  frog,  and  the  angle  which  the  \ 
channels  make  with  each  other  is  called  the  frog-  \ 
angle.  Every  railroad  is  provided  with  a  set  of 
frogs  of  different  angles,  from  which  may  be  1 

selected  one  best  adapted  to  any  particular  case.         fig.  60. 

The  frogs  may  be  designated  by  their  angles, 
but  it  is  customary  to  designate  Iheni  by  numbers  expressing 
the  ratio  of  the  bisecting  lino  FC  of  the  tongue  to  the  base 
line  ab.  Fig.  60.     Observe  that  F  is  at  the  intersection  of  the 
edges  produced,  and  not  at  the  blunt  point  of  the  tongue. 

In  the  triangle  aFC, 

FC 

=  cot  i  aFb 


aC 


and  if  we  let  n  =  the  number  of  the  frog,  and  F  =  the  f ro** 
angle,  then 

FC       wn 

On  some  roads,  however,  the  frogs  are  numbered  arbitrarily, 
or  according  to  their  length  in  feet,  while  on  others  they  arc 
designated  by  letters  of  the  alphabet.    In  any  case  the  true 
niiniber  (m)  of  a  frog  may  l)e  determined  by  t\va  ^CiN^  Vs^- 
mula. 
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The  first  rail  of  the  turnout  is  common  to  both  tracks,  and 
is  called  the  switch-rail.  It  has  one  end  free,  so  as  to  be  shift- 
ed from  one  track  to  the  other  as  required;  the  free  end,  2> 
(Fig.  61),  is  called  the  point  of  switch.  The  tangent  point  of 
the  turnout,  at  -4,  is  called  the  heel  of  switch,  and  the  distance, 
AD,  is  the  length  of  switch.  The  switch-rail  should  be  several 
feet  longer  than  AD,  and  the  excess  be  spiked  down  in  the 
line  of  the  main  track  back  of  the  point  A,  Then  if  the  point 
D  is  thrown  over  to  meet  the  rail  of  the  turnout  at  K,  the  switch 
rail  is  sprung  into  an  arc,  which  coincides  with  the  arc  of  the 
turnout,  provided  that  the  length  of  switch  ADh%&  been  prop- 
erly taken.  The  distance  DK  through  which  the  point  moves 
is  called  the  tfirow  of  the  switch.  It  varies  on  diffe:f:ent  roads 
from  4i  to  6  inches,  but  is  usually  made  about  6  inches,  or  0.42 
feet.  A  turnout  should  be  a  simple  curve  from  the  heel  of  the 
switch  to  the  point  of  the  frog. 

180.  Oiven:  a  main  track,  straight,  and  a  frog  angle  F^  to 
determine  the  distance  BP,  on  the  main  track  from  the  heel  of 
switch  to  point  of  frog,  the  radius,  r,  of  the  centre  Une  of  ihe  turn- 
out, the  l&ngth  of  chord  9£i  cmd  Improper  length  qf  switch  AI>. 
Fig.  6t 


Fia.  61. 


Let    G  be  the  centre  of  the  turnout. 

F  =  the  frog  angle,  Ilin  =  FCB, 
g  =  the  gauge  of  track  AB. 
r  =  radius,  aC  =  fC, 
*'  DK  —  the  throw  of  switch. 

Then  the  radins  of  the  gauge  side  of  the  outer  rail  is  (r  -|-  ipX 
and  wc  have 


it 


it 


tt 


or, 
whence 
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AB=  FC.yeTBFOB 

^  =  (r  +  i^)  vers  F 


(r  +  ^)=:  — ^  (807) 


The  angle  AFB  =  iF 

and         5i?'=  ^5  cot  AFB  =  ^^  .cot  i-P  (208) 

Again,  in  the  triangle  FCB 

BFz=:FC.BmFCB=:(r  +  ig)^TiF  (209) 

The  chord  af  is  evidently 

a/  =  2r  sin  iF  (210) 

Similar  to  eq.  (207),  we  have 

1>^       2>jr 


vers -4.(71)  = 


JSrC7  ""r  + 


But  since  the  inside  rail  has  the  same  throw,  while  its  radius 
is  (r  —  ig),  we  may,  if  convenient,  drop  the  ^,  and  hence  the 
length  of  switch  is 

AD  =  r.8m  ACD  (211) 

The  degree  of  curve  corresponding  to  r  is  found  from  Table 
IV.,  or  by  eq.  (I7j,  and  the  centre  line  of  the  turnout  may  be 
located  by  transit  deflections  from  the  tangent  point  a,  using 
chords  of  20  or  25  feet  +  the  correction  found  in  §§  106,  107; 
or  the  deflection  for  a  20-foot  chord  may  be  calculated  at  once 
by 

sin  (iffao)  =  -~  (212) 

181.  Simple  as  these  formulae  are,  they  maybe  rendered 
still  more  convenient  by  introducing  the  number  of  the 
frog,  n.  By  eq.  (206)  we  have  cot  iF=  2n,  which  substi- 
tuted in  eq.  (208)  gives 

BF  =  2gn  (213) 

Drawing  the  chord  J.^to  the  outer  rail, 


AF^  VAB^  +  BF^  =  g  V\  ^  4^^  v^jX^^ 
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Make  BA'  =  A6  and  Join  FA ,  ihea  by  similar  trianglefl^ 
AAF^n&AFC, 

AA' :AF::  AFiFC 
whence* 

^^  -  AA' 
or  (r  +  ^)  =  ^(l  +  4w0  "      (^16) 

whence  r  =  2gn^  =  BF .  n  (216) 

The  chord  af  to  the  arc  of  the  centre  line  is  to  AFas  r  is  to 

AF   r 
(7.  -|_  ^);  hence  af  =  — TriT"'  *°^  substituting  values  from 

^qs.  (214)  (215)  we  have 

af  =     ^   ^''     _  (217) 

Vl  +  4n« 

Assuming  that,  for  small  angles,  the  tangent  offsets  vary  as 
ihe  squares  of  their  distances  from  the  tangent  point,  which 
will  lead  to  no  material  error  in  this  case; 

AB  :  BK  ::  BF^ :  AI^ 

Whence  AD=BFaA^, 

y    AB  \.         (218) 


or  AD  =  V^n'ig  .  BK  =    V^' .  DK 

It  is  not  necessary  to  determine  the  degree  of  curve  in  order 
to  locate  the  turnout,  for  having  fixed  the  position  of  BF,  the 
position  of  af  is  found  by  laying  off  Ba,  and  F/,  each  equal  to 
^g.  Whatever  be  the  length  of  the  chord  af,  found  by  eq. 
(217)  or  (210),  its  middle  ordinate  is  always  ig,  and  the  ordin- 
nates  at  the  quarter  points,  i  .  ig  =  ^^.  Thus  for  the  stan- 
dard gauge  of  4.708  the  middle  ordinate  is  1.177,  and  the  side 
Qrdinates  0.883. 

By  the  preceding  formulae  Table  XI.  has  been  calculated, 
which  gives  the  required  parts  of  a  turnout  for  various  frogs 
When  the  gauge  is  4  feet  83  inches  and  the  throw  5  inches; 
uIro  for  a  gauge  of  3  feet  and  throw  of  4  inches.  For  any 
other  throw,  only  AT>  must  be  calculated.  For  a  different 
crnuge  the  engineer  will  do  well  to  construct  a  similar  table, 
adnpted  to  the  frupfs  used  on  the  ToaA. 
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In  the  table  the  frog  angle  is  given  to  seconds,  in  order  that 
the  results  may  agree,  whether  found  by  equations  in  §  180 
or  §1^1;  but  in  practice  the  nearer  minute  is  sufficiently 
^xact.  The  frogs  most  used  for  single  turnouts  are  tho^ 
from  No.  7  to  No.  9,  inclusive. 

182.  In  case  of  a  double  turnout /rom  the  same  stoUch, 
t..ree  frogs  are  reciuired,  as  at  F.F'  and  F\  Fig.  62.,  and  the 


Fia.e8. 

switch  is  called  a  three-thivto  swifcli,  because  its  point  takes 
three  positions.  The  frogs  F  and  F  are  usually  alike,  and 
placed  exactly  opposite  each  other  in  the  main  track.  The 
other  frog  F"  is  placed  on  the  centre  line  of  the  main  track. 
Its  angle  F'  and  its  distance  from  a  aie  now  to  bo  determined 

in  terms  of  F.   . 

Aa 
In  the  figure  we  have  vers  F'Ca  =  -wrrh  or 


vers  ^F"  = 


9 


The  distance 
also 


2(r+  \g) 
aF"  =  {r  +  i<7)  sin  \F" 
aF"  =  r  .  tan  ^F" 


(219) 

(220) 
(221) 


All  the  parts  of  the  turnout  required  to  locate  the  frogs  F 
and  F"  are  calculated  by  the  formulae  in  the  preceding  spo- 
tions,  or  are  taken  from  Table  XI. 

If  we  let  n"  =  the  number  of  the  frog  F'\  then  by  eq.(206) 

tan  iF"  =  -s-TT,  which  substituted  in  eq.  (221)  gives 


aF"  = 


r 
2ri'~ 


<^*5ia\ 


152 


FIELD  ENGINSERINO. 


Also,  in  the  triangle  aF'C^ 

Equating  these  and  replacing  r  by  %gn^,  we  obtain 

If  we  neglect  the  i,  we  have 
(approx.) 


(22S) 


(824) 


w"  =  -^  =  .  707l7» 


(m) 


Example.— It  F=  F'  =Q''  44',  or  n  =  n'  =  a5,  then  n*  =:« 
6.0  +  or  i^"  =  9°  32'. 

183.  /ti  case  no  frog  is  at  hand  of  the  angle  or  ntmber  given 
by  eq.  (219)  or  (225),  we  may  select  one  as  i^early  like  it  as  pos- 
sible, and  locate  the  turnout  as  a  compound  carTe»  pny 
vided  that  F"  is  less  than  %F.    Fig.  63. 


Fio.  68. 


Let  r'  =  Ca,  and  r  =  r'  =  QT  =  Cf 
Then  analogous  to  the  equations  of  §  180, 

(r"+^)  = ^ 


vers  \F" 


C«W) 


•     •    #         ^"" 


exsec  \W~  <^^ 

aF"  =  (r"  +  ig)  sin  \F"  =  r"  tan  i^F"       (238) 
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The  length  of  the  switch,  by  eq.  (218),  is 

Al)=  VW  DK 

The  curvature  of  the  rail  between  the  frogs  T"'  and  F  is 
F"CF={F-\F"\ 

Draw  the  chord  J^"i^and  the  perpendicular  F"L\  then  the 
angle  LFW  =  F  -  ^F  -  ^F")  =  i(i^  +  W)\  and  since 
LF'  =  \g, 

'  *•  ^"^  =  sin  UF  +  iF")  ^^^ 

LF^\g.  cot  \(F  +  \F")  (230) 

(^  +  ^)  =  sini??lV)  ^""'^ 

.Ewwwpfo.— Let  2<^  =  6°  44'    i^'"  =  10°  24' 

Eq.  (220)  i^       2.354  log  0.371806 

\F"  5°  12'    log  exs  7.616224 

r"    569.616  2.755583 

Eq.  (228)  ii?"'  5°  12'     log  tan  8.959075 

aF"      51.839  1.714657 


Eq.  r229)  \g       2.354  log  0.371806 

^F+  \F")  5°  58'     log  sin  9.016824 

F"F     22.645  1.354982 

Eq.  (231)  \{F-  ^F')  0°  46'     log  sin  8. 126471 

2(/-  +  h/)  1692.432  3.228511 

r    843.862 

When  n"  >  .  707/i,  r  will  be  less  than  r".  Should  F'  not 
equal  F,  (F"  being  given),  then  r'  and  X'i'^'  must  be  calculated 
also,  by  substituting  F'  for  J^in  eqs.  (230)  and  (231). 


184.  From  the  same  switch  in  a  straight  track  it  is  required 
to  lay  two  turnouts  on  the  same  side.    Fig.  64.    • 

If  we  assume  F'  =  F,  and  that  these  two  frogs  shall  be 
opposite  each  other,  we  calculate  all  the  distances  of  the  first  ' 
turnout  for  the  angle  F  (or  number  /?)  by  §180»  181,  wVv^vsr.^ 
we  have  the  radiu.s  7*  =  Ca. 
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Let  r'  =  C'a,  the  radius  of  th«  centre  line  of  the  woond 
turnout  The  angle  AOF=  F,  ttud  since  F'  =  F,  the  angle 
CFG'  =  F,  and  the  triangle  CFV  ia  isosceles,  sod  O'F'  = 
C'C.    But  C'F'  =  G-A  =  iGA. 

or  (r'  +  ig)  =  i(r  +  ig) 

r'  =  Hr-ig) 


To  c&lculate  the  remaining  frog  at  F',  we  have  from  eq. 

^7) 


(984) 

or  from  eq.  (316) 

-^i 

(SM) 

BF'  =  {!■'  +  it/)siBF=  2gn' 

(IMl) 

,.f"    _   0-'  „i_    1  BT^'   _                 ™" 

087) 

"■^       ''■"♦'^        *T+4i». 

Md  since  JC'^^  =  3JP, 

'  The  length  of  switch  mnj'  be  calculated  bj  either  r  or  r*. 
since  for  r\  which  is  about  \r,  the  throw  of  switch  is  <feitU«, 
'  thus  giving  prttcticallj  identicnl  results. 

If  we  compare  the  values  of  F'  as  obtained  hy  eqs.  (2S4 
jiArf  /;?7.gi,  nc  shall  find  them  almctA  \denUcft1  for  given  values 
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of  ^  and  g;  and  since  this  may  also  be  proved  analytically  by 
assuming  that  vers  ^F'  —  i  vers  F\  which  is  very  nearly 
true  for  ordinary  values  of  F'y  we  conclude  that  a  set  of  frogs 
(F  =  F',  and  F")  which  is  adapted  to  a  double  turnout  in 
opposite  directions  from  a  straight  line  (as  in  Fig.  62)  is  also 
adapted  to  a  double  turnout  on  one  side  (as  in  Fig.  64),  the 
cuftves  "being  simple  curves  in  every  case.  But  this  being 
true,  the  set  is  also  adapted  to  a  double  turnout  in  opposite 
directions  from  any  curved  track  the  radius  of  which  is  not 
less  than  r  as  given  for  F,  since  any  such  case  is  intermediate 
between  the  two  cases  named.  When,  therefore,  a  certain 
frog,  F,  is  adopted  for  general  use  on  any  road,  another  frog 
should  also  be  adopted,  whose  angle,  F",  is  determined  by 
cq.  (219),  or  whose  number  n  is  determined  by  eq.  (225). 
Thus,  if  7^  =  6"  44',  or  ?i  =  8i,  then  F"  should  be  9°  32',  or 
n'  =  6. 

185*  In  case  no  frog  is  at  hand  of  the  angle  or  number  given 
by  cqs.  (284)  (235),  we  may  select  one  as  near  the  same  angle 
as  possible,  and,  calling  this  F\  calculate  the  distance  BF' 
and  .the  radius  CF"  (Fig.  65)  as  for  a  single  turnout;  §  180. 


Fio.  66. 


Then  assuming  any  other  frog  F\  whether  equal  U>  For  not, 
it  is  required  to  find  the  chord  F"F\  and  the  radius  C'F'  of 
the  arc  F'F'.  The  point  F'  may  fall  either  side  of  the  radius 
CF,  according  to  the  values  given  to  F"  and  F'. 

a*  In  case  F'  faUs  beyond  the  radius  CF,  we  will  assume 
firsts  that  the  entire  rail  from  B  to  F'  is  laid  with  the  same 
radius  BG,  and  centre  C.  (This  investigation  also  applies  to 
Ihe  case  when  F'  falls  between  B  and  the  line  CF.) 

In  the  dlacrnim  (Tig.  65)  draw  CF\    "We  >i>[v^w\w^^ 
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U>.BCF-=^  =  ^  (286) 

and 

GF"  =  (r  -  i^)  exsec  B€F"      .    (240)  . 

In  the  triangle  i^  "(7/^^', 

F^'C-  F'G  :  F"C  +  F'C  :;  tan  i(2^"i?" (7-  F[F''C)  ~ 

:  cot  i^'CT" 
Now,  since  C'F'C  =  F',  and  5C"-F"  =  F", 

.'.   F"F'C=  F"F'C'  +  F' 
and 

F'F"C  =  F'F"C"  —  C"F"C=  F'F'C  —  (F"  —  BOF'") 
Letting  U  =  C"F"C  =  (F"  -  BCi?"') 

and  subtracting,  we  have 

F"F'G  -  F'F"C  =  F'  +  U 
Hence  the  above  proportion  may  be  written 

GF"  :  2BC+  GF'  ::  tan  K^'  +  V) :  cot  \F"OF' 
whence 

cot  ^F  '  GF'  =  —-^^!f^    t&n  UF'+U)         (341) 

(Since  5CT'"  +  /^"(72^'  =  J?C77<",  and  we  know  the  radius 
BC,  the  chord  or  arc  BF'  is  easily  obtained,  which  fixes  the 
position  of  the  frog  F';  and  the  problem  may  end  here. 
frequently,  in  practice.) 

Now  in  the  same  triangle  F"CF\  the  half  mm  oi  F" F' C 
and  F'F'C  is  90°  -  ^F"CF';  while,  as  we  have  just  seen, 
the  half  difference  is  ^F'  +  U);  and  by  subtracting  we  have 
the  less,  or 

F'F'C  =W  -UF  +  U+  F" CF')  (340) 

vr  wnTp,        F'CsinF'CF' 

N^^  ^^  =      sinF'F-C-' 

„„j^, BC.  sin  F'CF'  ^^^^ 

'"'  J^  J^    -^  ZIq^F^\UT~1^''CW)  ^^^^ 
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lb  find  the  angle  F"0'F';  produce  the  line  F'O'  in  the  dia- 
gram to  intersect  the  line  BC  at  K.  Then  the  two  triangles 
KC'C  and  KCF'  have  the  angle  iT  common,  and  the  sum  of 
tho  other  angles  will  be  equal;  that  is, 

KC'C  +  C'C'K  =  KCF'  +  CF'K 

or        ^  F"  +  F"C'F'  =  BCF'  +  F' 

and  since  BCF'  =  BCF'  +  F"CF'    ' 

.-.  F"C'F'  =:  F"CF'  +  F'  -  U  (244) 

If  we  denote  the  radius  F'C  by  r'  -\-  ^ 

\Jp"Tp' 

^'  +  ^  "^  sin  ^F"C'F'  ^^^^ 

Example.— Given:  the  three  frogs  F  =  Q°  4B'  59",  F'  = 
6°  01'  32",  and  F'  =  8**  47'  51"  to  lay  a  double  turnout  on  one 
side  of  a  straight  track.    Fig.  65. 

By  Tab.  XI.  S/?'  =  80  036    r   =680.306  ^D  =  23.82 
BF"  =  61.204    r"  =  397.826 

Eq.  (239)               BF"      61.204  log  1.786779 

(r-ig)    677.952  ♦*    2.831199 

BCF"  5"  09'  38'        log  tan  a955580 


Eq.  (240)  BCF"  5°  09'  38"    log  exsec  7.609587 

(r  -  ig)    677.952  log  2.831199 

GF"        2.760  •'    0.440786 


Eq.  (241)  (25C+GJ^')  1358.664  **    3.133112 

{U  =  S°  S8' IS")  2.692326 

aF'  +  U)                   4r  49'  52".5  log  tan  8.926968 

^F'  CF')                   1"  22'  35*  '  •    cot  1.619294 

Eq.  (243)           F''CF'                   2°  45' 10"  *'   sin  8.681481 

r-ig    677.952  2.831199 

1.512680 

i{F'+U+^F"CF')                   6M2'27".5  **   cos  9.997446 

F"F'      32.752  ^515234 

Eq.  (245)        iF'C'J"                  2°34'14".5  *'   sin  8.651781 

•••                ^^  +  i9)    730.219  2.8i^»^ 

r'    362.755 
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b.  We  asmme,  ^Uondly,  that  the  middle  track  is  ttraigM 
bf'yond  F,  and  tangerU  to  the  curve  at  F.    Fig.  66. 

Then  whenever  the  value  of  /^'  is  few  tlian  thai  given  by 
eq.  (234),  the  arc  AF\  produced  with  the  same  radius  ^(7  \ 
will  intersect  the  straight  rail  UF'  at  some  pomt  F\  and  the 
frog  angles  Fand  F'  will  be  equal. 


Fig.  66. 

For  the  straight  rail  HF'  produced  backwards,  passes 
through  the  point  A^  making  an  angle  F  with  the  main 
track,  since  the  triangles  CBF  and  CHA  are  equal,  and  AH 
=  BF.  Now  any  circle,  tangent  to  the  main  rail  at  A, 
will  intersect  the  hne  AH  m  some  point  F\  and  since  AF'  is 
the  chord  of  the  arc,  tlie  angle  at  F'  equals  the  angle  at  A, 
which  is  F     Hence  F  =  F'-  and  the  angle  ACF'  =  2F 

The  length  of  the  chord  AF'  is 


AF'  =  ^AC  sin  F 


The  chord  F'F'  =  2F''0'  sin  \{F''C'F') 


(246) 


=  2^C"'sini(2/^-  2^') 

Hence,  F'F'  =  2{r'  +  ^)  s\xi{F-  \F')  (247) 

Example,— hei  F'  =  F  =    6*  43'  59"  and  F"  =  8°  47'  51* 

Hy  Table  XL      r"  =  397.826 

Eq.(247)  2(7-'  +  ^g)  =  800.360  log  2.003285 

F  -iF"  2°  20'  03'.5        log  sin  8.609915 


F'F' 


32.60 


1.6i»300 

If  the  frog  F'  is  required  to  be  different  from  F,  then  the 
jnsjdo  curve  must  be  compounded  at  F\  giving  other  valuta 
^^  the  leagth  and  radius  of  the  arc  P'  P' . 
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C<  VeBMume,  tMrdlg,  that  the  curve  of  tbe  mAJiUfl  iraeji;  ili 
reverted  at  F.     Pig.  67. 

In  the  diagram,  let  Q  be  the  centre  of  the  reversed  portioD, 
and  J"  the  proper  position  of  the  frog  F',  and  C"  the  centre 
trf  the  required  are  F-'F'.  Then  Q  is  on  the  radial  line  CF, 
produced,  and  C  ia  on  the  radial  line  F"C"  produced.  Join 
FQ  and  F'Q,  and  produce  C"F"  to  intersect  these  lines  in  L 
and  X  respectively.  Also  join  F"Q,  and  denote  the  angls 
I-FQ  by  Cand  the  angle  F'QF"  by  Q. 


In  the  triangle  FF"g  we  know  F'F=  BF-  BF  ",  and  the 
side  FQ  is  given;  and  the  included  angle  F"FQ  =  90°  +  F. 
Hence  we  may  calculate  (Tab.  II.  25)  the  angle  F"GJ'and  tlM 
side  F'Q. 

The  triangle  GC"L  gives  the  angle  at  I.  =:  F'-  -  F\  and  the 
triangle  F'LQ  gives  LFQ  =  L-  F"QF 

.-.    U  =  F"  -  F  -  F''QF  (MS) 

In  the  triangle  F'QF"  we  have 

F'Q  -  FQ  :  FQ  +  F-Q  ::  tan  ^F'F'Q  ~  F'FQ) 
iQoli^FQF-) 
B\AF'F'q  =  F'F"L-\-UanA  FF'Q  =  F'F'N-  /",  and 
•tace  F'-FN  =  F'F-'L.  we  have  by  subtraction, 


F-F-Q 


FQ-^F-Q 
FQ  -  F-q 


tanJ(t;+F\       'JtAftS 
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(Now  the  angle  FQF  =  ©  -  F"qF,  and  is  subtended  by  the 
chord  UF\  which  is  therefore  easily  found,  and  serves  to 
locate  the  frog  F'y  and  frequently  this  is  all  that  will  be 
required.) 

In  the  triangle  F'  QF',  the  half  sum  of  QF"F'  &nd  QF'F" 
is  90^  —  iQ,  while,  as  we  have  just  seen,  the  hct^  difference  is 
i\U-{-  F');  hence  by  adding,  we  have  the  greater,  or 

QF'F'  =  W  +  ^{U+  F'  -  Q) 

The  triangle  CF'M  gives  F"G'F'  =  F*  -  M,  while  the 
triangle  F'MQ  gives  M=  U  +  Q;  hence  F"G'F'  =  F'  - 
{U+  Q);  and  denoting  the  radius  G  'F'  by  r'  +  \g, 

''  +  *^  =  ^F^^U-^)  (^« 

Example.— hQi  F  =^  F'  =  6°  43'  59^  J^  '  =  8°  47'  51',  and 
FQ  =  953.012.  Then  by  Tab.  XI.,  BF  =  80.036  and  BF  '  = 
61.204;  hence  F"F  =  18.832;  and  the  included  angle  is 
96°  43'  59". 

Solving  the  triangle  FF"Q  we  find  FQF  =  V  OT  18'. 
FF"Q  =  82°  08'  43',  and  F'Q  =  955.402.  Now  F'Q  = 
FQ  +  g  =  951.720. 

(249)    F'Q  +  F"Q    1913.122  log  8.281748 

FQ-F"Q         2.318  "  0:865118 

( C/' 0°  56' 34")  •*  2.916680 

K  C;'  +  i^')  3°  50'  16".5  log  tan  8.826281 

^Q  1°02  08".4    '*  cot  1.742861 


C250)                      Q  2°04'16".8    *'  sin  8.658038 

UU+  F'-  Q)  2°  48'  08".  1     "cos  9.999480 

a558558 

F'  Q  957. 720  log  2. 981289 

F"F'  34.633  1.589892 

(251)  ^F'  -  U-  Q)  V  51'  34M  log  sin  8.511191 

2(r'  +  ^)  1068.32  8.0887D1 

r'  531.81 
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180«  Given :  a  main  tracks  eurted,  and  a  frog-angle  F^  to 
locate  a  turnout  on  the  inside  of  the  curve.    Fig.  68. 

Let  B  =  Oa     =  radius  of  main  track. 

*'    r  =  Ca     =  radius  of  turnout. 

F  =  CFO  =  the  frog  angle. 


4i 


In  the  diagram  draw  the  chord  -4Fand  produce  it  to  inter- 
fleet  the  outer  rail  at  G;  and  draw  FO  and  00.  Since  the 
chords  AF  and  AG  coincide,    and  the  radii  AC  and  AO 


Fia.  C8, 

coincide,  the  chords  subtend  equal  angles  at  C  and  0  respec- 
tively, and  GO  is  parallel  to  FO.  (See  §  137.)  Hence,  FOG 
=  OFO  =  F    Let  0  =  the  angle  FOA. 

In  the  triangle  FOA,  Q  =  GFO  -  FAO  =  GFO  -  FGO; 
and  in  the  triangle  GFO,  00+  FO  :  GO-  FO  ::  tan  i{OF0 
4-  FGO)  :  Ian  HOFO  -  FGO),  or  2i2  :  ^  ::  cot  i2i^  :  tan  iO 

.-.  tan  iO  =  ^  cot  ii^=  ^  (252) 

In  the  triangle  CFO, 

.(r  +  i,)  =  (.R-iff)^^^^  (258) 

In  the  triangle  BOF, 

BF=2{B-  ^)  sin  iO  (254) 

In  the  triangle  aQf, 

of  ^  2r  sin  ^F-\-  B>  ^5^S^ 
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The  length  of  switch  AD,  for  a  given  throw  DK,  may  be 
found  thus :  from  Table  lY .  take  the  tangent  offsets,  t  and  t, 
corresponding  to  R  and  r  respectively,  and  assuming  that  the 
offsets  may  vary  as  the  squares  of  their  distances  from  the 
tangent  point,  we  have 

t-r  I  DK:i  (100)«  :  AD» 


.'■  ^ J)  =  . /lOOOO  DiT  (26e) 

r       t  -  t' 

This  result  is  practically  the  same  as  that  found  for  length 
of  switch  in  a  turnout  from  a  straight  line  with  the  same  frog, 
when  R  is  large. 

ExampU.—Lei  R  =  1432.69  and  i^  =  6°  48'  59\ 

Eq.  (252)        ig         2.354  log  0.871806 

^F  3°  21  59\5         log  cot  1.280440 


i2( 

Tab.  IV.) 

1430.336 

462.856 
460.502 

1430.836 

79.872 
921.004 

r  35'  59\8 

8°  11'  59\6 
9°  55'  58'.6 

r  85'  59\8 
4^  57'  59'.8 

log  1.602246 
"  3.156151 

iQ 

log  tan  8.446095 

Eq.  (254)          6 

F+e 

"  sin  8.746786 
"     "  9.286778 

R-ig 

9.510008 
8.155488 

r  +  ig 

r 

(254)  2 

(R-ig) 

BF 

(255)  2r 

KF+e) 

2.665446 

log  0.801080 

"  8.155488 

log  sin  8.446924 

log  1.902892 

'*  2.964263 

log  sin  8.987881 

af       79.734  log  1.901648 

The  values  of  BF  and  af  are  found  to  be  so  nearly  identical 
in  this  case  with  those  determined  in  case  of  a  turnout  from  a 
straight  line,  that  the  values  given  in  Table  XI  may  be  used 
at  once  for  ordinary  values  of  R;  and  the  degree  ofeuroe  of  the 
turnout  in  this  problem  is  approximately  the  sum  of  the  degree 
of  curve  of  the  main  track  and  the  degree  of  curve  given  in 
Tabic  XL  opposite  F.  Thus,  in  the  example  4**  +  8°  26'  = 
12''26  .  ■.  /•  =  46l.7nfiirly. 
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187«  Given:  a  main  track,  eurred,  and  a  froff^ngle  F,  to 
locate  a  turnout  on  the  outside  of  the  curve.    Fig.  69. 

In  the  diagram  draw  the  chord  AF,  and  produce  it  to  meet 
the  inner  rail  at  0\  and  draw  FO  and  00.  The  triangles 
CAF  and  OAO  are  botli  isosceles,  and  have  the  angles  at  A 
equal;  hence  they  are  similar,  and  FCA  =  AGO.  Hence 
FOQ  =  UFO  =  F,    Let  B  =  Oa,  r  =  Ca,  and  G  =  FOA. 


^  ^-^. 


Fig.  69. 

In  the  triangle  FOA,  S  =  GAG  -  AFG  =  FOG  -  GFO; 
and  in  the  triangle  FGG;   FG  +  GG  :   FG  -  GO  ::  tan 
i(FOO+GFO) :  tan  ^{FGO  -  GFO),  or  2R   :  g  ::  cot  iF 
:  tan  id 

.-.  tan  jfi  =  2^  cot  i^=  ^  (257) 

-which  is  identical  with  (252). 
In  the  triangle  CFG 

ir  +  ig)  =  iB  +  ^)^^^  (258) 

In  the  triangle  BOF, 

BF=2{R  +  \9)  sin  ^6  (259) 

In  the  triangle  aQf, 

of  =  2r .  sin  ^iF-  0)  (260) 

For  a  given  throw,  the  length  of  switch  will  be 


AB=  i    10000  ^A-  ^\> 
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in  which  t  and  t'  are  the  tangent  oSaeta  (Tab.  IV.)  corre- 
sponding to  i?  and  r. 

In  this  problem,  as  in  the  preceding,  we  may,  for  ordinary 
values  of  B,  assume  the  values  for  BF smd  af  given  in  Tab.  XI. 
The  degree  of  curve  of  this  turnout  is,  approximaiely,  d  —  D, 
taking:  d  from  Tab.  XI.  and  D  from  Tab.  IV.  corresponding 
to  B.    Should  D  =  dy  this  tui*nout  becomes  a  straight  Ime; 


Fio.  70. 

and  when  D  >  d,  or  when  B  is  less  than  r  given  in  Tab.  XI., 
the  centre  falls  on  the  same  side  as  0.  Fig.  70.  In  this  case, 
using  the  same  notation,  ^B  is  given  by  eq.  (257). 

(r--ig)  =  (B  +  ^)^P^  (262) 

Eq.  (259)  BF  =  2(B  +  ^)  sin  ^ 

af  =  2r  sin  i(Q  -  F)  (268) 

188.  A  tongue-switch  is  a  short,  stiff  switch  which, 
when  moved,  revolves  at  the  heel  as  on  a  pivot.  When  it  is 
thrown  over  to  the  turnout  track,  it  makes  an  abrupt  angle 
with  the  main  track,  called  the  stcitch  angle;  but  in  this  posi- 
tion it  should  be  tangent  to  the  turnout  curve.  The  use  of 
this  switch  is  generally  confined  to  yards  and  warehouses, 
where  but  little  space  can  be  afforded,  and  where  the  motion 
of  the  cars  is  always  slow. 

189.  Owen:  a  straight  track,  a  frog-angle  F,  and  the  leng^ 
and  t/ff'oifl  of  a  tong^ie-switchy  to  locate  the  tumowt, 

^(^-  71. 
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Let  AD  be  the  length,  and  JDK  the  throw  of  switch,  and  let 
8 denote  the  switch-angle  DAK. 

Then         sin  8  =  ^^  or  8°  =  57°.3  ^-  (364) 

(Compare  §86.) 

Let  G  be  the  centre  of  the  required  turnout,  and  in  the  dia- 
gram draw  CK  and  CF\  also  draw  DG  perpendicular  to  the 
straight  track.  Then  DGF^F;  and  in  the  triangle  KOC, 
KGF=  KGF  -GKG,  and  since  GKA  is  a  right-angle,  GKG 
^8  .-.  KGF=  F-  8 

Draw  the  chord  KF,  and  since  the  triangle  KGF  is  isosceles, 
the  angle  GFK  =  90°  ^  \{F  -  8).  Now,  GFI  =  90°  -  i^; 
hence  by  subtraction,  KFI  =  K^+  8), 


Fx0.  71. 

If  g  denote  the  gauge,  we  know  KI  =  ^  —  DK)  and  in  the 
right-angled  triangle  KIFy  we  have 

IF=KI.  cot  ^^F  +  8)  (265) 

These  equations  are  analogous  to  eqs.  (229)  (230)  (231). 

lOO*  Given:  a  double  turnout  toith  tong^ue- 
BWitchf  from  a  straight  track;  to  find  the  angle,  F\  of  the 
midcUefrog. 

Asfuming  F'  ^F  calculate  (r  +  ^)  by  the  la&t  ^ojc^ajciss^^. 
Since  the  rails  of  the  turnouts  interafeel  otl  XJaa  ^^\i\.x^\\^^  ^'^ 
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ttie  slraight  tmck,  as  in  Fig  ftS;  if  we  substitute  the  value  of 

J!-"  F,  eq.  (32»)  in  eq.  (231),  we  have 

(X  +  is)  =  a"ss-^(F+iF>mi<F^TF^ 
and  by  Trig.  Table  II. 

y   y    la-  ^ 

^^      COB  jJ^'-coiJ" 


BiJ"  = 


'^+T, 


If  the  angle  of  the  middle  frog  to  be  used  does  not  agree 
with  F'  found  by  the  last  equation,  the  turnout  will  be  com- 
pounded at  F". 

191.  Oiven:  a  straight Iraek,  the frog-atigUi  F,  F'andF', 
and  the  switch  angle  S,  to  IceaU  a  double  turnout. 
Fig.  73. 


Assuming  that  F'  shall  be  placed  On  tbe  centre  line  of 
the  straight  track,  let  %  be  a  point  on  the  centre  line  at  tbu 
.point  of  switch.  Then  kK  =  ig  —  OK;  nod  since  the  angle 
F'  is  hisecled  by  the  centre  line  ihe  necessary  formuls  in  this 
cnso  are  obtained  from  §189  by  simply  replacing  FhyiF* 
aad  ^/ by  kS;  and  in  the  first  members /?*  by  AyMidf  by 
T/ua  M  obvious  by  the  similnrilj  otAwftgaTCs. 
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Hence 


hF"  =  hK .  cot  ^kF''\'a) 
UK 


KF'  = 


^"  +  ii^  =  .; 


^KF' 


sin  Ki^'"  -  S) 


(270) 
(271) 


The  location  of  the  remaining  frogs  is  a  problem  already 
discussed,  §  183,  eq.  (229).  etc. 

102.  Given:  a  straiglU  track,  the  frog  angles  F,  F\  F\  and 
Vie  switch  aug^le  8,  to  locaiea  double  turnout  on  one 
8ide.    Fig.  73. 


Fig.  7SL 


The  frog  ii^is  located  by  g  189;  but  for  the  frog  F"  we  have 
evidently  a  double  throw;  hence  eqs.  (265)  (266)  (267)  become 


IF'  =  07  -  ^DK)  cot  ^{F'  +  28) 


^"  +  fc7=  ;;: 


\KF' 


sin  ^iF'  -  28) 


(272) 
(278) 

(274) 


2b  locate  the  remaining  frog  F'\  when  F'  falls  beyond  the 
line  CF,  there  are  three  cases. 

a*  The  middle  track  reversed  beyond  F. 

-  We  find  the  distance  F^F hy  subtracting  IF\  eq.  (272)  fron? 
IF,  eq.  (265) ;  after  which  the  solution  is  identical  >N\t\\  ^\m»1 
given  g  IBS,  c.  Fig.  67. 
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b*  The  middle  track  compounded  at  F. 

Let  Q  be  the  centre  of  the  curve  beyond  F,  and  also  let  Q  = 

the  angle  F'QF";  and  let  U  =  the  angle  CF'Q. 

Then  by  a  course  of  reasoning  analogous  to  that  of  case  a, 

we  derive 

U=F''  -  F+F'QF  (275) 

cot  iC  =  y^iy^  tan  Uir+  F')         (276) 

Now  since  the  radius  F'Q  is  given,  and  the  angle  FQF'  = 
Q  —  FQF",  we  readily  determine  the  distance  HF\  and  so 
locate  the  frog  F'. 

In  the  triangle  F''QF\  the  half  mm  of  QF'F'  and  QF'F' 
is  90"  -  iC»  while  the  half  difference  is  ^U+F');  hence  by 
subtraction  we  have  the  less,  or 

F'F'Q  =  90°  -  i(U+  F'  +  Q) 
Hence  F'F-  =  F'Q  ^Jl%,_^_^  (277) 

Join  O'Q,  and  the  quadrilateral  C'QF'F"  gives 

F  -{-Q=  U+F''G'F' 

hence  F'C'F'  =  F  —  U+  Q;&nd  denoting  the  radius  C'F" 
by  r'  +  i^»  we  have 

'•'  +  *^  =  W^^-+^  (278) 

Cor.  Since  the  centre  Q  is  assumed  at  pleasure,  it  may  be 
made  to  comcide  with  the  centre  C,  and  then  the  compound 
curve  becomes  a  simple  curve.  Then  also,  the  above  formulae 
will  apply  when  F'  is  such  that  the  frog  will  come  on  the  arc 
III.  But  as  FQF"  will  be  greater  than  Q,  the  difference 
FQF'  will  be  negative,  indicating  that  the  distance  HF'  is  to 
be  laid  off  backwards  from  H. 

c.  The  middle  track  straigpht  beyond  F,  and  tan- 
gent to  the  curve  at  F.     Fig.  74. 

Let  F'  |)e  the  required  position  of  the  frog  F'.     A  tangent 

to  the  curve  at  F'  makes  an  angle  {F'  -\-  F)  with  the  main 

track,  and  a  tangent  at  F"  makes  an  angle  of  F'  with  the 

same;    hence    the    angle    thoy    make  vj\V\\   iiaftU   other    is 
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iF'-^F—F"),  had  tbis  is  Uie  c 
and  equals  the  angle  F'C'F'. 

Produce  the  sCrAight  line  P' if  backwards  t< 
F'G  perpendicular  to  it.    Then  !<"&  =  FB— . 

F-Q  =  g~  F-F.6\aF 


In  the  right-angled  triangle  F'QF',  the  angle  F'F'Q  = 
F-  —  ^F  -\-F-  F')  =  M^'  +  F'  -  F). 


F'F-  = 


n  i(J"  -\.F-  ~F) 
Mid  OF  =  F'F' .  cos  KF'  +  F'  -F) 

Observe  that  GF'  cannot  be  leas  tlmn  GH=F'F.i 


193.  Oiisen :  a  turnout  with  a  frog  angle  P,  aaid  th*  perpen- 
dtealar  dittanee  p  beliee&n  the  centre  Unst  of  the  mainaTtd  tide 


tfveki;  to  find  the  radiun  r  of  the  curve  connectinq^thA 
tamotit  witb  tlie  side  track.    'F\{^.  t^. 
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Let  the  reversing  point  be  taken  at  ^,  and  let  Q  oa  CP.pio- 
duccd  be  the  centre  of  the  required  curve,  and  diaw  QM  per- 
pendicular to  the  main  track.  Then  §Jf  =  QF=:  r  —  i^;  the 
point  if  is  the  point  of  tangent,  and  the  angle  FQM=:  F, 

Now  -^being  the  intersection  of  the  rail  -Si^with  the  radius 
QM,  we  have  ifZV^  =  QF  vers    F,  but  MN  =  p  —  ff; 


The  distance  i'Wis  evidently 

FJ^ ^  {r- iff)  Bin  F  (288) 

and  the  chord  to  the  centre  line  is 

fin  =  2r  sin  ^F  (284) 

SJiould  the  distance  FN  consume  too  miush  of  the  track,  it  may 
be  lessened  by  introducing  a  short  tangent  at  i^,  denoted  by  k; 
then  by  eq.  (48)  the  radius  will  be  shortened  by  an  amount 
equal  to  k.  cot  ^Fy  and  the  distance  FN  will  be  shortened  by  k. 

Since  the  tangent  k  reduces  the  length  of  the  tangent  offset 
of  the  entire  curve  by  k  .  sin  F,  we  have  for  the  new  radius  r' 

,  -^  =  P-  1>-J^^I  (286) 

*^  vers  F  ^      ' 

When  ?•'  is  fixed  by  a  limit,  we  obtain  k  by  resolving  eq.  (285) 

;fe  =  ^^-('.:-i?I^«E?Z  (886) 

Sin  F  •        ^      ' 

In  case  the  main  track  is  but  slighUy  curved,  we  may  at  first 
assume  it  to  be  straight,  and  find  r  as  above,  eq.  (282),  and 
the  degree  of  curve  corresponding  to  r\  but  this  degree  of 
curve  must  then  be  increased  or  diminished  by  the  degree  of 
curve  of  the  main  track,  according  as  the  track  is  coTMave  or 
convex  toward  Q. 

194.  Given :  the  perpendicular  distance  p  bettoeen  the  centre 
lines  of  a  curved  main  track  and  a  parallel  side  track,  and  the 
XfVff^  angle  Yofa  turnout;  to  find  the  raditis  r  cfthe  eonneeMg 
rurp/',  and  fM  length  FN,  or  fin,  of  t)if  fy\r^.    ¥1^.  76. 
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Let  FN  be  the  rail  of  the  main  track,  and  OM  the  rail  of 
the  siding,  adjacent  to  each  other;  let  0  be  the  centre  of  the 
main  track,  and  Q  the  centre  of  the  connecting  curve.  Then 
the  connecting  curve  will  terminate  at  m,  on  the  line  OQ  pro- 
duced. 

In  the  diagram  draw  MF,  and  produce  it  to  intersect  the 
rail  MG  at  Q,  and  join  GO,  FO,  and  FQ. 

Let  i?  =  radius  of  centre  line  of  the  main  track;  r  =  radius 
of  centre  line  of  the  connecting  curve;  and  B  =  the  angle 
FOM. 

Case  a. — Tlie  Ming  outside  the  main  track.    Fig.  76. 
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By  similarity  of  the  triangles  GOM  and  FQM,  GO  is  paral- 
lel to  FQy  and  the  angle  GOF  =  F;  and  by  a  process  similar 
to  that  of  §  186,  we  have 

tan  i©  =  o^^V^  cot  ^F  (287) 

r~^  =  (i?+i^)-^i/|5^)  (288) 

FN=z2{R  +  ig)  sm  iO  (289) 

fm  =  2r  .  sin  i{F+  B)  (290) 

Case  b. — The  siding  inside  the  main  track.    Fig.  77. 
By  a  process  entirely  similar  to  §  187,  we  have 

tan  iO  =  ^=/^  cot  \F  ^^ 
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fm  =  2r.  sin  US  -  F)  (296) 

Equations  (301)  and  (393)  remain  unchanged. 

105.  To  locate  a  crossing  between  paraSel  track*. 

Pig.  78. 

When  a  turnout  from  one  track  enters  a  parallel  track  l^ 
means  of  another  frog  and  swiCcli,  the  whole  ia  called  a  croBS- 
ing.  The  frogs  are  alike,  aod  the  calculation  for  one  end  of 
the  crossing  answers  for  the  other.  §§  180,  181.  Wo  bare 
only  to  find  the  length  of  track  between  the  two  frogs. 

In  the  diagram  let  AF  be  one  turnout,  and  A'F"  the  Other, 
connected  by  the  straight  truck  F'O.  It  is  required  to  deter- 
mine the  length  F'O.  or  the  distance  FN  measured  on  the 
main  track  from  f  to  a  perpendicular  through  F'.  Pmduc- 
ing  Che  line  F'G  to  intersepl  the  rail  Nf'at  i/,  we  liare  two 
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right-angled  triangles  OFH  and  F'NH,  having  the  common 
angle  2X  U  =  F.  Let  p  =  the  perpendicular  distance  between 
centre  lines  of  main  tracks,  and  g  =.  gauge.  Then  OF  =  g, 
and  J^'iV^=  (p-g.) 


F'G  =  F'H''  GH  = 


F'N 
sini^ 


-  QFcoX  F 


or 


So 


F'G  =  A;  = 


P  -9 
sinF 


gcotF 


FN=  NH-  FR=(p-g)cotF- 


9 


^mF 


(297) 


(298) 


When  the  main  tracks  are  curved  the  distance  F'O  may  be 
calculated  by  the  same  formula  (297)  which  gives  a  value  only 
a  fraction  too  small,  but  m  laying  the  track  the  rail  F'O  must 
be  curved  to  a  radius  which  is  to  i2  of  the  main  track  as 
F'O :  NF. 


190.  W^ien  p  is  large,  or  the  tracks  a/re  very  wide  apart,  it 
will  effect  some  savmg  of  room  to  lay  the  crossing  in  the  form 
of  a  reversed  curve;  and  the  frogs  being  alike,  the  two 
arcs  will  be  equal,  and  the  point  of  reversed  curve  P  will  be 
midway  between  i^aud  F'.    Fig.  79. 


Fio.  79. 

In  the  diagram  we  have  aPa'  tbe  centre  line  of  the  cross 
ing,  and  PZ  the  centre  line  between  tracks;   aL  =  ip,  and 
aC  =^a'C'  z=r.     The  radius  r  having  been  found  by  §  180  or 
§  181,  we  have 


and 


vers  a  CP  = 


PL  =  r  sin  aCP 


(299) 
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Tbe  distance  between  froga,  FHf,  meaaonMLoii  tbenialii  track 
is  evidently 

FS=^PL-BF)  Wl) 

in  which  BF'k  determined  bj  eqs.  (209),  (218),  or  by  Tab.  XL 


197.  To  iay  a  crosslDg  in.  tlui  form  of  a  reversed 
curve,  when,  the  parailel  track*  are  on  a  curve.    Fig.  80. 


Let  0  be  tlie  centre  of  the  main  curve,  O  and  0'  the  centres 
of  the  reversed  curve. 

Then  In  tlii'  triangle  OOC  we  know  all  three  sides;  for  CO 
=  It+  r;  CC  =  r  +  r.  and(?0=  fi  +  p-r';  and  the  half 
sum  of  llie  tliree  sides  m  s  =  R  -\-  r  -\-  \p. 

Denoting  the  luiglL'  COC  by  ip.  we  have  (Trig.  Tab.  IL  81) 


Pir  +  T'  ~jp) 
-{R+r)(ii+p-r-y 


(803) 


Tlie  angle  ip  determines  the  length  of  the  arc  BN  described 
with  the  radius  {11  +  ig)  and  so  fixes  the  position  of  the  point 
A'  from  A. 
By  a  formula  similar  to  the  above. 


^CCO 


_p{R- 


■i±M 


■(«  +  r)(r  +  r-) 


(308) 
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The  angle  C'GO  determines  the  length  of  the  arc  aP 
described  with  the  radius  ?•;  the  angle  (<p  +  G'CO)  =  CCA 
determines  the  length  of  the  arc  Pa\  and  P  is  the  point  of 
reversed  curve. 

In  ^is  problem  B  is  known,  r  is  found  by  §  187,  and  r'  is 
found  by  §  186,  only  observing  that  in  this  case  the  value  of 
B  must  be  increased  by^.  The  frog  angles  jP^and  F'  may  be 
equal  or  otherwise,  only  taking  care  that  the  point  P  shall  be 
included  between  the  radii  G'F'  and  OF. 

The  angle  FOG  =  G  is  given  by  eq.  (257),  and  the  angle 
F'OG'  =  B'  is  given  by  eq.  (252)  (in  which  tlie  value  of  E  is 
to  be  increased  by  p);  hence  the  angle  FOF'  =  (p  —  {B  -{-  0'), 
which  determines  the  distance  between  the  frogs,  measured  on 
the  main  track. 

198.    To  find  the  middle  ordinate  m,  for  1  sta- 

tioiiy  or  100  feet,  on  any  curve,  in  terms  of  the  degree  of 
turve  D. 

Referring  to  Fig.  4  we  have  in  the  right  triangle  AGH 

GH=  GA.  tan  GAH 

But  GA  =  iAB  =  iC,  and  (Tab.  I.  18)  GAH  =  iAOB  =  i  a  ; 
hence 

M=  iG.i&niA  (304) 

a  general  expression  for  the  middle  ordinate  of  any  chord. 

If  in  this  equation  we  make  G=  100,  A  becomes  D;  and 
denoting  the  corresponding  value  of  M  by  m,  we  have 

m  =  ilOO  tan  iD  (305) 

whence  the  rule.  Multiply  the  nat.  tangent  of  ^  tJie  degree  of 
curve  by  100  and  divide  by  2.  Thus  the  values  of  m  in  the  5th 
column  of  Tab.  IV.  have  been  calculated 

199*  To  find  the  middle  ordinate  for  any  ch(yrd  in 
terms  of  the  chord  and  radius 
Referring  to  Fig  4  we  have 

Gnr=iOE'-OG=OE-  VAO^-  GA^ 
or     .  M=  B-  y^i2«_  (1|'  C3Q6\ 
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When  C  =  100  we  have  for  the  middle  ordinate  of  one 
station 

m  =  R-  \^W  ^2500  (807) 

For  any  subchord  c,  less  than  100,  we  have  for  the  middle 
ordinate. 


or  ^"^ }  (808) 

By  adding  ^^  to  the  quantity  under  the  radical  in  eq.  (808) 
it  becomes  a  perfect  square,  giving 

m,  =  g^  nearly,  (80») 

which  is  a  very  useful  formula,  although  approximate.  The 
error  in  mi  does  not  exceed  .002  for  any  subchord  c  when  the 
radius  is  greater  than  800.  On  a  20°  curve  the  error  will  be 
.002  for  a  chord  of  50  feet;  and  on  a  40°  curve  the  error  in  f»i 
will  bo  only  003  for  a  chord  of  33  feet.  Equation  (800)  ic 
therefore  practically  correct  in  all  cases  forfitiding  the  middle 
ordinatea  of  rails.     Table  XII.  is  calculated  by  eq.  (808). 


200.  Curving  Rails.  Before  any  rail  is  spiked  to  its 
place  in  a  curve,  it  must  be  evenly  bent  from  end  to  end.  so 
that  It  will  assume  the  proper  curvature  when  lying  free. 
The  bending  may  be  done  by  using  sledges,  but  is  best  accom- 
plisliod,  especially  for  turnouts  and  other  sharp  curves,  by 
using  a  bending  machine  made  especially  for  this  purpose. 

The  proper  curvature  of  a  rail  is  tested  by  measuring  its 
middle  ordinate  from  a  small  cord  stretched  from  end  to 
end  and  touching  the  side  of  the  rail-head.  The  cord  should 
also  be  stretched  from  the  middle  point  of  the  rail  to  cither 
end,  and  the  middle  ordinate  of  each  half  length  measured, 
to  test  the  uniformity  of  curvature. 

From  the  last  equation  it  appears  that,  with  a  given  radiufl^ 
//w  middle  ordiimti'  varies  nearly  as\\\c  ecvvxwc^ol  t\\e  chord. 
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We  may  therefore  find  the  middle  ordinate  of  a  rail  whose 
length  is  e  by  the  proportion 

(100)*   :  c2  ;:  m  :   mi 

or,  mi  =  jQQ^  nearly,  (310) 

in  which  m  is  obtained  from  Tab.  IV.,  col.  5,  for  the  given 
radius  or  degree  of  curve. 

Example. — What  is  the  middle  ordinate  of  a  80  ft.  rail 
when  curved  for  a  20°  curve? 

T?    /Q1AS                       ^00  X  4.874        „^.        ... 
Eq.  (810)  mi  = JoOOO  ~    ~  ~  ^ 

.When  a  long  rail  is  ])ent  for  a  sharp  curve,  observe  that  c  is 
the  length  of  the  chord  of  the  rail — not  of  the  rail  itself. 

For  the  chord  of  half  a  rail  the  middle  ordinate  is  one-fourth 
the  middle  ordinate  of  the  whole  rail.  Thus,  in  the  above  ex- 
ample it  would  be  .099  or  ly\  inches. 

Instead  of  using  the  chord  of  the  whole  rail,  it  may  be  more 
convenient  to  assume  a  chord  shorter  than  the  rail,  especially 
when  the  chord  is  not  an  exact  number  of  feet,  knotting  the 
string  to  the  length  assumed,  and  applying  it  to  different  por- 
tions of  the  rail  successively. 

201.  Elevation  of  the  outer  rail  on  curves. 

When  a  car  passes  around  a  curve,  a  centrifugal  force  is 
developed  which  presses  the  flanges  of  the  wheels  against  the 
outer  rail.  This  force  acts  horizon  tally,  and  varies  as  the 
square  of  the  velocity,  and  inversely  as  the  radius  of  the 
curve.    Denoting  the  centrifugal  force  by/,  we  have  from  the 

theory  of  mechanics  /=  oo'i^C  R'  ^^  "^^ich  ?o  =  weight  of 

loaded  car  in  pounds,  ®  =  velocity  in  feet  per  second,  and 
M  =  radius  of  curve  in  feet. 

In  Pig.  81,  let  ab  represent  a  level  line  at  right  angles  to  the 
track,  let  a  and  c  be  the  tops  of  rails  on  a  curve,  let  be  =  e  = 
elevation  of  outer  rail  c,  and  let  the  point  d  be  the  centre  of 
gravity  of  the  car.  The  force  /  acts  in  the  direction  ah,  and 
if/'  =:  the  component  of/ in  the  direction  oc,  then 

/' :/  ::  ab  :  oc. 
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The  weight  w,  resting  on  the  inclined  plane  ae,  developeB  a 
component  in  the  direction  ca,  and  denoting  this  by  «/,  we 
have  by  similar  triangles, 

w'  :  w  ::  be  :(ic. 


Since  equilibrium  requires  that  w'  shall  equal/',  we  have  after 

f  be  f0     s 

dividing  one  proportion  by  the  other  -=^  =  — ^,  or  /=     ."  . 
Equating  this  value  of/ with  that  given  above  we  find, 

ab  .v^ 


e  = 


32. 166  i? 


But  ah  =  Vac^  —  e^^  and  ac  =  distance  between  rail  centres  = 

5280 
gauge  +  one  rail  head  =  g-\-0. 188.     Also  v  =  -Qhi^  y>  if  V  de- 
note the  velocity  in  miles  per  hour.     Making  these  sabstitu* 
tions  and  reducing,  we  have 

.06688-- 
6  =  (^  +  .188) ._g (811) 


1 


+(.06688-^ 


By  this  formula  Table  XIII.  is  calculated  for  the  standard 
gauge  i7  =  4' 8i^=  4.708. 

An  approximate  formula  may  be  obtained  by  assuming  that 
ab  =  g  for  practicable  values  of  e.     Substituting  this  m  th.e 

5280 

first  value  of  e  given  above,  and  replacing  «  by  -©saa  ^*  '^^ 

have 

(approx.)  e  =  .06688^  (812) 

which  is  the  formula  generally  cmpVo^ed. 
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In  laying  a  new  track,  the  transverse  inclination  is  first 
^ven  to  the  ballast  by  grade  pegs  driven  either  side  of  the 
centre  line  at  a  distance  of  {g  +  .188)  each  side  of  the  centre; 
the  outside  peg  being  set  higher,  and  the  inside  peg  lower 
than  the  grade  of  ballast  on  the  centre  line,  by  the  proper 
elevation  selected  from  Table  XIII.  But  in  re-surfacing  an 
old  track,  the  inner  rail  is  taken  as  grade  and  the  outer  rail  is 
raised  the  necessary  amount. 

202.  The  proper  elevation  may  be  found  mechan- 
ically by  the  following  method : 

To  find,  on  a  curved  track,  the  length  of  a  chord  whose  middle 
ordinate  shall  equal  the  proper  elevoMon  of  the  outer  rail  for  any 
velocity  Vin  miles  per  hour. 

By  the  conditions  of  the  problem,  we  have  mi  in  eq.  (809) 
equal  to  e  in  eq.  (312),  or 

^  _  jyF^  06688 

c  =  .73144  7^5  (313) 

When^  =  4.708, 

c  =  1.587  V  (314) 

Lay  off  the  chord,  c,  upon  the  rail  of  the  track,  stretch  a 
piece  of  twine  between  the  points  so  found,  and  measure  the 
middle  ordinate;  it  will  equal  the  proper  elevation. 

.  203.  The  velocity  assumed  in  the  preceding  formulae 
should  be  that  of  the  fastest  regular  trains  which  will  pass 
over  the  curve  in  question,  since  the  flanges  would  be  forced 
against  the  outer  rail  were  there  no  centrifugal  force  devel- 
oped, by  reason  of  the  wheels  being  rigidly  attached  to  the 
axles,  and  the  axles  being  parallel. 

The  rails  on  tangents  should  be  level  transversely,  except 
near  curves,  where  for  50  or  100  feet  from  the  curve  one  rail 
is  gradually  raised,  so  that  at  the  P.  G.  or  P.  T.  it  may  have 
the  full  elevation  due  to  the  curve.  At  a  P.  C.  G.  the  elevation 
should  be  an  ave7*a^e  of  the  elevations  due  to  the  two  arcs. 
Owing  to  the  difficulty  of  properly  adjusting  the  elevation  of. 
rail,  it  is  objectionable  to  have  arcs  of  very  dissimilar  radii 
join  each  other;  and  the  objection  is  much  greater  in  the  case 
of  reversed  curves  unless  separated  by  a  short  tangent.  Sea 
S82L 
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On  the  other  hand,  a  short  tangent  betipeen  aics  which 
curve  in  tht:  same  direction  should  be  avoided,  since  it  makes 
a  "  dat  place"  both  in  line  and  levels,  at  once  unsightly  and 
injurious  to  the  rolling  stock. 

In  the  case  of  turnouts,  however,  no  elevation  of  rail  is  pos 
sible  (except  when  both  tracks  curve  in  the  same  direction); 
hffuce  reversed  curves  are  allowable,  the  speed  of  trains  being 
usually  quite  low  also. 

204.  The  couiug  of  the  wheels,  by  which  the 
wheel  on  the  outer  rail  gains  a  diuaieter  enough  larger  than 
the  other  to  compensate  for  the  superior  length  of  the  outer 
rail,  although  a  theoretically  perfect  device,  is  gradually  going 
into  disuse.  To  be  effective  for  the  sliarpest  curves,  the  coning 
must  be  so  great  as  to  produce  an  unsteady  moUon  on  tan- 
gents, very  objectionable  at  high  speeds.  Moreover,  it  is  un- 
desirable to  seek  for  an  equilibrium  of  lateral  forces  in  a  car 
on  a  curve,  since  the  flanges  are  then  sure  to  strike  the  inner 
and  outer  mils  alternately  with  damaging  force,  as  that  cqui 
librium  is  momentarily  disturbed.  It  is  far  better  that  the 
flange  should  press  steadily  against  the  outer  rail,  while  that 
pressure  is  modified  and  reduced  somewliat  by  the  elevation 
of  the  rail.  For  these  and  other  reasons,  car-wheels  are  now 
made  nearly  cylindrical 
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CHAPTER  VIII. 

X)  Leyellino. 

205*  The  field  operations  with  the  Engineer's  Leyel  are  of 
a  more  simple  character  than  those  performed  with  the  transit, 
yet  require  equal  skill  and  nicety  of  manipulation  in  order  to 
produce  trustworthy  results.  The  transit  is  used  to  ascertain 
the  relative  horizontal  position  of  points,  the  level  to  obtain 
their  relative  vertical  position. 

206.  In  order  to  express  the  elevation  of  points,  they  must 
be  referred  to  some  level  surface  of  known  (or  assumed)  eleva- 
tion; and  in  order  that  the  elevations  may  all  be  positive  up- 
ward, this  surface  of  reference  should  be  selected  below  all  the 
points  to  bo  considered.  The  level  surface  of  reference  is  called 
tbe  datum. 

The  eHemtian  of  the  datum  is  always  zero.  The  eleoation  of  any 
point  is  its  vertieal  height  above  tlie  datum. 

Near  the  coast  the  sea  level  is  usually  adopted  as  the  datum; 
inland,  the  low  water  mark  of  a  river  or  lake,  etc. ;  but  it  is  not 
necessary  that  the  datum  should  coincide  with  a  water  surface. 
If  any  points  whose  elevations  are  to  be  ascertained  are  below 
the  water  surface,  the  latter  may  be  assumed  to  have  an  eleva- 
tion of  100  or  1000  feet  instead  of  zero;  that  is,  we  remove  the 
datum,  in  imagination,  to  100  or  1000  feet  below  the  level  of 
the  water  surface. 

207*  In  case  of  a  survey  commencing  at  a  point  quite  re- 
mote from  any  important  water  surface,  any  permanent  point 
may  bo  selected  as  the  original  point  of  reference,  and  its  ele- 
vation may  be  assumed  at  100  or  any  other  number  of  feet ; 
that  is,  we  fix  the  datum  at  the  same  number  of  feet  below  that 
point.  The  point  of  reference  is  called  a  bencli,  or  bench- 
marky  and  is  designated  by  the  initials  B.M.  Other  benches 
are  established  at  intervals  during  a  survey,  and  their  eleva- 
tions determined  instrumentaUy.    TVvey  w^  V\\^tv  fy^^Ks^^\\vi:^:^. 
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points  of  known  elevation  for  future  reference.  We  cannot 
assume  the  elevation  of  more  than  one  bench  on  the  same  sur- 
vey, else  we  should  have  more  than  one  datum,  and  all  the 
results  would  be  thrown  into  confusion. 

208*  Having  established  the  first  bench  and  recorded  its 
elevation,  the  next  step  is  to  sut  up  the  instrument  firmly  at  a 
moderate  distance  from  the  bench,  so  that  the  telescope  shall 
be  somewhat  higher  than  the  bench,  and  in  full  view  of  a  rod 
held  vertically  upon  it.  The  instrument  having  been  tested  for 
its  several  adjustments,  and  found  to  be  correct,  the  line  cf  sight 
through  the  intersection  of  the  cross-hairs  is  known  to  be  hori- 
zontal when  the  bubble  stands  at  the  middle  of  its  tube.  Turn- 
ing the  line  of  sight  upon  the  rod,  the  point  of  the  rod  covered 
by  the  horizontal  cross-hair  is  known  to  be  on  a  level  with  the 
cross-hair;  and  the  latter  is  therefore  Juglt^r  than  the  bench  by 
the  distance  intercepted  on  the  rod  from  its  lower  end.  Add- 
ing this  distance  to  the  elevation  of  the  bench,  wo  obtun  the 
elevation  of  the  cross-hair,  known  technically  as  the  **  Heigrlit 
of  Instrument,"  and  designated  by  ilie  initials  JZ/. 

209.  The  distance  intercepted  on  a  rod  from  its  lower  end 
by  the  line  of  sight,  when  the  rod  is  held  vertically  on  any 
given  point,  is  called  the  rea<lin||^  of  the  rod  at  that  point 

210.  Having  obtained  the  height  of  instrument,  the  eleva- 
tion of  any  point  somewhat  lower  than  the  cross-hair  is  easily 
iiscertained by  taking  a  reading  of  the  rod  upon  it.  The  read- 
ing subtracted  from  the  height  of  instrument  gives  the  eleva- 
tion of  the  point  above  the  datum.  The  elevation  of  any  num- 
ber of  other  points  may  be  similarly  obtained.  But  the  eleva- 
tion of  points  on  the  ground  higher  than  the  cross-hair,  or 
farther  below  it  than  the  length  of  the  rod,  cannot  be  deter- 
mined, because  in  either  case  the  line  of  sight  will  not  cut  the 
rod,  and  hence  there  can  be  no  reading.  In  order  to  observe 
such  points,  the  instrument  must  be  removed  to  a  now  poed- 
tioii,  higher  or  lower  than  before,  as  the  case  may  require. 

211.  Before  the  instrument  is  removed  to  a  new  position, 
a  /(wiporajy  bench,  called  a  Turning  Point  (and  designated 

l>y  71  P.  or  ''Peg'')  must  be  estabWahcd, audita fe\&N«\Xott. 


LEVELLING.  183 

tained  as  for  any  other  point,  but  with  more  care.  A  turning 
]x>int  must  be  a  firm  and  defirute  point  whose  position  cannot 
rcadi1y.be  altered  in  the  least,  nor  lost  sight  of.  A  small  stake 
firmly  driven,  or  a  point  of  rock  projecting  upward,  is  fre- 
quently used.  The  rending  having  been  taken  on  the  turning 
point,  the  instrument  is  carried  forward  to  a  new  position, 
levelled  up  properly,  and  the  new  Height  of  Instnmient  ob- 
tained by  a  new  reading  on  the  same  turning  point.  Since  the 
croBS-hair  is  higher  than  the  point  (otherwise  there  could  be  no 
reading)  the  reading,  added  to  the  elevation  of  the  point,  gives 
tho  Height  of  Instrument. 

212.  In  general,  the  intersection  of  the  cross-hairs  being 
higher  than  any  point  on  which  a  reading  is  taken : 

To  find  Uis  Height  of  Instrument,  add  the  reading  on  a  point 
to  the  elevation  of  the  point;  and 

To  find  the  Elevation  of  a  point,  subtract  the  reading  on  it 
from  the  Height  of  Instrument. 

A  reading  taken  for  the  purpose  of  finding  the  Height  of 
Instrument  is  called  a  Backsig^Iit  {B.8).  A  refiding  taken 
for  the  purpose  of  finding  the  elevation  of  a  turning-point  (or 
of  a  bench  used  as  such)  is  called  a  Foresight  (F/S).  Hence 
Backsights  are  always  plus,  and  Foresights  always  minv^. 

213,  The  form  of  field-book  used  for  the  survey  of 
a  railroad,  or  other  continuous  line,  is  shown  l)elow.  The  first 
column  contains  the  numbers  of  the  stations  on  the  line  and 
of  plus  distances  to  other  ix)ints  on  the  line  where  readings  are 
taken — also  the  initials  of  benches  and  turning  points,  in 
order,  as  they  occur.  The  second  column  contains  the  back- 
sights, taken  on  points  of  known  elevation  only.  The  third 
column  contains  the  height  of  instrument,  recorded  on  the 
same  line  as  the  elevation  of  the  turning  point  (or  bench)  from 
which  it  is  calculated.  The  fourth  column  contains  the  fore- 
sights, taken  on  new  turning  points,  and  benches  used  as  such, 
only.  The  fifth  column  contains  the  readings  taken  on  all 
other  points  noted  in  the  first  column.  The  sixth  column  con- 
tains the  elevations  of  all  points  observed.  The  right-hand 
page  is  reserved  for  remarks,  descriptive  of  the  benches  and 
their  location-— of  objects  crossed  by  the  line,  as  roads,  streams, 
swamps,  dJIclics,  etc. ;  the  depths  of  stiearev^,  eXfc. 
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LEVEL  BOOS. 


StA. 

B.S. 

H.L 

F.S. 

Rod. 

Elev. 
200.000 

Remarks. 

B.M. 

4.683 

204.683 

White  oak,  115  R 

0 

2.1 

202.6 

1 

3.4 

201.3 

-1-50 
Peg 

5.2 

199.5 

1.791 

197.260 

9.214 

195.469 

2 

3.7 

193.6 

-f-25 

7.0 

190.3 

BrookSwide;  1  deep 

+  50 

3.1 

194.2 

8 

0.5 

196.8 

Peg 

11.750 

208.574 

0.436 

196.824 

Peg 

11.933 

219.528 

0.979 

207.595. 

H-90 

3.5 

216.0 

4 

2.6 

216.9 

B.M. 

2.075 

217.453 

Maple,  78  L. 

5 

1.7 

217.8 

6 

0.9 

218.6 

Peg 

9.005 

227.801 

0.782 

218.796 

7 

6.2 

221.6 

39.102 

11.361 

When  a  bench  is  not  used  as  a  turning  point,  the  reading  on 
it  is  recorded  in  the  fifth  column. 

The  numbers  in  the  second,  fourth,  and  fifth  columns  come 
directly  from  the  rod,  those  in  the  third  are  obtained  by 
addition,  those  in  the  sixth  by  subtraction,  according  to  the 
rule  given  above.  The  additions  and  subtractions  made  on 
each  page  should  be  proved  before  proceeding  to  the  calcula- 
tions of  the  next.  When  correct,  the  difference  of  the  sums 
of  the  backsights  and  foresights  on  the  page  equals  the  differ- 
ence of  the  first  and  last  elevations  on  the  page.  Thus,  in  the 
form  given 

(39.162  -  11.361)  =  (227.801  -  200.000)  =  27.801 

In  this  proof  we  ignore  all  elevations  except  those  of  tam- 
ing points,  and  benches  used  as  such,  and  the  height  of  instra- 
mcnt. 

At  the  end  of  the  survey,  as  well  as  at  the  end  of  each  day's 
work,  a  bench  is  established  from  which  the  survey  may  be 
resumed  at  any  future  time     See  §§  28,  29,  and  80. 


214.  The  object  of  making  such  a  survey  with  level  and 

rod  is  to  furnish  a  profile  or  vertical  section  of  the  entira 

line,  showing  in  detail  the  rise  and  laW  ol  \\i<B  «urfflyce  over 
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which  it  passes.  The  profile  is  plotted  on  profile-paper  pub. 
lished  for  the  purpose,  the  horizontal  scale  being  usually  400 
feet  to  an  inch,  and  the  vertical  scale  30  feet  to  an  inch.  This 
distortion  of  scale  magnifies  the  vertical  measures  so  that 
slight  changes  in  the  elevation  of  the  surface  may  be  seen 
distinctly. 

215«  When  only  the  difference  of  level  of  two  extreme 
points  is  required,  the  survey  is  more  simple.  No  readings 
are  taken  except  on  turning-points,  the  backsights  and  fore- 
sights being  recorded  in  separate  columns.  No  calculation  is 
required  until  the  survey  is  finished,  when— the  first  reading 
having  been  taken  on  one  of  the  given  points,  and  the  last  on 
the  other — the  difference  of  the  sums  of  the  backsights  and 
foresights  is  the  difference  in  elevation  of  the  two  points,  ac- 
cording to  the  method  of  proof  mentioned  in  §  213.  Thus  the 
difference  in  level  of  any  two  benches  established  on  a  previ- 
ous survey  may  be  tested,  and,  if  found  correct,  all  the  inter- 
mediate elevations  on  the  line  may  be  assumed  to  be  correct 
also.  The  discrepancy  should  not  exceed  one  tenth  of  a  foot 
in  any  case,  and  is  usually  much  less. 

210«  Any  lack  of  adjustment  in  the  instrument  gives 
the  line  of  sight  a  slight  angle  of  elevation  or  depression, 
causing  a  slight  error  in  every  reading,  proportional  to  the 
distance  of  the  rod  from  the  instrument.  But  the  errors  being 
equal  for  equal  distances,  and  the  backsights  and  foresights 
having  opposite  signs  in  our  calculations,  the  errors  cancel 
when  the  distances  are  equal.  Hence,  to  avoid  errors  in  ele- 
vation, each  new  turning-point  should  be  as  nearly  as  possible 
at  the  same  distance  from  the  instrument  as  the  point  on  which 
the  last  backsight  was  taken.  For  precise  reading,  the  rod 
should  not  be  more  than  400  feet  from  the  instrument. 

21 7«  Another  cause  of  error  in  readings  is  want  of  verti- 
cality  in  the  rod.  This  may  be  avoided  by  the  use  of  a  disk- 
level,  or  in  the  absence  of  wind,  by  balancing  the  rod.  The 
rod  may  be  plumbed  one  way  by  the  vertical  cross-hair  of  the 
level,  and  to  ensure  a  vertical  reading  in  the  plane  of  the  line  of 
flight,  the  rod  may  b^  gently  waved  each  side  of  the  vertlca.1 
toward  and  from  the  instrument,  the  ahorteat  ^fe^\a.^^5Ssv\N% 
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the  correct  one;  or  in  case  of  n  target  rod,  the  target  Ahould 
rise  to,  but  not  above  the  horizontal  cross-hair,  as  the  rod  is 
waved. 

218.  When  very  long  sights  are  required  to  be  taken  with 
the  level,  unother  source  of  £rror  must  be  considered,  namely, 
the  curvature  of  the  earth. 

A  level  line  is  parallel  to  a  great  circle  of  the  earth,  aAd  is 
therefore  an  arc  of  a  circle,  or  may  be  so  considered. 

A  horizontal  Une  is  a  straight  line  parallel  to  the  plane  of  the 
horizon.  Therefore  the  line  of  sight,  being  a  horizontal  line, 
is  tangent  to  the  circle  of  a  level  line  paj^slng  through  the  in- 
strument. 

To  find  the  correction  in  elevation  due  to  curvature  of  the 
earth  for  any  distant  station.    Fig.  82. 


Fio.  82. 

Let  A  be  the  station  of  the  instrument  7,  and  B  the  distant 
station  observed. 

Let  R^=  CI=  the  radius  of  curvature  of  the  earth,  or  of  the 
parallel  arc  ID.  Let  L^  =  ID  =  the  level  distance  between 
A  and  B.  Then  IE,  perpendicular  to  CI,  is  the  line  of  sight, 
BE  is  the  reading  of  the  rod,  and  DE  =  E^  =  the  correction 
due  to  curvature. 

By  Tab.  I.,  24,  lE^  =  DE  {DE+^R,);  but  since  DE  is 
very  small  compared  with  2i2„,  it  may  be  omitted  from  the 
parenthesis,  and  since  IE  =  ID  =  L^  very  nearly,  because 
the  angle  AGB  is  very  small,  we  have  X^*  =  2R^E^. 


K  = 


W 


ZR. 


(818) 


■^^  in  to  be  cuMed  to  the  apparent  eVcv&Woti  ol  «\aXVcni.  B. 
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219.  Befraction.  In  observing  distant  Btations  the 
line  of  sight  passing  through  the  atmosphere  is  refracted  from 
the  straight  line  IE,  Fig.  82,  and  takes  the  form  of  a  curve, 
which,  for  practical  purposes,  may  bo  considered  as  the  arc  of 
a  circle,  concave  downwards. .  Its  radius,  depending  on  the 
conditions  of  the  atmosphere,  varies  from  5i  to  7i  times  the 
radius  of  curvature  of  the  earth.  IR^  is  considered  a  good 
average  .value. 

Refraction  causes  the  observed  object  to  appear  too  high, 
wliile  the  curvature  of  the  earth  causes  it  to  appear  too  low ; — 
the  effects  being  contrary,  the  correction  for  curvature  is  re- 
duced by  the  correction  for  refraction.  If  we  let  H^  =  the 
total  correction  for  both  curvature  and  refraction,  to  be  added 
to  the  apparent  elevation  of  the  observed  object,  then 

^'=\^'=W^  (816) 

Table  XVII.  is  calculated  by  this  formula,  assuming  a  mean 
value  of  ^,  =  20,913,650  feet. 

220.  The  form  of  the  earth  is  approximately  an  el- 
lipsoid of  revolution.  Its  meridian  section  at  the  mean  level 
of  the  sea  is  an  ellipse,  the  semi-axes  of  which  are,  according 
to  Clarke, 

at  the  equator  A  =  6378206  metres  [6.8046985] 

at  the  poles       ^=6356584      "       [6.8032238] 

According  to  the  same  authority 

1  metre  =  3.280869  feet  [0.5159889] 

Therefore  the  semi-axes  expressed  in  feet  are 

^  =  20  926  058  feet  [7 .3206874] 

5  =  20  855119    •'  [7.3192127] 

Then  the  radius  of  curvature  of  the  meridian 

at  the  equator,  -^  =  i?^  =  20  784  422  ft.  [7.3177379] 

at  the  poles,      ~  =  i?^  =  20  997  240  "  [7.32216221 
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In  latitude  40''  the  radius  of  curvature  of  the  meridian  is 
20  871  900,  and  of  a  section  at  right  angles  to  the  meridian, 
20  955  400;  the  mean  value,  or  jR^  =  20  913  650  [7.320480J,  be- 
ing adopted  for  general  use.  The  error  in  the  correction  H^ 
eq.  (316)  due  to  this  assumption  will  usually  be  much  less  than 
that  due  to  the  assumed  value  of  the  radius  of  refraction. 


221.  lievellingr  by  Transit  or  Theodolite;  When 

a  transit  has  a  level-tube  attached  to  the  telescope,  it  may 
be  used  as  a  Theodolite  for  levelling,  and  for  taking  vertical 
angles.  If  the  instrument  be  in  perfect  adjustment,  the  Une 
of  sight  will  be  horizontal  when  the  bubble  stands  at  the 
middle  point  of  the  tube,  and  the  reading  of  the  vertical  circle 
will  be  zero.  Should  there  be  a  small  reading  when  the  line  of 
sight  is  horizontal  it  is  called  the  index  error.  When  the  line 
of  sight  is  not  horizontal,  the  angle  which  it  makes  with  the 
plane  of  the  horizon  is  called  an  angle  of  elevation,  or  of  de- 
pression, according  as  the  object  upon  which  the  line  of  sight 
is  directed  is  above  or  below  the  telescope.  This  angle  is 
measured  on  the  vertical  circle,  l)eing  the  difference  of  the 
reading  and  the  index  error,  when  both  are  on  the  same  side 
of  the  zero  mark,  and  their  sum,  when  they  are  on  opposite 
sides.  When  the  distance  to  an  observed  object  is  known, 
and  its  angle  of  elevation  or  depression  is  measured,  we  may 
calculate  its  vertical  height  above  or  below  the  telescope. 

T  .  ,      .  ( elevation 

Let  ±  a  =  angle  of  •>  , 

*.  depression 

**       Z  =  the  horizontal  distance 

L'  =  the  distance  parallel  to 
line  of  sight 

h  =  difference  in  elevation  of 
object  and  instrument 

Then  for  short  distances, 

h  =  L  tan  a  =  X'  sin  a      (817) 

Fio.  83.  For  long  distances  the  curvature  of 

the  earth  and  refraction  must  be  considered.     Fig.  83. 
Let.  I  he  the  place  of  the  instrument,  and  F  the  object 
observed. 


tt 
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Let  sDg  =  the  distance,  measured  on  the  chord  of  the  level 
arc  IDf  passing  through  the  instrument;  and  let  ^  =  the 
niimber  of  seconds  in  the  arc  ID ;  hence,  since  for  ordinary 
distances  the  chord  and  arc  are  sensibly  equal, 

^  =  ^-  206264".8  [6.814435] 

or  giving  to  B^  its  mean  value,  §  220, 

ip  =  L^X  .0098627  [7.993995] 

or  a  fraction  less  than  1"  per  100  feet. 

Let  IF  be  the  arc  of  the  refracted  ray,  and  assuming  that  its 
radius  is  7M^,  the  arc  will  contain  ^th  the  number  of  seconds 
of  the  arc  IF 

IF\  tangent  to  IF,  is  the  direction  of  the  telescope;  IF  is 
the  chord  of  the  arc  IF,  and  IE  is  the  horizontal. 

Let  a  =  AYi^'  =  observed  angle  of  elevation.  Then  FIF  = 
true  angle  of  elevation  =  EIF'  —  F'IF=  a  —  i  .  ^^  =  a  — 
.071^. 

The  angle  EW  =  iip  .'.  DIF  =  .V^  -f-  a  -  .071^;  and 
IDFz=L  »0'  +  i^  .   .-.  IFD  =  90^  -  (0  +  ,r  -  .071^). 

We  now  solve  tlie  triangle  IFD  for  the  side  DF  =  //,  and 
find 

ain(i^  +  <Y— .071V0 
^'  -  ^o  "co^T^  a  -  .07W')  ^^^^^ 

For  an  observed  angle  of  depression  make  a  negative  in  the 
formula. 

The  coefficient  .071  is  called  the  coefficient  of  refraction,  this 
being  a  fair  average  value,  while  its  extreme  range  is  from  .067 
to  .100  under  varying  conditions  of  the  atmosphere,  and  values 
of  the  angle  a. 

When  the  difference  in  elevation  of  two  or  more  distant 
objects  is  required,  we  obtain  the  elevation  of  each  separately, 
and  subtract  one  elevation  from  another.  The  elevation  of  the 
observed  object  is  given  by  {H.  I.)  ±  It. 

222*  To  find  the  Height  of  Instrumeut  of  a  traufsU  or 
ihBodcUte  hy  an  observation  of  the  YiotVxow*  ^\%.  "^A. 
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Let  /  be  the  place  of  the  iDstrument,  and  let  a  s  obeerved 
angle  of  depression  of  the  horizon. 

Let  F  be  the  point  where  the  refracted  ray  meets  the  level 
surface,  and  draw  the  chords  IF  and  AF. 

Let  tp  =  the  angle  ACF,  let  h  =  AI,  and  let  k  =  the  coeffi- 
cient of  refraction. 

In  the  triangle  lAF, 

IAF=  W  +  i^,  AFI=  i^  -  A;^,  AJF  =^  90°  -  (if  -  *^) 
Hence  FIE  =  ij)  -  hp.    But  FIE  =  a  +  A;^ 


a 


(319) 


1-2A; 
Let  F'  be  the  tangent  point  of  a  right  line  drawn  through  I\ 


Fio.  84 


then  AI  =  GF'  exsec  ACF\  but  Ci^"  =  i?,,  and,  since  ^  is 

1  —  ifc 

always  very  small,  ACF'  =  ^^  +  a)  very  nearly  =  = — 5^^  a 

1  *■"  JOr! 


A  =  jB^  exsec  ^  _  ^ ,  a 


Giving  to  R^  its  mean  value,  g  2^,  and  assuming  A;  =  -^^ 


log  h  =  7.320430  +  log  ex«eii\.Qaft\  a 


(Wl) 
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Otbefwise^  we  may  solve  the  triangle  AIFsiace 
AF^  211^  sini^  =  2B,  sin         " 


and  h=zAF 


2(1  -  2*) 

sin  (^1^  —  ki/f) 
cos  {tp  —  ktfj) 


"When  *  =  A 

COS  If  a 

Example. — The  observed  dip  of  tlie  sea  horizon  is  24'  =  a 
What  is  the  height  of  the  instrument  above  the  sea? 

By  eq.  (321)  1.0801  X  a  X  60  =  1555\34  3.191825 

2 


h  =  2R,  sin  ^a  .  _:  ,^,  ^  (323) 


6.383650 
Table  XXVI.  (q  -  2  Q  9. 070130 
B^  7.320430 


^  =  594.58  2.774210 

Methods  of  determining  heights  by  distant  observations  can- 
not be  relied  on  for  more  than  approximate  results,  since  they 
necessarily  involve  the  uncertain  element  of  refraction,  and 
usually  a  lack  of  precision  in  the  vertical  angle,  the  arc  reading 
only  to  minutes  in  ordinary  instruments.  These  methods,  how- 
ever, are  useful  where  no  great  accuracy  is  required,  as  for  a 
temporary  purpose  until  levels  can  be  taken  in  the  regular  way, 
or  for  interpolating  between  points  of  established  elevation. 

223.  Stadia  Measurements. 

It  IS  sometimes  convenient  to  determine  distances  by  instni- 
•mental  observation  For  this  purpose  two  additional  cross- 
hairs may  be  placed  in  the  telescope  parallel  to  each  other  and 
equidistant  from  the  central  cross-hair.  These  arc  called  stadia 
hairs,  and  distances  determined  by  them  arc  called  stadia 
measurements.  The  stadia  hairs  are  adjusted  so  as  to  inter- 
cept a  certain  space  on  a  rod  held  at  a  certain  distance  from 
the  instrument  and  perpendicular  to  tYve  \mc  oi  s\^\V.  ^ot  ^ck^ 
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Other  place  of  the  rod,  the  distances  and  intercepted  spaoos 
are  nearly  proportional.  The  exact  relation  is  given  below. 
Fig.  85. 

Let  I  =  AB,  the  distance  of  the  rod  from  the  vertical  axif> 
of  the  instrument ;  c  =  the  distance  from  the  axis  to  the  ob- 
ject glass  of  the  telescope ;  a  =  the  distance  from  the  object- 
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glass  to  the  rod;  ^  =  the  space  between  the  stadia  hairs;  $  = 
CD  the  space  intercepted  by  them  on  the  rod;  and/=  the 
focal  distance  of  the  object-glass.    We  then  have  by  optics, 

8 


a  —  f     .  ^      f  -,    .  .  1 

— ^r-^,  whence  a  —f=-.s;  and  smce  a  =  I  —  e  .'.  I  — 


/ 
(/+  c)  =  -s.    Now  in  any  given  instrument  the  focal  distance 

/,  and  the  space  between  the  stadia  hairs  i  are  constant,  while 
8  and  c  vary  with  I.     For  any  other  distance  l\  we  then  have 

f 
I'  —  {f -\-  c')  =  - s',  and  combining  the  two  equations 


l'-{f+c)  =  -j^[l'-{f+c)] 


(824) 


8 '  is  usually  assumed  at  1  foot  and  I'  —  (/  +  c')  at  100  feet. 
and  the  stadia  hairs  are  then  adjusted  accordingly.  The  focal 
distance/  may  be  found  by  removing  the  object  glass  and  ex^ 
posing  it  to  the  rays  of  the  sun  and  noting  at  what  distance 
from  the  surface  of  the  lens  the  rays  form  a  perfect  and  min- 
ute image  of  the  sun  on  a  smooth  surface;  tlie  distance  c'  is 
measured  on  the  telescope  when  the  rod  is  clearly  in  focus, 
at  the  assumed  distance. 

To  measure  any  other  distance,  the  rod  is  again  observed 

at  the  desired  point,  and  the  space  «  noted,  which,  placed  in 

eq.  (324),  gives  I  —  (/+  c)  at  once.     We  then  measure  c  on 

the  telescope,  and  adding  (/+o),  obtain  I,  the  distance 

quired. 
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But  inasmuch  as  e  has  but  a  small  range  of  values,  it  will 
usually  be  sufficient  to  assume  for  it  a  mean  value,  as  a  con- 
stant. In  this  case  we  may  find  the  value  of  (/  +  c)  =  IF 
for  the  instiiiment  used.  Making  c'  =  ein.  eq.  (324),  and  solv- 
ing for  (/+  c\  we  have 

and  by  laying  off  on  level  ground  any  two  distances  from  the 
instrument  for  I'  and  I,  as  100  and  500,  and  observing  the 
jcorresponding  spaces  s'  and  s  intercepted  on  a  rod,  we  insert 
them  ill  eq.  (325)  and  find  (/+  c). 

Having  found  (/+  <?),  lay  off  (100  +/+  c)  from  the  instru- 
ment and  adjust  the  stadia  hairs  to  inclose  just  one  foot  on 
the  rod  at  that  distance.    Any  other  distance  is  then  found  by 

the  formula, 

/  =  100«  +  (/+c)  (826) 

Bxample,—At  V  =  100  we  find  «'  =  1.00,  and  at  Z  =  500  we 
find  8  =  5.061. 

Hence,  eq.  (325)      f+e  =  ^^q^j—  =  1502 

and  eq.  (326)  I  =  100  «  + 1.5;  provided  the  stadia  hairs  be  ad- 
justed so  as  to  intercept  1  foot  at  101.5  feet  distance  from  the 
centre  of  the  instrument. 

224.  The  foregoing  formulae  are  all  that  are  necessary  for 
horizontal  sights,  but  since  the  line  of  collimation  is  generally 
inclined  more  or  less  to  the  horizon,  it  follows  that  the  stadia 
hairs  will  intercept  a  larger  space  on  the  vertical  rod  than 
that  due  to  the  true  horizontal  distance.  We  therefore  require 
a  formula  for  reduciu^  inclined  measurements 
to  the  horizontal.    Fig.  86. 

Let  a  =  EFG  =  the  angle  of  Inclination  of  the  line  of  colli- 
mation IG ; 
**    $  =  CFD .-  the  visual  angle  defined  by  the  stadia  hairs; 
**    «  =  CD  =  space  intercepted  on  a  vertical  rod. 

Then  (Fig.  85), 
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lu  Fig.  86 

8  =  CE-  DE=  EF{\s.n  (a-\-\0)  -  tan  (a  -  ^0)] 

while  the  true  value  (for  the  same  distance)  would  be 

CD'  =  2EFi2^Ti\0 

Dividing  one  by  the  other  we  derive 

CD'  _  2  tan  jQ 

s      ~  tan  (a  -\-  |6)  —  tan  (a  —  ^6) 

By  giving  to  «'  and  I'  —  (f-{-c)  in  cq.  (327)  their  customary 


Fig.  86. 


values,  viz. ,  1  and  100,  we  have  tan  iO  =  .005    .  • .  G  =  34'  22'.  63 
and  by  Trig.  Table  II.  70, 


tan  (^  +  -^0)  —  tan  {a  —  iO)  = 


sin  0 


cos  {a  -\-  ^6)  cos  {a—^j) 
Since  0  is  small,  we  have  sensibly 

sin  0  =  2  tan  ^0,  and  cos  (a  -\-  ^0)  cos  (a  —  ^5)  =  cos'  a 
and  the  last  equation  reduces  sensibly  to 

on 


=  cos*  a 


(828) 


which  is  the  coefficient  of  reduction  required  by  wliich 
to  multiply  the  observed  space  s  in  case  of  inclined  sights. 

Hence  the  formula  for  distance  (eq.  326)  becomes  in  this  case 
without  sensible  error 

/  =  100  «  COS*  a  +  (/+  c)  '     (829) 

Tabk's  XVIII.  and  XIX.  have  been  calculated  by  the  exact 
formula  for  the  coefRcieiit. 
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.Ecawpfo.— Given  :   cz  =  8"  20'  and  «  =  9.221;  what  is  the 
horizontal  distance  to  the  rod? 

Eq.  (329)  100  log.  2. 

s  9.221  **    0.964770 

a  8"  20' Tab.  XIX.  "    9.99078) 


902.7  2.955558 

f+c  1.5  .-.  ^7««.  904.2  ft. 


The  rodman  should  have  a  disk  level  to  insure  keeping  the 
rod  vertical. 

225.  Another  method  of  procedure  is  that  in  which 
Ihe  rod  is  always  held  perpendicular  to  the  line  of  collimation, 
however  much  inclined  the  latter  may  be.  To  secure  this  posi- 
tion of  the  rod,  a  small  brass  bar  is  attached,  having  sights 
upon  it  through  wliich  the  rodman  watches  the  instrument 
durin;^  an  observation,  the  line  of  sight  being  at  right  ingles  to 
the  rod.  The  distance  thus  obtained  is  of  course  parallel  to 
the  line  of  collimation,  and  requires  to  bo  reduced  to  the  hori- 
zontal. 

Por  this  purpose,  we  have  (Fig.  87). 


Fio.  87. 
IE  =  IG  cos  a  +  BG  sin  a 
or  IEz=  (100  «+/+  c)  cos  a  +  r  sin  a  mO) 

in  which  r  is  the  reading  of  the  rod  by  the  line  o^  ♦^oJlimation. 
For  the  elevation  of  the  point  B  above  /, 

JSB  =  JIG  -  GB  cos  a 

or  .^^=(100  5-f/4-r)Bma-r  eo^cx.  ^^^ 
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When  the  distances  are  sufficiently  great,  correction  must  be 
made  for  curvature  of  the  earth  and  refraction,  as  ahready  ex- 
plained. 

This  method  is  employed  by  the  topographical  parties  of  the 
U.  S.  Coast  Survey  in  connection  with  the  plane  table.  Their 
instruments,  however,  are  so  constructed  as  to  give  distances 
in  metres,  and  heights  in  feet,  requiring  a  modification  of  the 
above  formulae. 


CHAPTER    IX.  i, 

CONSTRUCTION. 

226.  The  engineer  department  of  a  railway  com- 
pany is  usually  reorganized  for  the  construction  of  the  road, 
as  follows  :  Chief  engineer.  Division  engineers,  Resident 
engineers,  Assistant  engineers.  On  some  roads  the  division 
engineers  are  styled  "Principal  Assistants;"  the  resident 
engineers,  "Assistants;"  and  the  assistant  engineers  are  de- 
signated according  to  their  duties,  as  "leveller,"  **  rodman,** 
etc. 

A  resident  eng-ineer  has  charge  of  a  few  miles  of  line, 
limited  to  so  much  as  he  can  personally  superintend  and 
direct.  He  has  one  or  more  assistants  and  an  axman  in  his 
party.  All  instrumental  work  is  done  and  all  measurements 
taken  by  the  resident  engineer  and  his  assistants. 

A  division  engineer  has  charge  of  several  residencies, 
and  inspects  the  progress  of  the  work  on  his  division  once 
or  twice  a  week.  In  his  office,  which  should  be  centrally 
located,  all  maps,  profiles,  plans,  and  most  of  the  working 
drawings  required  on  his  division  are  prepared.  To  him  the 
resident  engineers  make  detailed  reports  once  a  month,  or 
oftener  if  necessary,  which  he  passes  upon  as  to  their  cor- 
rectness, and  from  which  he  makes  up  a  monthly  report,  or 
estimate,  of  the  amount  and  value  of  the  work  done  and  ma- 
terials provided  by  each  contractor  on  bis  division.  The  esti- 
jiiates  are  forwarded  about  the  first  of  each  month  to  the 
chief  engineer,  who  examines  and  approves  them,  returning 
for  modification  any  that  seem  to  Teqynte  \\,. 
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The  chief  engineer  has  charge  of  the  entire  work, 
and  directs  the  general  business  of  the  engineer  department. 
He  occasionally  inspects  the  work  along  the  line. 

227.  Clearing:  and  Grubbing^.  The  first*  step  in 
the  work  of  construction  is  to  clear  off  all  growth  of  timber 
within  the  limits  of  the  right  of  way.  The  resident  engineer 
with  his  party  passes  over  the  line,  making  offsets  to  the  right 
and  left,  and  blazing  the  trees  which  stand  on,  or  just  within, 
the  limits  of  the  company's  property.  The  blazed  spot  is 
marked  with  a  letter  C,  as  a  guide  to  the  contractor.  After 
felling,  the  valuable  timber  should  be  piled  near  the  boun- 
dary lines,  to  be  saved  as  the  property  of  the  company.  The 
brushwood  is  burned. 

Where  a  deep  cut  is  to  be  made,  the  stumps  are  left  to  be 
removed  as  the  earth  is  excavated.  In  very  shallow  cuts  and 
fills  the  contractor  will  generally  prefer  to  tear  up  the  trees 
by  their  roots  at  once,  rather  than  to  grub  out  the  stumps 
after  clearing.  Where  the  embankments  will  be  over  three 
feet  high,  grubbing  is  not  necessary;  but  the  trees  require  to 
be  loW'CJiopped,  leaving  no  stump  above  the  roots.  The  engi- 
neer should  indicate  to  the  contractor  the  localities  where  each 
process  is  suitable. 

228.  While  the  clearing  is  in  progress,  the  engineer  should 
run  a  line  of  test  levels  touching  on  all  the  benches  to  verify 
their  elevations  ;  he  may  also  rerun  the  centre  line,  replacing 
any  stakes  that  may  have  disappeared,  and  setting  guard  plugs 
to  any  important  transit  points  which  may  not  have  been 
previously  guarded.  If  any  changes  in  the  alignment  have 
been  ordered,  these  may  be  made  at  the  same  time. 

229«  Cross  Sections.  The  resident  engineer  is  fur- 
nisbed  with  a  profile  of  the  portion  of  the  line  in  his  charge, 
upon  which  is  plainly  indicated  by  line  and  figures  the  estab- 
lished grade.  From  this  he  calculates  the  elevation  of  grade 
at  each  station,  and  by  subtracting  this  from  the  elevation  of 
the  surface,  he  derives  the  depth  of  cut  or  fill  (-j-  or  —)  to  be 
made  at  each  point.  The  grade  given  on  the  profile  is  that 
which  is  subsequently  called  the  subgrade,  being  the  surface 
of  the  road-bed.  The  final  or  true  gmd^  \^  NJaa  xv^^^^  ^\»\s^'^ 
of  the  Uea  after  the  track  is  laid. 
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The  base  of  a  cross  section  is  identical  with  the  width  of  the 
road-bed.  It  is  made  wider  in  cuts  than  in  fills  to  allow  for 
the  side  ditches.  Six  feet  should  bo  allowed  in  earth,  and 
four  feet  in  rock  cuts.  The  ratio  of  the  side  slopes 
depends  upon  the  material.  The  usual  slope  ratio  for  earth  is 
1^  horizontal  to  1  vertical  for  both  excavation  and  embank- 
ment. Damp  clay  and  solid  gravel  beds  will  stand  for  a  time 
in  cuts  at  1  to  1,  or  an  angle  of  45°,  but  this  cannot  be  perma- 
nently depended  on.  On  the  other  hand,  fine  sand  and  very 
wet  clay  may  require  slopes  of  If  to  1  or  2  to  1.  Exceptional 
cases  require  slopes  of  3  or  4  to  1.  In  rock  work  the  slopes  are 
usually  made  at  J  to  1  for  solid,  ^  to  1  for  loose,  and  1  to  1  for 
very  loose  rock,  liable  to  disintegrate.  Rock  embankments 
stand  at  1  to  1.  <^ 

230«  All  cross  sections  are  taken  in  vertical  planes  at 
right  angles  to  the  direction  of  the  centre  line.  Figs.  88,  89. 
Formulae. 

Let  b  =  AB,  the  base  of  section,  or  road-bed. 

"•   «  =  =  the  slope  ratio 

"  d  =  GO  =  i\iQ  cut  (or  fill)  at  the  centre  stake. 

"  A  =  DH  or  EN  =  the  cut  (or  fill)  at  the  side  stake. 

**  X  =  CD  =  the  "distance  out"  from  centre  to  side  stake. 

**  y  =  h-d  =  Kn. 

"We  have  at  once  from  the  figures  the  general  formula 

x=  ^b  +  8h  (332) 

When  tJie  ground  is  leml  transversely; 

h  =  d,  and  a;  =  ^6  -|-  ad. 

For  embankment  use  the  same  formula,  considering  £?  or  A  as 
positive  in  this  case  also,  the  figure  being  simply  inverted. 
Vlicn  the  ground  is  inclined  transfoersely ; 

h  =  CO  +  DK  =  d-\-y    on  the  upper  side  in  cuts; 

z  =  ib -{- sd -\- sy  (838) 

and  h  =  EN =d  —  y    on  the  lower  side  in  etits 

;r  "=  ^6  -V  8d.  —  wi  \5»^ 
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For  embankments  use  Uie  same  formulse,  but  apply  eq.  (338)  to 
tUe  lower  side  and  eq.  (384)  to  the  upi)er  side,  the  figure  being 
inverled.  The  points  I)  and  £J  ou  t  lie  ground  are  usually  found 
by  trial,  such  that  the  corresponding  values  of  x  and  ^will 
verify  the  formulae. 

TFlAtfH  the  natural  slope  FD  or  LE  is  nniform  its  ratio  s'  may 
be  found  by  measuring  along  the  section  the  horizontal  dis- 
tance necessary  to  change  the  reading  of  the  rod  1  foot  (or  half 
the  distance  necessary  to  change  it  2  feet,  etc.).  Then,  having 
found  the  depths  of  cut  (or  till)  at  /''and  L,  distant  \b  from  the 
centre  6^  we  have 

BH  =zsh  =  s\h  -  BF) 

and  AN=  sh  =  s'{AL  -  h) 

From  these  we  have,  for  the  upper  side  in  cuts,  and  Umer  side 
In  fills. 

h=    ,--   -  BF  .'.  X  =  ^b  +  -r^-   BF         (335) 
also,  for  the  loicer  side  in  cuts,  and  upper  side  in  fills, 

h=/;^^AL.-    x  =  il>  +  -^J^-AL  (336) 


We  also  have 


and 


h  -  BF=  -—-     BF^ 

8    —  S 


AL  -  h=  V  *       AL 


(337) 


whence  the  points  />  and  E  may  be  found  by  the  level. 

But  points  D  and  E  thus  calculated  should  have  their  posi- 
tions verified  by  the  general  formuhi,  cq.  (332),  lest  the  slope 
«■  may  not  have  been  perfectly  uniform. 

WJicfi  the  natural  surface  intersects  the  base  between  the 
points  A  and  B,  the  section  is  said  to  be  m  side  hill  worii, 
Fig.  90.  Both  portions  of  the  section  are  then  determined  by 
eq.  (333),  or  wliere  the  slope  s  is  regular,  by  eq.  (335)  measuring 
in  every  case  from  the  centre  stake  C\  but  observing  that 
when  tlie  centre  is  in  cut  and  one  side  in  fill,  or  rice  versa,  that 
d  must  be  considered  negative  for  that  side,  whence  eq.  (333) 
becomes  for  this  case 
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231.  Staking   out   [Earthwork.      BeginniDg  at  a 

point  on  the  centre  line  where  the  grade  cuts  the  natural  sur- 
face, the  engineer  drives  a  grade  stake  (marked  0.0)  and  notes 
the  point  in  the  cross-section  book.  If  the  line  of  intersection 
of  the  road-bed  and  surface  would  make  an  acute  angle  with 
the  centre  line,  he  also  finds  the  points  where  the  edges  of  the 
proposed  road-bed  will  intersect  the  surface,  drives  grade 
stakes,  and  also  stakes  out  a  cross  section  through  each  of 
those  points,  if  necessary. 

Then  advancing  to  the  next  point  on  the  centre  line  where 
a  section  is  required,  he  finds  its  elevation  with  the  level  (veri- 
fying or  correcting  the  elevation  taken  on  the  location),  calcu- 
lates the  depth  of  cut  or  fill  CG,  which  is  then  marked  upon 
the  back  of  a  stake  there  driven;  a  cut  being  designated  by  C 
and  a  fill  by  F. 

If  the  ground  is  level  transversely  (Fig.  88),  he  calculates  x  by 


JI»W^Ji»ii^J/wr/fM»W^/^/ff/JK 


eq.  (332)  and  lays  oif  this  distance  at  right  angles  to  the  centre 
Imc,  driving  slope  stakes  at  the  points  D  and  E,  marked  with 
the  depth  of  cut  or  fili.    The  marked  side  of  slope  stakes  should 
face  the  centre  line. 
Iftlie  ground  u  inclined  transversely  (Fig.  89),  he  first  measures 


Fig.  89. 


the  distance,  ^,  to  F,  and  finds  the  depth  BF  for  record.    He 
then  proceeds  to  find  the  point  D.    If  the  natural  slope  be  uni- 
form, 7)  may  be  found  by  eq.  (335)  or  (337),  verifying  the  result 
/fy  eg.  (332).     The  point  E  o!  the  other  slope  may  be  found 
similarly,  using  eq.  (386)  or  cq.  (S^7V,  \eT\^y\xi^\i^  ^.  ^^JKRS^. 
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232.  V  the  ground  be  irregular,  the  depth  of  cut  or  fill  is 
found  not  only  at  the  centre  and  edges  of  the  road-bed,  but 
also  at  every  other  jioint  along  the  cross  section  w?iei'e  t?ie  sur- 
face slope  e/ianges,  ail  of  which  depths  are  recorded,  together 
witli  their  respective  distances  from  the  centre.  2o  Jiiid  the 
point  D :  assume  a  point  supposed  to  be  near  D,  and  there 
take  a  reading  of  the  rod.  The  difference  of  the  readings  at 
that  point  and  at  C  equals  y'  for  that  point,  which  inserted  in 
eq.  (333)  gives  a  value  x'.  If  x'  agrees  with  the  horizontal  dis- 
tance of  the  assumed  point  irom  C\  the  true  position  of  D  has 
been  found.  If  x'  be  greater  than  this,  by  subtracting  the  eq. 
x'  =  ^ -^  8d  +  sy'  from  eq.  (383)  we  derive 

x  =  x'  +  s{y-y')  (338) 

the  last  term  of  which  shows  the  correction  to  be  added  to  x'. 
Now  in  advancing  from  the  assumed  point  to  the  extremity  of 
x\  the  rise  of  the  surface  is  approximately  {y  —  y'),  and  if,  in 
going  the  additional  distance,  8{y  —  y'),  a  further  rise  is  en- 
countered, this  last,  multiplied  by  «,  must  also  be  added  to  a;', 
and  so  on  until  the  additional  advance  makes  no  change  in  the 
value  of  y.  The  point  thus  found,  verified  by  eq.  (332),  is  the 
point  2>  required. 

But  if  x'  be  Icsh  than  the  distance  of  the  assumed  point  from 
Cy  we  have 

x  =  x'-s{y'-y)  (338)' 

the  corrections  being  subtractive. 

The  point  E  on  the  other  slope  is  found  in  a  similar  manner, 
using  eq.  (334)  for  the  value  of  x  ;  if  .c'  be  greater  than  the  as- 
sumed distance,  we  have 

x  =  x  --siy-  y')  (339) 

the  corrections  being  suhtraciwe  ;  but  if  aj'  be  le9»  than  the  as- 

sumed  distance, 

X  =x-  +  8{y'  -  y)  (339)' 

the  corrections  being  additive. 

233.  Ill  ftide-hill  work  (Fig.  90)  proceed  in  the  same 
manner,  using  eqs.  (333)  or  (383)'  and  (338)  in  all  cases  of  un- 
even ground.  When  the  surface  slope  s'  is  uniform,  c<\.  (^•i^^\ 
may  he  used,  if  preferred,  on  oUhet  ?iu\e.    \x\  tvCiCaVxwv \vn  "Cwvj 
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centre  and  side  stakes,  a  grade  stake  is  driven  at  the  point  0, 
where  tiie  surface  intersects  the  grade,  the  stake  facing  down 
hill. 

To  find  a  grade  point,  set  the  target  to  a  reading  equal  to  the 
height  of  instrument  less  the  elevation  of  grade,  and  stand  the 
rod  at  various  points  along  the  given  line  until  the  target  coin- 
cides with  the  line  of  collimation. 


Fio.  90. 

234.  When  two  materials  are  found  in  the  same  section, 
as  rock  overlaid  with  earth,  each  material  requires  its  own 
slope,  and  a  compound  section  is  the  result.  To  stake 
out  work  of  this  descHption,  the  depth  of  earth  to  the  rock  must 
be  known,  and  may  be  nearly  ascertained  by  reference  to  an 
adjacent  section  already  excavated.     Fig.  91. 


Fig.  91. 


Then 


Let  a  I  be  the  depth  of  earth  at  C 
"   </a      "  "  "       Por  Q 

"    Si  be  the  ratio  of  rock  slope 
ifi      "  "       earth  slope 


<  < 


Jr  =  ib  +  8i(d  —  ai  ±  y{)  -f-  8^{a^  ±  y,) 


(340) 


in  which  yi  =  difference  of  rod  readings  on  the  rock  at  C\  and 
Di,  or  C^  and  Ei ;  and  y.j  =  difference  of  rod  readings  on  the 
S2^rface  at  P  and  2>2,  or  at  Q  and  j^a.     The  upper  sign  applies 
to  the  upper  side,  the  lower  sign  to  \\\c  \o\\ct. 
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It  is  better,  however,  to  make  an  indefinite  cross  profile  at 
first,  driving  two  reference  stakes  quite  beyond  tlie  section 
limits;  and  when  the  contractor  has  removed  the  earth  from 
between  Di  and  Ei,  indicate  to  him  those  exact  points  by 
marks  on  the  rock,  and  also  set  the  slope  stakes  at  2>a  and  E<i. 

235.  The  frequency  with  which  cross  sections  should 
be  taken  depends  entirely  upon  the  form  of  the  surface;  where 
this  is  regular,  a  section  at  each  station  is  sufficient.  A  cross 
seiijtion  should  be  taken,  not  only  at  every  point  on  the  centre 
line  where  there  is  an  angle  in  the  profile,  but  also  wherever 
an  angle  would  be  found  in  the  profile  of  a  line  joining  a  series 
of  slope  stakes  on  either  side,  even  though  the  profile  of  the 
centre  line  may  be  quite  regular  at  the  corresponding  point: — 
the  object  being,  not  only  to  indicate  the  proper  outlines  of 
the  earthwork,  but  to  furnish  the  data  necessary  to  calculate 
correctly  the  quantities  of  material  removed.  Rockwork  will 
generally  require  more  frequent  sections  than  earthwork. 

236.  Vertical  Curves.— The  grades  as  given  on  the 
profile  are  right  lines,  which  intersect  each  other  with  angles 
more  or  less  abnipt.  These  angles  require  to  be  replaced  by 
wrtical  curves,  slightly  changing  the  grade  at  and  near  the 
point  of  intersection.  A  vertical  curve  rarely  need  extend 
more  than  200  feet  each  way  from  that  point.     Fig.  92. 


Let  AB,  BGy  bo  two  grades  iu  profile,  intersecting  at  station 
Bf  and  let  A  and  G  be  the  adjacent  stations.  It  is  required  to 
join  the  gmdes  by  a  vertical  curve  extending  from  A  to  C. 
Suppose  a  chord  drawn  from  A  to  G\ — the  elevation  of  the 
middle  point  of  the  chord  will  be  a  mean  of  the  elevations  of 
grade  at  A  and  C;  and  one  half  of  U\c  d\ftexeTve^\ic.VsN^^.w>OcL\^ 
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and  the  elevation  of  grade  at  B  will  be  the  middle  ordinate  of 
the  curve.     Hence  we  have 

M  =  i  (grade  A  +  gradeg  _  ^^^  ^j         ^^^^ 

in  which  M  =  the  correction  in  grade  for  the  point  B.  The 
correction  for  any  other  point  is  proportional  to  the  square  of 
its  distance  from  A  or  G.  Thus  the  correction  at  ^1 4"  ^^  ^ 
■f^M;  at  A  +  50  it  is  iM;  at  J.  +  75  it  is  ^^M\  and  the  same 
for  corresponding  points  on  the  other  side  of  B.  The  correc- 
tions in  the  case  shown  are  suhtractive,  since  M  is  negative. 
They  are  additive  when  M  is  positive,  and  the  curve  concave 
upward. 

These  corrections  are  made  at  the  time  the  cross  sections 
are  taken,  and  the  corrected  grades  are  entered  in  the  field- 
book  opposite  the  numbers  of  the  respective  stations. 

237.  Form  of  Field-book.— A  complete  record  of 
all  cross-section  work  is  kept  in  the  cross-section  book. 
On  the  left-hand  page  is  recorded,  in  the  first  column^  the 
numbers  of  the  stations  and  other  points  where  sections 
are  taken ;  in  the  second,  the  elevations  of  those  points,  copied 
in  part  from  the  location  level-book,  but  verified  or  corrected 
at  the  time  the  section  is  taken ;  in  tJie  third,  the  elevation  of 
the  grade  for  the  same  points ;  in  the  fourth,  the  width  of 
base  6;  in  the  fifth,  the  slope  ratios,  «;  and  in  the  sixth,  the 
surface  ratio  s'  when  uniform.  The  right-hand  page  has  a 
central  column,  in  which,  and  opposite  the  number  of  the 
station,  is  recorded  the  centre  depth  of  the  section,  marked 
+  or  —  ,  to  indicate  cut  or  fill,  as  the  case  may  require. 
To  the  right  of  this  are  recorded  the  notes  of  that  portion  of 
the  section  which  lies  on  the  right  of  the  centre  lifie.  as  the 
line  was  run,  and  to  the  left,  the  notes  of  the  left  side.  The 
distance  from  the  centre  to  each  point  noted  is  recorded  as 
the  numerator  of  a  fraction,  and  the  cut  or  fill  at  the  point 
as  the  denominator,  prefixed  by  a  +  or  —  as  the  case  may 
require.  The  denominator  for  a  grade  point  is  zero.  The 
numbers  of  the  stations  should  increase  up  the  page,  as  in  a 
transit  book,  so  that  there  may  he  no  confusion  as  to  the  right 
and  left  side  of  the  line.  The  several  points  being  noted  in 
order  as  they  occur  from  the  centre  o\i\.^».TAa,  \,\v^  xvotea  far 
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thest  from  the  centre  of  the  page  usually  appertain  to  the 
slope  stakes;  but  in  case  the  cross  profile  is  extended  beyond 
the  slope  stake,  the  note  of  the  latter  should  be  surrounded  by 
a  circle  to  distinguish  it.  The  following  form  is  a  specimen 
of  a  right-hand  page,  with  the  first  column  only  of  the  left- 
hand  page: 


Sta. 

22.0 
+  8.6 

Cross 

Sections. 

83 

10.5       10         5 

+  14  +17.7  +21 

0 

+  21.5 

10         20         82 
+20.8  +25.6  +28.3 

65.6 
+30.4 

+  60 

17.5       10         4 
+  5.0  +  10  +13.2 

0 

+  14 

10         24       42.6 

+14.7  +20.1  +21.7 

82 

14.2       10 

+  2.8  +  5.4 

0 
+  9^4 

6          10       31.6 
+  8.5  +11.6  +14.4 

+  88 

10 
0 

0 

+  2.8 

10        19.3 
+  3.8  +  6.2, 

+  27 

0 

+  19 

21.7       7 
-  9.8-  5.6 

0 
-  4.7 

10 
0 

81 

25.9       7 
-12,6-11.2 

0 
-  12 

7          15 
-10.6  -  5.8 

80 

33.4       7 
-17. C  -10.4 

0 
-17.G 

7          18       25.6 
-19.6  -19.1  -12.4 

238.  In  case  there  is  a  liability  to  land-slips,  the  profiles 
of  cross  sections  should  be  carried  beyond  the  slope  stakes, 
on  the  upper  side  of  the  cut,  to  any  distance  thought  neces- 
sary to  reach  firm  ground,  and  stakes  driven  for  future  refer- 
ence. When  a  number  of  consecutive  cross  profiles  are  to  be 
considerably  extended,  it  is  well  to  first  run,  instrumentally, 
a  line  parallel  to  the  centre  line,  and  set  stakes  opposite  the 
stations,  taking  their  elevations.  The  intermediate  surface  of 
the  sections  may  then  be  taken  with  cross-section  rods  if  more 
convenient.     See  §37, 


239.  In  case  of  inaccessible  ^onnd,  preventing  a 
regular  staking  out,  an  indefinite  profile  of  the  section  may 
generally  be  obtained,  referred  to  the  datum  for  elevation  and 
to  the  centre  line  for  position,  which  being  plotted  on  cross- 
section  paper,  and  the  grade  line  and  side  slopes  added,  shows 
to  scale  where  the  slope  stakes  should  b^i. 
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240.  Any  isolated  mass  of  rock  or  earth  which  oc- 
curs within  the  limits  of  the  slope  stakes,  but  not  included  in 
the  regular  notes,  is  separately  measured  and  noted,  so  that 
its  contents  may  be  computed  and  added  to  the  sum  of  the 
same  material  found  in  the  cross  sections. 

241.  Borrow-pits. — When  the  excavations  will  not 
suffice  to  complete  the  embankments,  material  may  be  taken 
from  other  localities,  termed  borrow-pUs.  These  should  be 
staked  out  by  the  engineer  and  their  contents  calculated, 
unless  the  contractor  is  to  be  paid  for  work  by  embankment 
measurements.  A  number  of  cross  profiles  are  taken  of  the 
original  surface,  and  (on  the  same  lines)  of  the  bottom  of  the 
pit  after  it  is  excavated,  which  furnish  the  depth  of  cutting 
at  each  required  point.  Borrow-pits  should  be  regularly  ex- 
cavated, so  that  they  may  not  present  an  unsightly  appear- 
ance when  abandoned.  Borrow-pits  may  be  avoided  by 
widening  the  cut  uniformly  at  the  time  it  is  staked  out,  so 
that  it  may  furnish  sufficient  material ;  provided  the  material 
IS  suitable,  the  embankment  accessible,  and  the  distance  not 
too  great.  When  the  excavation  is  in  excess,  the  surplus  ma- 
terial should  be  uniformly  distributed  by  widening  the  adja- 
cent embankments,  if  possible;  otherwise  it  is  deposited  at 
convenient  places  indicated  by  the  engineer  and  is  said  to  be 
wmted. 

242.  Shrinkage.— In  estimating  the  relative  amounts  of 
excavation  and  embankment  required,  allowance  must  be  raade 
for  difference  in  the  spaces  occupied  by  the  material  before  ex- 
cavation and  after  it  is  settled  in  embankment.  The  various 
earths  will  be  more  compact  in  embankment,  rock  less  so.  The 
difference  in  volume  is  called  shrinkage  in  the  one  case,  and 
increase  in  the  other. 

Shrinkage  in  1000  cu.  yds. 
Material.  Of  excavation.    Of  settled  embkt. 

Sand  andgravel SOC.Yds.  87C.Yds. 

Clay 100    "  111     •* 

Loam 120    *•  136    *' 

Wet  soil 150    ••  200    ** 

Increase  in  1000  cu.  yds. 

Rock,  largo  fragments 600  C.  Yds.         375  C. Yda 

"     mudinm  ir'dgmGnX& 700    '*  418     ** 

"     small  •        BOO    "  \^   " 
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Thus,  an  cxcayation  of  sand  and  gravel  measuring  1000  cubic 
yards  will  form  only  about  920  cubic  yaixls  of  embankment;  or 
an  embankment  of  1000  cubic  yards  will  require  1087  cubic 
yards  of  sand  or  gravel  measured  in  excavation  to  fill  it ;  but  will 
require  only  587  cubic  yards  of  rock  excavation,  the  rock  being 
broken  into  medium-sized  fragments;  while  1000  cubic  yards 
of  the  latter,  measured  in  excavation,  will  form  1700  cubic 
yards  of  embankment. 

The  lineal  settlement  of  an  earth  embankment  will  be 
about  in  the  ratio  given  above,  therefore  the  contractor  should 
be  instructed  in  setting  his  poles  to  guide  him  as  to  the  height 
of  grade  on  an  earth  embankment,  to  add  10  per  cent  (average) 
to  the  fill  marked  on  the  stakes.  In  rock  embankments  this 
is  not  necessary.  The  engineer  should  see  that  all  embank- 
ments are  made  full  width  at  first,  out  to  the  slope  stakes,  and 
by  measure  at  or  above  grade,  so  that  the  whole  may  settle  in 
a  compact  mass.  Additions  to  the  width  made  subsequently 
are  likely  to  slide  off. 

243.  The  cross-section  notes  should  be  traced  in  ink  at  the 
first  opportunity  to  secure  their  permanence.  An  office  copy 
should  also  be  made  to  serve  in  case  of  loss  or  damage  to  the 
original. 

244.  Alteration  of  Line.— Inasmuch  as  the  centre  line 
at  grade  is  the  base  of  reference  for  all  measurements  and  cal- 
culations in  earthwork,  any  change  made  in  it  after  the  work 
of  grading  has  begim  should  be  most  carefully  recorded  and 
explained.  The  centre  stakes  of  the  old  line  should  be  left 
standing  until  after  the  new  line  is  established,  so  that  the  per- 
pendicular offset  from  the  old  hue  to  the  new,  at  each  station, 
maybe  measured,  as  also  the  distance  that  the  new  station  may 
be  in  advance  of,  or  behind  the  old  one.  The  date  of  the  change 
should  be  recorded.  The  original  cross  sections  are  extended 
any  amount  requisite,  the  distance  out  being  still  reckoned  from 
the  oUl  centre,  while  a  marginal  note  states  the  amount  by  which 
the  centre  has  been  shifted. 

The  difference  in  len<rth  of  the  lines  will  make  a  long  or  short 
station  at  the  point  of  closing.  The  extvct  length  of  such  a 
station  should  be  recorded,  so  that  it  may  be  observed  in  re- 
tnciqg  the  line  at  any  time,  and  m  ca\cu\v3LVva^  Wvi  c3^\'kq.>cs.V3  ^"^ 
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earthwork.  The  original  transit  notes  of  the  altered  line  should 
be  preseryed,  but  marked  as  "abandoned,"  with  a  reference  to 
the  notes  of  the  new  line  on  another  page. 

245.  Drains  and  Culverts.— The  engineer  should  ex 
amine  the  nature  and  extent  of  each  depression  in  the  profile 
with  reference  to  the  kind  of  opening  required  for  the  passage 
of  water.  For  small  springs,  and  for  a  limited  surface  of  rain- 
fall, cement  pipes,  in  sizes  varying  from  13  to  24  inches  diame- 
ter, serve  an  excellent  purpose  as  drains.  These  are  easily  laid 
down,  and  if  properly  bedded,  with  the  earth  tamped  about 
them,  are  very  permanent;  but  their  upper  surface  should  be 
at  least  2^^  feet  below  grade.  The  embankment  is  protected  at 
the  upper  end  of  the  drain  by  a  bit  of  vertical  wall,  enclosing 
the  end  of  the  pipe.  If  necessary,  a  paved  gutter  may  lead  to 
It. 

Where  stone  abounds,  the  bed  of  a  dry  ravine  may  be  partly 
filled  with  loose  stone,  extending  beyond  the  slopes  a  few  feet, 
which  will  prevent  the  accumulation  of  water. 

When  the  flow  of  water  is  estimated  to  be  too  great  for  two 
lines  of  the  largest  cement  pipe,  or  when  the  embankment  is 
too  shallow  to  admit  them  safely,  a  culvert  is  required.  A 
pavement  is  laid  one  foot  thick,  protected  by  a  curb  of  stone 
or  Y/ood  3  feet  deep  at  each  end,  and  wide  enough  to  allow  the 
walls  to  be  built  upon  it.  It  should  have  a  uniform  slope,  usu- 
ally between  the  hmits  of  50  to  1  and  100  to  1  to  ensure  the 
ready  flow  of  water.  In  firm  soils  the  foundation  pit  is .  exca- 
vated one  foot  below  the  bed  of  the  stream,  but  if  mud  is  found 
this  must  be  removed  and  the  space  filled  with  riprap,  the  up- 
per course  of  which  is  arranged  to  form  the  pavement  at  the 
proper  level.  In  a  V-shaped  ravine,  requiring  too  much  ex- 
cavation at  the  sides,  and  where  the  fall  is  considerable,  riprap 
may  be  used  to  advantage,  the  bed  of  the  stream  above  the 
culvert  being  graded  up  by  the  same  material  to  meet  the  pave- 
ment. In  some  cases  a  curtam,  or  cross  wall,  is  necessary  on 
the  lower  end  to  retain  the  riprap. 

Culverts  should  be  laid  out  at  right  angles  to  the  centre  line 

whenever  practicable,  the  bed  of  the  stream  being  altered  if 

necessary.   The  length  of  an  open  culvert  is  the  entire  distance 

between  slope  stakes,  the  walls  being  parallel  throughout,  or 

the  Jcngth  may  be  taken  somewhat  \easl\iMi\3a\%,wvd  the  walli 
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turned  at  right  angles  on  the  upper  end,  forming  a  facing  to 
the  foot  of  the  slope.  The  walls  are  carried  up  to  grade  for 
the  width  of  the  roadbed,  and  are  stepped  down  to  suit  the 
slopes.     A  course  is  afterwards  added  to  retain  the  ballast. 

In  box  culverts  the  span  varies  from  3  to  5  feet,  the  height 
in  the  clear  from  2  to  6  feet;  the  thickness  of  walls  from  3  to 
4  feet;  the  thickness  of  cover  from  12  to  18  inches,  and  its 
length  at  least  2  feet  greater  than  the  span.  The  walls  terminate 
in  short  head-walls  built  parallel  to  the  centre  line,  the  top 
course  being  a  continuation  of  the  cover.  The  length  of  a 
liead-wall,  measured  on  the  outer  face,  is  equal  to  the  height  of 
the  culvert  in  the  clear  multiplied  by  the  slope  ratio  of  the 
embankment.  The  perpendicular  distance  from  the  centre 
line  to  the  face  of  a  head-wall  is  equal  to  one  half  the  road-bed, 
plus  the  depth  of  the  top  of  the  wall  below  grade  multiplied  by 
the  slope  ratio,  or  ^b  -f-  sk.     A  coping  is  sometimes  added. 

246.  Arch  culverts  are  used  when  the  span  required  is 
more  than  5  feet,  and  the  embankment  too  high  to  warrant 
carrying  the  walls  up  to  grade  as  an  open  culvert.  The  span 
varies  from  6  to  20  feet;  the  arch  is  a  semicircle,  the  thickness 
varying  from  10  or  12  inches  to  18  or  20  inches.  The  height 
of  abutments  to  the  springing  line  varies  from  2  to  10  feet,  the 
thickness  at  the  springing  hne  from  8  to  5  feet,  and  at  the  base 
from  3  to  6  feet,  the  back  of  the  abutment  receiving  the  batter. 
The  foundations  are  laid  broader  and  deeper  than  in  box  cul- 
verts, each  abutment  having  its  own  pit,  carried  to  any  depth 
foimd  necessary.  The  half  length  of  the  culvert  is  ^h  -f  sk,  in 
which  k  Is  the  depth  of  the  crown  of  the  arch  below  grade. 
The  abutments  are  carried  up  half  way  from  the  spring  to  the 
level  of  the  crown  of  the  arch,  and  thence  sloped  off  toward 
the  crown.  The  face  walls  are  carried  up  to  the  crown,  and 
coped.  The  wing  walls  stand  at  an  angle  of  30^  with  the 
axis  of  the  culvert;  they  receive  a  batter  on  the  face,  and  arc 
stepped  (or  sloped)  down  to  suit  the  embankment.  Then- 
thickness,  at  the  base,  is  the  same  as  that  of  the  abutment;  at 
the  outer  end  3  feet.  They  stop  about  3  feet  short  of  the  foot 
of  the  slope.    They  need  not  be  curved  in  plan. 

Any  stone  structure  of  dimensions  greater  than  those  given 
above,  scarcely  comes  under  the  head  of  culverts,  and  sUovild 
lie  made  the  subject  of  a  special  design  by  l\\e  eTiy;vtv^et. 
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247.  Staking  out  Foundation  Pits.— For  box 

culverts. — The  engineer  having  decided  upon  the  size  of  cul- 
vert required,  makes  a  diagram  of  it  in  plan,  on  a  page  of  his 
masonry  book,  recording  all  the  dimensions,  stating  the  sta- 
tion and  plus  at  which  its  centre  is  taken,  the  span  and  height 
of  the  opening,  etc.  He  tlieii  sets  the  transit  at  the  centre  A, 
Fig.  93,  measures  the  angle  between  the  centre  line  and  axis, 
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(making  it  90**  if  practicable) ;  on  the  axis  he  lays  off  the  dis- 
tances to  the  ends  of  the  culvert  and  drives  stakes  at  B  and  G. 
Perpendicular  to  BGhe  lays  off  tlie  half  widths  of  the  pit,  set- 
ting stakes  at  D  and  E,  and  laying  off  Di^and  EH  =  AB;  and 
DG  and  EI  =  AG.  On  10  produced  he  lays  off  GJ  =  GK,  and 
perpendicular  to  this  JM  and  KL,  and  finds  the  intersections 
0  and  N.  A  stake  is  driven  at  each  angle,  and  upon  it  is 
marked  the  cut  required  to  reach  the  assumed  level  for  the 
foundation.  These  cuts  are  recorded  on  the  corresponding 
angles  of  the  diagram.  The  pit  is  thus  no  larger  than  the 
plan  of  the  proposed  masonry,  and  the  sides  are  vertical,  which 
answers  the  purpose  for  shallow  pits. 

For  arch  culverts.— -The  pit  for  each  abutment  when 

shallow  may  be  of  the  same  dimensions  as  the  lower  founda- 

tJon  course :  if  more  than  five  feet  deep,  it  should  be  enlarged 

liT^n  extra  space  of  one  foot  all  aTOUud.   \xi¥\^^Vfcu^\sk3dd0 
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lines  show  the  plan  of  the  abutments  at  the  neat-lines ;  the 
outside  lines  represent  the  pits.  Having  prepared  a  plan  of 
the  structure  suited  to  the  locality,  and  made  a  diagram  of 
the  same  in  the  masonry  book,  set  the  transit  at  J.,  and  drive 
stakes  at  D,  E,  N  and  0  on  the  centre  line.  Then  turning  to 
the  axis  BC,  lay  off  AC,  and  set  stakes  at  G  and  /.  With  G 
as  a  centre,  and  a  radius  equal  to  2DEy  describe  on  the  ground 


N 


dT 


Bj. AL ./ k? 


X^-JR 


r 


or 


Fig.  94. 


an  arc  cutting  EI  in  X  or  {IX  =  DE .  cot  30")  may  be  calcu- 
lated; and  on  XG  produced  lay  off  GK,  and  perpendicular  to 
this,  KL,  From  N  lay  off  iVP,  parallel  to  AG,  and  measure 
PL  as  a  check.  Drive  a  stake  at  each  angle,  marked  with  the 
proper  cutting,  and  record  the  same  on  the  diagram.  The 
locality  may  require  the  wings  to  be  of  different  lengths  and 
angles,  of  which  the  engineer  will  judge.  Guard-plugs  should 
be  driven  m  hue  with  the  intended  face  of  one  or  both  abut- 
ments, so  that  the  neat-lines  can  be  readily  given  when  re 
quired.  In  case  the  material  is  not  likely  to  stand  vertically, 
the  pit  must  be  staked  out  with  sloping  sides,  as  described 
below. 

For  bridge  abutments.— A  design  for  every  impor 
tant  structure  is  usually  prepared  in  the  office  after  a  survey 
of  the  site.  The  foundation  pit  is  then  laid  out  from  dimen- 
sions furnished  on  a  tracing,  but  a  diagram  of  the  pit  should  be 
made  in  the  masonry  book  as  usual.  Wlien  the  bridge  is  on  a  tan 
^i^fU,  Fig.  95,  set  the  transit  at  A  on  the  centre  line  at  Hs  inter- 
•ection  with  the  axis  BCoi  the  abulmeulatthclexelot  \A\a  %ei-\X. 
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Deflect  from  the  tangent  the  angle  giving  the  direction  of  B€, 
and  lay  off  AC,  AB^  setting  plugs  at  B  and  (7,  and  reference 
plugs  (two  on  each  side)  on  BG  produced.  After  staking  out 
the  sides  of  the  pit  parallel  to  BG,  set  the  transit  at  (7,  and 
deflect  the  angle  for  the  wing,  laying  off  GD,  and  driving 
stakes  at  the  corners  E  and  F.  Two  reference  points  are 
then  set  on  the  line  GD  produced.     The  other  wing  being 


B 


Fig.  95. 


Staked  out  in  the  same  manner,  the  cut  is  found  at  each  stake 
and  marked  and  recorded.  Cross  sections  are  then  taken  near 
each  corner,  perpendicular  to  each  side,  and  slope  stakes 
(marked  "slope")  are  driven  where  the  slope  runs  out.  Inter- 
mediate sections  are  taken  when  the  unevenness  of  the  ground 
makes  it  necessary,  and  the  lines  joining  the  slope  stakes  are 
produced  to  intersect,  and  other  stakes  are  driven  at  the  inter- 
sections. The  position  of  each  stake  is  shown  on  the  diagram, 
and  the  cut  recorded. 

A  slope  of  1  to  1  is  usually  sufficient  for  pits.  If  the  material 
will  not  stand  at  li  to  1,  or  if  space  cannot  be  spared  for  the 
slope,  the  sides  may  be  carried  down  vertically,  supported  by 
sheet  piling  braced  from  within. 

The  reference  points  should  be  so  chosen  that  the  points  A, 
j&and  Cmay  be  found  by  intersection,  on  any  course  of  the 
masonry,  during  the  progress  of  construction. 

When  the  bridge  is  on  a  curve,  the  bridge-chord 

should  be  found  and  the  abutments  laid  out  from  this.  Fig  96. 

The  bridge-chord  is  a  line  AB,  midway  between  the  chord  of 

the  curve  OD,  joiniug  the  centres  of  the  abutments,  and  a  tan- 

S'^at  to  the  curve  at  the  middle  poVnl  ot  >iXift  «^nav.   Bttoan 
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OA^DB^^MN,  wMch  may  be  laid  oflf,  and  A  and  B  are 
the  true  centres  of  the  abutxnents,  from  which  the  foundations 
are  staked  out  as  before. 

The  distance  CE  =  DF  to  the  points  where  the  bridge-chord 
cuts  the  curve  is  0.147  CD. 

Should  an  abutment  site  on  a  curve  be  inaccessible,  as  when 


Fig.  96. 

under  water,  from  any  transit  point  P  on  the  curve  lay  off.  PX 
perpendicular  to  the  tangent  at  M,  observing  that 

PX=  MQ  '-AC=  Bivers PM—  i  vers  CM) 
and  .      AX^PQ  -  \AB  =  R{sin PM-  \GB) 

The  point  A  may  then  be  found  by  intersection,  or  by  direct 
measurement  with  a  steel  tape  or  wire,  driving  a  long  stout 
stake  to  show  tlie  point  above  the  water.  Other  points  may 
then  be  approximately  found,  sufficient  to  begin  operations. 

In  case  of  a  bridge  of  several  spans,  the  piers  are  laid  out  in 
the  same  manner,  from  a  centre  point  and  axis.  If  on  a  curve, 
each  span  has  its  own  bridge  chord,  but  for  convenience,  the 
centre  of  a  pier  may  be  taken  on  the  centre  line  during  its  con- 
struction, and  the  bridge-chord  only  found  for  the  purpose  of 
placing  the  bridge;  the  piers  being  long  enough,  t^  ^\Vc^^  ^1n^^ 
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To  locate  tbe  centres  of  piers,  a  base  li&e  is  re* 
quired  on  one  or  both  shores,  and  two  transits  are  used  to  give 
the  intersections  by  calculated  angles.  When  practicable  the 
spans  should  also  bo  measured  with  a  steel  tape  or  wire. 

The  bed  of  a  pit  for  any  sort  of  structure  should 
receive  the  closest  scrutiny  of  the  engineer,  it  being  his  duty 
to  judge  whether  the  material  will  resist  the  load  to  be  im- 
posed upon  it.  A  pit  may  require  to  be  excavated  to  a  greater 
depth  than  first  ordered,  while  sometimes  a  less  depth  will 
answer,  as  when  solid  rock  is  found.  When  a  good  material 
is  reached,  if  any  doubt  exist  as  to  its  thickness,  or  as  to  the 
character  of  the  underlying  stratum,  borings  should  be  made 
or  sounding  rods  driven  down.  Piles  may  be  driven  to  gain 
the  requisite  firmness,  and  a  layer  of  riprap,  of  belon,  or  of 
timber  may  be  used  to  afford  a  uniform  bearing.  When  satis- 
fied of  the  stability  of  the  bed,  the  engineer  finds  the  original 
centres,  and  gives  points  for  the  courses  of  masonry.  A  com- 
plete record  is  kept  of  the  amount  and  kind  of  excavation,  the 
materials  used  in  foundation  under  the  masonry,  and  of  the 
size  and  thickness  of  each  foundation  course  of  masonry;  the 
notes  should  be  taken  at  the  time  the  work  is  done,  it  being 
generally  impossible  to  take  measurements  thereafter. 

248.  Cattle-guards  are  shallow  pits  placed  at  right 
angles  across  the  road  at  the  fence  lines  to  prevent  the  x>assage 
of  cattle.  They  are  either  entirely  open,  in  which  case  they 
should  be  at  least  4  feet  deep,  or  they  are  covered  in  part  with 
wooden  rails  laid  a  few  inches  apart.  The  open  guard  is 
preferred.  It  is  built  like  an  open  culvert  except  that  no 
pavement  is  required.  The  stringers  carrying  the  rails  over 
any  opening  should  be  no  longer  than  the  span  2)Iils  the  thick- 
ness of  the  walls. 

249.  Trestle  Work. — No  wooden  culverts  should  ever 
be  used.  If  stone  cannot  be  had  at  first,  two  trestle  bents  may 
be  erected,  leaving  between  them  a  space  sufficient  to  contain 
the  stone  structure  to  be  built  when  the  material  for  it  can  bo 
brought  by  rail.  The  bents  may  be  backed  by  plank  to  retain 
the  embankment,  and  the  stringers  are  then  notched  down  an 
inch  on  the  caps  to  receive  the  pressure  of  the  earth,  and 

render  tbe  bents  mutually  sustaining.    The  sills  are  prevented 
from  yielding  to  the  pressure  ef  the  ean\v"b^'V»\xi\|^  waaLVok 
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a  trencli,  or  by  sheet  piling.  Should  the  span  be  too  long,  a 
central  bent  may  be  used,  so  as  not  to  interfere  with  buildlDg 
Ihe  wall.  Sometimes  pile-bents  may  be  used  with  greater  ad- 
vantage, the  piles  being  driven  in  rows  of  four  each,  and  cap- 
I)ed  to  receive  the  stringers.  In  districts  where  suitable  stone 
is  entirely  wanting,  pile  or  trestle  abutments  and  piers  are 
used  for  the  support  of  bridges,  the  piles  or  posts  being 
arranged  in  groups  and  capped  to  receive  the  direct  weight  of 
the  trusses.  They  should  not  sustain  the  embankment,  but 
should  be  connected  with  it  by  a  short  trestle  work. 

Trestle  work  is  frequently  used  as  a  substitute  for  embank- 
ment, either  to  lessen  the  first  cost,  or  to  hasten  the  completion 
of  the  line,  or  for  lack  of  suitable  material  with  which  to  form 
an  embankment.  The  cost  of  trestle  work,  however,  is  not 
less  than  that  of  an  earth  embankment  formed  from  borrow 
pits,  unless  its  height  exceeds  about  15  feet,  depending  on  the 
relative  prices  of  materials  and  labor.  When  not  exceeding  80 
feet  in  height,  the  bents^  for  single  track,  are  usually  composed 
of  two  posts,  a  cap  and  sill,  each  12  X  12,  and  two  batter  posts, 
10  X  13,  inclined  at  ith  to  1,  all  framed  together.  Two  lengths 
of  3-inch  plank  are  spiked  on  diagonally  on  opposite  sides  of 
the  bent  as  braces.  The  length  of  the  caps  should  equal  the 
width  of  the  embankment;  the  posts  should  be  5  feet  from 
centre  to  centre,  and  the  batter  posts  2  feet  from  the  posts  at 
the  cap.  The  sill  should  extend  about  two  feet  beyond  the 
foot  of  the  batter  post.  A  masonry  foundation  for  the  bent  is 
preferable,  though  pile  foundations  are  not  uncommon,  and 
some  temporary  structures  arc  placed  directly  on  a  firm  soil, 
supported  only  by  mudsills  laid  crosswise  under  the  sill.  The 
spans,  or  distance  between  bents,  may  vary  from  12  to  10  feet. 
The  stringers  should  consist  of  4  pieces,  2  under  each  rail, 
bolted  together,  with  packing  blocks  to  separate  them  2  or  3 
inches.  Over  each  bent  and  at  the  centre  of  each  span  a  piece 
of  thick  plank  about  4  feet  long  should  be  placed  on  edge 
between  the  two  pair  of  beams  to  preserve  the  proper  distance 
between  them,  while  rods  pass  through  the  beams  and  strain 
them  up  to  the  ends  of  the  plank,  to  increase  the  stability  of  the 
beams  and  prevent  their  buckling  under  a  load.  The  string- 
ers should  be  able  to  carry  safely  the  heaviest  load  without 
bracing  against  the  posts.  The  bents,  howcvev ,  \t  \\\^,  \£is^^ 
be  braced  against  each  other.     The  alrmgcxa  ?\\o\3\^  \*^  ^i^'c^- 
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tinuous,  tiic  two  pieces  breaking  joints  with  each  other  at  the 
bents,  to  which  they  are  firmly  bolted.  They  may  rest  directly 
on  the  caps,  or  corbels  may  intervene.  The  spans  on  a  curve 
should  be  shorter  than  on  a  tangent.  The  ties  should  be 
notched  down  to  fit  the  stringers  closely,  and  guard  rails,  cither 
wood  or  iron,  secured  to  them  firmly.  Unless  the  spans  are 
'  very  short,  horizontal  bracing  should  be  employed  consisting 
of  3-iuch  plank,  extending  from  the  centre  of  each  spaa  to  the 
ends  of  the  caps,  which  are  notched  down,  to  receive  the  plank. 

For  trestles  much  higher  than  30  feet  the  cluster  bent  is 
preferable,  so  termed  because  each  vertical  post  is  composed  of 
a  cluster  of  four  pieces,  8x8,  standing  a  little  apart  to  allow 
the  horizontal  members  to  pass  between  them.  The  verticals 
are  continuous,  breaking  joints,  two  and  two,  while  the  hori- 
zontals pass  the  posts  and  are  bolted  to  them  at  the  joints;  the 
framing  is  accomplished  entirely  by  packing  blocks  and  bolts. 
The  batter  posts  consist  each  of  two  pieces  8X8;  the  horizon- 
tals may  be  4  X  10,  and  extend  not  only  across  the  bent,  but 
from  one  bent  to  another.  Proper  bracing  is  also  used  ia  every 
direction.  When  very  high,  a  secondary  pair  of  batter  posts 
may  be  mtroduced  in  the  lower  part  of  the  structure.  The 
batter  need  not  exceed  Jth  to  1.  In  some  instances  two  adjoin- 
ing bents  are  strongly  braced  together,  forming  a  tower  or  pier, 
and  the  piers  placed  from  50  to  100  feet  apart,  the  roadway 
being  carried  on  trussed  bridges.  The  cluster  bent  admits  of 
any  piece  being  removed  and  a  new  one  inserted  when  neces- 
sary. 

Iron  trestles  are  now  adopted  where  a  permanent  struc- 
ture is  desired.  Owing  to  the  expansion  of  the  metal  by  lieat, 
the  bents  cannot  be  continuously  connected  with  each  other  as 
in  a  wooden  trestle;  hence  the  pier  form  is  resorted  to,  having 
spans  varying  from  30  to  150  feet,  covered  by  trussed  bridges, 
and  the  whole  structure  is  more  properly  styled  a  viaduct. 

250.  Tunnels.  Tunnels  are  adopted  in  certain  ctiscs  to 
avoid  excessive  excavations,  steep  grades,  high  summits,  and 
circuitous  routes.  Their  disadvantages  are  the  increased  time 
and  cost  of  their  construction  compared  with  an  open  line,  and 
their  lack  of  light  and  fresh  air  when  in  use.  It  is  desu^ble 
Umt  they  should,  he  on  a  tangent  throughout,  both  for  the  ad- 
mission  of  light  a/icl  for  convenience  ol  aW^TaeoX,,     "ViLaxi^ 
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tunnels,  liowever,  have  been  built  with  a  curve  at  one  or  both 
ends.* 

The  location  of  a  tunnel,  other  things  being  equal,  should 
be  such  as  to  make  not  only  tlic  tunnel  proper,  but  also  its  im- 
mediate approaches  by  open  cut  as  short  as  possible;  and  the 
latter  should  be  selected  so  as  not  to  be  subject  to  overflow, 
.  nor  liable  to  land  slides.  The  material  to  be  encountered  may 
frequently  bo  determined  with  tolerable  accuracy  by  a  study 
of  the  geological  formation  in  the  vicinity,  or  by  actual  borings. 
The  most  favorable  material  for  tunnelling  is  a  homogeneous 
.self-supporting  rock,  devoid  of  springs,  which  does  not  disin- 
tegrate on  exposure  to  the  atmosphere.  The  worst  materials 
are  saturatcjd  earth  and  quicksands.  The  presence  of  water  in 
any  material  increases  the  cost  considerably. 

The  alignnnieut  of  a  tunnel  is  made  the  subject  of  special 
survey,  after  the  general  location  is  decided,  and  this  is  more 
or  less  elaborate  according  to  tlie  length  of  tunnel.  A  perma- 
nent station  is  established  at- the  highest  point  crossed  by  the 
tunnel  tangent,  from  which,  if  possible,  monuments  are  set  in 
each  direction  at  points  beyond  the  ends  of  the  tunnel.  Ii 
there  are  two  principal  summits,  stations  on  these  will  define 
the  tangent,  which  may  then  be  produced.  The  monuments 
established  beyond  the  timnel  should  be  sufficiently  distant  to 
afford  a  perfect  backsight  from  the  ends  of  the  tunnel,  where 
other  monuments  are  also  established.  The  first  quality  of  in- 
struments only  should  be  used,  and  these  perfectly  adjusted, 
and  the  observations  should  be  repeated  many  times  until  it  is 
certain  that  all  perceptible  errors  are  eliminated.  Since  the 
line  of  collimation  will  be  frequently  inclined  to  the  horizon 
at  a  considerable  angle,  it  is  important  that  it  should  revolve 
in  a  vertical  plane;  and  to  secure  this,  a  sensitive  bubble  tube 
should  be  attiiclied  to  the  horizontal  axis,  at  right  angles  to  the 
telescope  of  the  transit.  The  distance  may  be  obtained  by  tri- 
angulation,  though  direct  measurement  is  to  be  preferred.  A 
steel  tape  is  convenient  and  accurate,  providing  that  allowance 
he  made  for  variations  due  to  temperature,  from  an  assumed 
standard.     The  rods  described  in  §  4e3  may  be  used  instead  of 


♦Tlie  Kont  Cenls  tunnel,  requWng  a  curve  at  each  end,  was  first 
opened  on  the  tangent  produced,  giving  a  straight.  Wive  XYito\u^^^xv\>;Xv^ 
eurrea  were  excavated  subsequently. 
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plumb  lines,  tlie  tape  being  held  at  right  angles  to  them,  and 
therefore  horizontal.  A  plug  should  be  driven  for  each  rod  to 
stand  on,  and  a  centre  set  to  indicate  the  line  and  measure- 
ment. 

As  the  excavation  of  the  tunnel  proceeds,  the  centre  line  is 
given  at  short  intervals  by  points  either  on  the  floor  or  roof. 
Overhead  points  are  generally  preferred,  from  which  short 
plumb  lines  may  be  hung,  constantly  indicating  the  line,  with 
little  danger  of  being  disturbed.  When  a  new  transit  point  is 
required  in  the  tunnel,  it  should  be  established  directly  under 
an  overhead  point,  which  serves  as  a  check  upon  its  perma* 
nence,  and  as  a  backsight  when  needed. 

Shafts  are  sometimes  opened  to  give  access  to  several  points 
of  the  tunnel  at  the  same  time,  thus  facilitating  the  work,  though 
at  an  increased  cost.  They  also  serve  for  ventilation  during  the 
progress  of  the  work,  though  they  are  worse  than  useless  for 
this  purpose  afterward,  except  possibly  in  the  case  of  a  single 
shaft  near  the  centre  of  the  tunnel.  Some  of  the  longest  tun- 
nels have  been  formed  without  shafts,  while  many  shorter  ones 
have  had  several,  which  have  generally  been  closed  after  the 
tunnel  was  completed.  Shafts  Are  either  vertical,  inclined,  or 
nearly  horizontal;  in  the  latter  case  they  are  called  adits.  In- 
clined shafts  should  make  an  angle  of  at  least  60*  with  the  ver- 
tical. Vertical  shafts  may  bo  either  rectangular,  round,  or 
oval.  Their  dimensions  vary,  depending  on  their  depth  and 
the  material  encountered,  between  8  and  25  feet.  They  are 
usually  sunk  on  the  centre  line  of  the  tunnel,  though  some- 
times at  one  side.  When  over  the  tunnel  the  alignment  below 
is  obtained  directly  from  two  plumb  lines  of  fine  wire  8uspend<td 
on  opposite  sides  of  the  shaft  from  points  very  carefully  deter- 
mined at  the  surface.  The  plummets  are  suspended  in  water 
to  lessen  their  vibrations,  and  as  soon  as  the  transit  can  be  set 
up  at  a  sufficient  distance  to  bring  the  lines  into  focus,  it  is 
shifted  by  trial  into  exact  line  with  the  mean  of  their  oscilla- 
tions, the  latter  being  very  limited.  Permanent  points  may 
then  be  set,  but  should  be  repeatedly  verified.  As  soon  as  the 
workings  from  a  shaft  communicate  with  those  from  either 
end,  or  from  another  shaft,  the  alignment  thus  found  is 
tested,  and  revised  if  necessary.  These  operations  require  the 
srreatest  nicety  of  observation  and  delicacy  of  manipulation  to 
obtain  satisfactory  results. 
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From  plumb  lines  in  the  central  shaft  of  the  Hoosac  tunnel, 
the  line  was  produced  three  tenths  of  a  mile,  and  met  the  line 
produced  2.1  miles  from  the  west  end  with  an  error  in  offset 
of  five  sixteenths  of  an  inch.  In  the  Mont  Cenis  tunnel  the 
lines  met  from  opposite  ends  with  "  no  appreciable"  <irror  in 
alignment,  while  the  error  in  measurement  was  about  45  feet 
iu  a  total  length  of  7.6  miles. 

When  a  curve  occurs  in  a  tunnel  it  is  usually  near  one 
end.  The  tunnel  tangent  is  produced  and  established  as 
before  described,  and  a  second  tangent  from  some  point  on  the 
curve  outside  the  tunnel  is  produced  to  intersect  it,  the  inter- 
section being  precisely  determined  and  the  angle  measured 
with  many  repetitions.  The  tangent  distances  are  then  calcu- 
lated, and  the  position  of  the  tangent  points  corrected  by 
precise  measurements,  and  permanent  monuments  are  estab- 
lished. As  the  tunnel  advances,  points  may  be  set  at  short 
Intervals  on  the  curve  in  the  usual  manner;  but  at  intervals 
of  100  feet  the  regular  stations  should  be  defined  with  finely 
centred  monuments,  using  a  100-foot  steel  tape  carefully  sup- 
ported in  a  horizontal  position.  AVhen  it  is  necessary  to  use  a 
Bubchord,  its  exact  length  sliould  be  calculated  as  shown  in 
§  107.  When  the  curve  has  advanced  so  far  as  to  render  a  new 
transit  point  necessary,  this  should  be  established  at  a  full 
station.  The  subtangents  from  the  two  transit  points  should 
then  be  produced  to  intersect,  and  measured  for  equality  with 
each  other  and  with  their  calculated  length.  Tlie  distance 
from  their  intersection  to  the  middle  of  the  long  chord  should 
also  be  measured  as  a  check  on  the  deflections.  When  no 
perceptible  errors  remain,  the  curve  may  be  produced  as 
before  until  the  P.  T.  is  reached.  It  is  evident  that  correct 
measure  is  indispensable  to  correct  alignment  on  curves. 
8hould  obstacles  on  the  surface  necessitate  triangulation,  more 
than  ordinary  care  must  be  exercised,  and  as  many  che(jks 
introduced  as  possible.  The  triangles  should  be  so  arranged 
that  all  of  the  angles  and  most  of  the  sides  may  be  measured. 

Test  levels  are  carried  over  the  surface  with  great  care, 
each  turning  point  being  made  a  permanent  bench,  and  its 
elevation  determined  with  a  probable  error  not  exceeding 
0.005  foot.  Levels  may  be  carried  down  a  shaft  on  a  series  of 
tK)lts  or  spikes  about  12  feet  apart  in  the  sa.u\<iN<bx\,vi,"a^\\w^^ 
the  distaDcea  being  measured  by  the  sarcvc  \eN^VTOv^  ^\a^  N>^»^ 
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with  \vhicli  the  benches  are  determined.  The  measures  should 
be  tiikeii  between  two  graduations  of  the  rod,  not  using  the 
end  of  the  rod,  which  may  be  slightly  worn.  Fine  horizontal 
lines  on  the  heads  of  the  bolts  may  be  used  to  mark  the  exact 
distances.  After  the  shaft  reaches  the  level  of  the  tunnel,  the 
depth  may  be  measured  more  directly  with  a  steel  tape,  the 
entire  length  of  which  has  been  corrected  at  the  given  tem- 
perature, by  comparison  with  the  same  rod. 

If  the  grado  of  a  tunnel  is  to  be  continuous,  it  should 
be  assumed  at  something  less  than  the  maximum  of  the  road, 
but  not  less  than  0.10  per  station,  which  is  required  for 
drainage.  If  a  sumir.it  is  to  be  made  in  the  tunnel,  the  grade 
from  the  upper  cud  should  not  exceed  0.10  per  station. 
Grades  are  given  in  the  tunnel  from  day  to  day,  or  as  often  as 
required  by  the  progress  of  the  work,  the  marks  being  made 
on  the  sides  at  some  arbitrary  distance  above  grade.  Turning 
points  should  be  taken  on  permanent  benches. 

The  least  width  of  a  tunnel  in  the  clear  should  be,  for 
single  track  about  15  feet,  and  for  double  track  26  feet.  The 
least  heigfht  in  the  clear  above  the  tie  should  be  18.5  feet 
for  single  track,  and  16.5  feet  at  the  outside  rails  for  double 
track,  allowing  for  tie  and  ballast;  the  roof  at  the  centre  of  the 
section  should  be  at  least  20  feet  above  subgrade,  and  with  a 
full  centred  arch  22  or  23  feet  for  double  track.  The  form 
of  section  depends  somewhat  on  the  material  traversed.  In 
perfectly  solid  rock  a  nearly  rectangular  section  may  be  used, 
the  roof  being  slightly  rounded.  In  dry  clay,  and  stratified 
rock,  a  flat  arch  may  be  used,  and  in  other  cases  a  full-centred 
arch.  The  latter  form  is  rather  to  be  preferred  on  account  of 
the  better  ventilation  aiforded.  The  sides  are  made  vertical, 
battered  or  curved,  as  necessity  or  taste  may  dictate.  In  wet 
and  infirm  soil  an  invert  floor  may  be  required,  otherwise  it 
is  made  level  transversely.  When  a  lining  is  required  the 
original  section  must  of  course  be  made  large  enough  to 
allow  for  the  masonry,  and  the  temporary  timber  supports 
behind  it.  Hard  burned  brick  is  usually  adopted  for  arching, 
being  durable  and  easily  handled.  In  loose  rock  the  arching 
may  be  from  13  to  26  inches  thick,  in  wet  and  yielding  soil  a 
thickness  of  from  2i3  to  39  inches  may  be  necessary.  The 
walls  may  he  from  2h  to  6  feet  thick. 
la  forming  a  tmmel,  a  heading  or  gaWw^  c*l  ^TnaSkVen 
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cross  section  is  first  driven  and  afterwards  enlarged  to  tiie 
fall  size  required.  In  firm  clay  or  loose  rock  which  will  tem- 
porarily support  itself  until  the  masonry  can  be  put  in,  it  is 
better  to  drive  the  heading  along  the  floor  (at  subgrade)  of  the 
tunnel,  the  remaining  material  being  then  easily  thrown  down 
in  sections  as  the  arching  is  advanced.  In  solid  rock,  or  wet 
earth,  a  top-heading  (along  the  roof)  is  generally  preferred. 
The  dimensions  of  a  heading  driven  by  hand  are  usually  8  feet 
high  by  8  or  10  feet  wide,  but  in  solid  rock  where  drilling 
machinery  is  introduced,  it  is  advantageous  to  make  the  head- 
ing as  wide  as  the  tunnel  at  once.  By  drilling  holes  into  the 
face  at  points  about  five  feet  each  side  of  the  centre,  and  con- 
verging on  the  centre  line  at  a  depth  of  about  ten  feet,  a  tri- 
angular mass  of  rock  maybe  blown  out,  and  the  space  thus 
gained  facilitates  the  blasting  of  the  adjacent  rock  on  either 
side.  An  advance  of  about  10  feet  in  each  day  of  24  working 
hours  may  thus  ho  made,  using  nilrogly carina  in  some  form 
as.  the  explosive  agent.  Owing,  however,  to  unavoidable 
delays  from  various  causes,  this  rate  of  progress  cannot 
always  be  maintained.  At  the  Iloosac  tunnel  the  greatest 
advance  in  one  week  was  50  feet;  in  one  month  184  feet  at 
one  heading.  At  the  Musconetcong  tunnel  a  heading  8  X  22 
feet  in  syenitic  gneiss  was  advanced  at  the  average  rtite  of 
137  feet  per  mouth  for  6  months,  the  maximum  being  144  feet 
— ^the  enlargement  of  the  tunnel  to  full  size  going  on  at  the 
same  time,  a  few  hundred  feet  behind.  At  the  St.  Gothard 
tunnel  the  north  heading  2.5  X  3  metres  was  advanced  in 
mica  gneiss,  during  the  year  1875  at  the  average  daily  rate  of 
3.71  metres,  with  a  maximum  of  about  4  metres,  but  the  en- 
largement was  not  made.  The  south  heading  advanced  at 
the  rate  of  2  metres  a  day,  timbering  being  at  times  necessary. 

In  ordinary  clay  a  heading  may  be  driven  at  from  75  to  180 
ft  per  month,  according  to  circumstances,  where  timbering  is 
put  in.  The  enlargement,  including  timbering  and  masonry, 
may  be  advanced  at  from  20  to  60  ft.  per  month.  Small  tun- 
nels for  water  conduits  are  driven  through  dry  clay  at  the  rate 
of  10  ft.  per  day,  the  masonry  following  at  once  without  tim- 
bering. 

The  compressed  air  used  to  drive  the  drilling  machinery 
serves  to  supply  ventilation  also.  When  this  is  wanting  or 
proves  insuScient,  exhaust  fans  are  used.     M  "Mloivt  Q,e\vv?»  ^ 
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horizontal  brattice  or  partition  was  built  in  the  tunnel,  dividing 
it  so  as  to  secure  a  circulation  of  air.  When  foul  gases  are  cn- 
countercvl,  ventilation  becomes  a  serious  question,  and  iu  one 
instance  an  important  work  was  abandoned  for  this  cause. 

Cross  sections  of  the  heading,  and  also  of  the  tunnel  en 
largernent,  should  be  measured  at  intervals  of  about  20  feet,  as 
soon  as  opened,  to  see  that  the  sides,  roof,  and  floor  are  taken 
out  to  the  prescribed  lines,  at  the  same  time  that  the  latter  are 
exceeded  as  littje  jis  possible.  In  solid  rock,  since  some  ma- 
terial outside  of  the  true  section  will  necessarily  be  thrown 
down,  leaving  an  irregular  outline,  it  is  well  to  take  two  cross 
sections  at  the  same  point,  one  following  the  projections  and 
the  other  the  recesses  of  the  rock,  from  which  an  average  sec- 
tion may  be  estimated.  A  daily,  or  at  least  a  weekly,  record 
of  operations  should  be  kept  in  tabular  form,  and  the  progress 
indicated  by  a  profile  and  cross  sections  drawn  on  a  sufficiently 
large  scale  to  show  details. 

The  drainage  of  a  tunnel  is  best  secured  by  a  line  of 
stoneware  or  cement  pipe  laid  in  a  trench  along  each  side,  and 
covered  with  ballast  or  other  loose  material.  The  entire  floor 
is  thus  made  available  for  the  use  of  the  trackmen.  When  an 
invert  is  used,  the  drain  is  placed  in  the  centre  between  tracks. 
If  the  amount  of  water  is  large,  drain  pipe  may  be  laid  behind 
the  walls,  and  the  back  of  the  arch  may  be  covered  with  as- 
phaltum,  or  coal  tar,  to  prevent  a  constant  dripping  on  the 
track. 


I- 


251,  Retracing  tlie  Line.— As  the  grading  pro- 
gresses, in  either  excavation  or  embankment,  the  principal 
transit  points  are  established  on  the  road-bed  from  the  points 
of  reference,  and  the  centre  line  is  retraced,  setting  stakes  at 
every  50  feet,  'i'lansit  points  on  grade  should  be  fixed  upon 
stout,  durable  posts  firmly  set  in  the  ground,  and  stan^ng 
high  enou:|li  to  be  easily  reached  after  the  ballast  is  laid. 
To  recover  the  old  line,  any  discrepancies  in  measurement 
must  be  left  between  the  transit  points  where  they  occur, 
and  not  cairied  forward.  In  retracing  a  curve,  if  the  transit 
is  placed  at  the  forward  i)oint,  allowing  the  chain  to  ad- 
vance toward  it,  slight  differences  in  measurement  will  not 
affect  the  position  of  the  curve.    If  any  short  or  long  sta- 
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tioQS  have  been  introduced  on  the  location,  their  position  on 
the  line  must  not  be  changed  in  retracing.  The  chain  may 
he  adjusted  so  that  its  measures  will  agree  with  the  recorded 
distances  between  transit  points.  Offsets  are  made  right  and 
left  from  the  new  stakes  to  see  that  the  road-bed  is  of  the  full 
width  at  all  points.  The  levels  are  also  carried  over  the 
grade,  and  any  remaining  cut  or  fill  found  necessary  is  marked 
on  the  back  of  the  stakes,  due  allowance  being  made  for  the 
probable  settlement  of  embankments. 

252*  As  the  work  approaches  completion  the  contractor 
goes  over  the  line  dressing  it  to  grade  and  opening  the  side 
ditches  if  this  has  not  been  previously  done. 

Drain-tile  should  be  laid  at  the  bottom  of  these  ditches  and 
lightly  covered  with  earth,  particularly  if  the  cut  be  wet. 
These  not  only  prevent  the  water  from  reaching  the  ballast, 
but  by  keeping  the  foot  of  the  slope  comparatively  dry  pre- 
vent the  earth  from  sliding  down  and  filling  up  the  cut. 
There  is  also  a  marked  economy  in  their  use,  as  the  cost  is 
trifling,  and  all  farther  excavation  of  mud  and  water  from 
the  cut  is  generally  obviated.  Should  any  springs  appear  in 
the  slope  a  branch  line  of  smaller  tile  may  be  laid  to  meet  it. 
If  the  slope  is  liable  to  be  overflowed  from  the  surface  above, 
an  open  ditch  should  be  dug  a  few  feet  beyond  the  slope 
stakes,  leading  the  surface  water  to  discharge  elsewhere. 

253.  The  road-bed  being  prepared,  ballast  stakes  are 
driven  at  every  half  station,  giving  the  width  of  the  ballast  at 
its  base,  while  the  tops  of  the  stakes  indicate  the  proper  level 
of  its  upper  surface,  which  is  the  under  side  of  the  tie.  These 
stakes  should  be  set  so  as  to  give  the  proper  elevation  to  the 
outer  rails  on  curves  when  the  ballast  is  graded  to  them.  The 
ballast  should  be  about  one  foot  deep  before  the  ties  are  laid. 
Broken  stone  or  a  mixture  of  coarse  and  fine  gravel  is  the 
best  material,  affording  elasticity  and  good  drainage.  The 
side  slopes  of  the  ballast  are  made  1  to  1 ;  its  width  at  the 
under  side  of  the  tie  should  be  one  foot  greater  than  the 
length  of  the  tie. 

254.  Track-layiiigr-— After  the  ballast  has  been  laid 
andjpraded,  the  centre  line  is  retraced  uy>o\\  \\.\  v\\o\\.  ^\aikv?.'=!» 
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are  used,  each  of  which  is  centred.  On  long  tangents,  one 
stake  in  every  200  feet  is  sufficient,  on  ordinary  curves  one  in 
every  50  feet,  and  on  very  sharp  curves  one  In  every  25  feet 
The  ties  are  then  spaced  evenly  according  to  the  number 
prescribed  per  mile,  or  per  rail  length ;  but  a  tie  should  not  be 
allowed  to  cover  a  transit  point.  Ties  for  the  standard  gauge 
are  8  or  9 feet  long;  they  should  be  sawed  off  square  at  the  ends 
and  in  uniform  lengths  for  appearance  sake  when  laid. 
Specifications  usually  call  for  ties  having  a  thickness  of  6 
inches  and  a  width  of  from  7  to  10  inches.  The  ends  of  the 
ties  are  aligned  on  one  side  of  the  road,  though  if  cut  into 
uniform  lengths  both  ends  will  be  equally  well  aligned.  The 
rails  are  then  laid  on,  and  spiked  to  gauge.  TJie  firat  spikes 
arc  driven  in  the  ties  near  a  centre  stake,  the  centre  mark  of 
the  gauge  bar  being  kept  over  the  centre  on  the  stake.  Upon 
curves  the  rails  must  be.sprung  to  the  proper  arc  before  they 
are  laid  (§  199).  All  the  ties  required  in  a  given  distance 
should  be  laid  before  the  rails  are  brought  upon  them.  The 
practice  of  laying  only  joint  and  middle  ties  at  first  subjects 
the  rails  to  the  danger  of  bending  from  passing  loads. 

Owing  to  the  expansiou  of  the  rails  by  heat,  a  space 
must  be  left  at  the  rail-joints.  The  highest  temperature  of  a 
rail  in  the  summer  sun  is  about  130°  Fall.  The  expansion  of 
iron  or  steel  per  100"*  is  .0007  per  foot;  or  for  a  30-foot  rail 
.021  foot  or  .252  inch.  Therefore  when  30-foot  rails  are  laid 
at  a  temperatuic  near  the  freezing  point,  or  100"  below  the 
maximum,  the  space  allowed  must  be  at  least  a  quarter  of  an 
inch.  At  80'  Fall,  or  50^  below  the  maximum,  it  need  be  only 
half  as  much.  The  sjiace  required  is  also  proportional  to  the 
length  of  rail  used.  The  exact  space  should  be  given,  as  less 
would  result  in  the  rails  being  forced  up  by  expansion,  while 
more  than  necessary  space  gives  a  rough  road,  and  hastens 
the  destruction  of  the  rail. 

Wherever  sicliii|^s  are  required,  the  necessary  frogs  and 
long  switch  ties  should  be  provided  in  advance,  so  that  they 
may  be  put  in  place  at  the  time  of  laying  the  main  track.  For 
every  road  crossing  at  gi*ade,  heavy  oak  plank  should  be  pro- 
vided, and  laid  upon  the  ties  as  soon  as  the  rails  are  spiked, 
so  that  the  highway  travel  may  not  be  impeded. 
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CHAPTER  X. 
Calculation  of  Earthwork. 

254.  The  first  step  toward  finding  the  cubical  content  of 
an  excavation  is  to  divide  it  into  a  number  of  prismoids  by 
several  cross  sections. 

A  prismoid  is  a  solid  having  plane  parallel  bases  or  ends, 
and  bounded  on  the  sides  either  by  planes,  or  by  such  surfaces 
as  may  be  generated  by  a  right  line  moving  continuously  along 
the  edges  of  the  bases  as  directrices. 

The  positions  of  the  cross  sections  must  be  so  selected 
that  the  solid  included  between  any  two  consecutive  sections 
may  be  a  prismoid  as  nearly  as  possible.  Upon  a  tangent  the 
road-bed  and  side  slopes  are  planes,  so  that  the  prlsnioidal 
character  of  a  given  solid  depends  upon  the  shape  of  the  natu- 
ral surface.  When  the  natural  surface  is  a  plane,  the  sections 
are  taken  only  at  the  regular  stations,  100  feet  apart;  when  it 
is  curved,  warped,  irregular,  or  broken,  the  sections  must  be 
more  numerous,  so  that  the  surface  limited  by  any  two  shall 
be  composed  substantially  of  right-lined  elements  extending 
from  one  section  to  the  other. 

If  two  end  sections  of  a  prismoid  are  somewhat  similar,  we 
infer  that  the  corresponding  points  are  connected  by  right- 
lined  elements,  forming  in  each  case  the  axis  of  a  ridge  or  of  a 
hollow.  If  one  section  has  less  breaks  than  the  next,  some  of 
these  ridges  or  hollows  must  vanish;  and  in  order  that  the 
solid  may  be  a  prismoid,  they  must  vanish  in  the  section  of 
least  breaks;  therefore  a  cross  section  must  be  taken  on  the 
ground  through  the  point  where  each  ridge  or  hollo w  vanishes, 
and  the  distance  of  that  point  from  the  centre  line  noted,  so 
that  it  may  be  coupled  with  the  proper  point  in  the  next  section 
for  exact  calculation  of  content. 

When  ridges  or  hollows  run  diagonally  across  the  line  of 
road,  cross  sections  must  be  taken  where  they  are  intersected 
not  only  by  the  centre  line  but  also  by  the  side  slopes;  that  is, 
aecthnM  must  be  taken  so  that  a  side  stake  Taoiy  ^V^rA  o.wXf^'^  ^1 
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each  ridge  and  at  iMttom  of  each  hollow.     In  case- the  centra 

line  iotci'sccta  at  rigUt  angles  a  retaining  wall  or  other  vertical 
Burfacc,  two  cross  sections  are  required  at  the  Bame  point,  one 
at  top  and  the  other  at  base  of  wall,  in  order  to  furnish  the 
data  necessary  to  calculate  the  coulent  each  way  from  tlie  ver- 
tical surface.     (See  Art.  235.) 

Every  thorough  cut  terminates  in  either  side-hill  cntting,  a 
pyramid,  or  a  wedge ;  the  latter  happens  only  when  the  con- 
tour of  the  natural  surface  is  at  right  angles  to  the  line  of  road. 
Sections  should  always  be  taken  through  the  points  where  the 
edges  of  the  road  bed  meet  the  surface,  as  these  are  the  points 
of  separation  1)ctween  thorough  and  side  hill  work.  Such  sec- 
tions also  serve  to  deflno  terminal  pyramids  when  they  occur 
as  is  illustrated  by  Fig.  97.    In  aide-hill  work  the  foregoing 


rules  apply  as  well,  but  sections  will  generally  be  more  numer- 
ous than  in  thorough  cuts.  The  same  rules  apply  also  to  em- 
bankment, but  as  grading  is  preferably  paid  for  in  excavation, 
ibe  game  predsioa  in  delenniuing  the  quantities  In  embuik- 
aieat  is  not  uaual]y  necessary. 
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255.  Formulae  for  Sectional  Areas. 

Let  b  =  base  of  section  or  width  of  road-bed, 

horizontal 

**  8  =.  slope  ratio  = -. — j-- 

vertical 

"  d  =  depth  at  centre  stake. 

"  h,  k  =  depths  at  side  stakes. 

"  m,  7&  =  horizontal  distances  from  centre  to  side  stakes. 

Far  ground  level  transversely ,  the  section  is  a  parallelogram, 
and  the  area  is  evidently 

A  =  bd  +  sd^  (342) 

or  directly  from  the  field  notes, 

A=U'f>  +  fn  +  n)d  (343) 

JPbr  ground  of  uniform  transverse  slope  bettoeen  slope  stakes. 


Fio.  98. 

Fig.  98,  the  section  consists  of  the  parallelogram  ABOE  and 
the  triangle  EOD,    Hence 

A  =  \{AB+  EO)EN+  iEOiDH-  i?JV") 

A  =  ¥.AB .  EN  +  EO .  DB) 

or 

A=i[bh-{-k{b-^28h)]  ) 

also  [  (344) 

Ar=i[bk+?t{b  +  2sk)]) 

From  which  also 

A  =  ibh  4-  mk  ) 
and  \  (345) 

A  =  \bk  +  nh  ) 

'  These  formulfle  are  independent  of  the  centre  depth.     Thej 
Mie  coDrenient  for  calculating  the  area  oi  a  pVoXX^^L  ^eNio^w 
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having  an  irregular  surface  after  the  surface  line  has  been 
averaged  by  stretching  a  silk  thread  over  it.  The  points 
where  the  thread  intersects  the  slope  lines  determine  the 
values  of  h,  k,  m,  and  n  respectively. 

Wlien  the  ground  hds  uniform  slopes  transversely  from  the 
centre  to  tfie  side  stakes:  Fig.  99:  If  in  the  diagram  wo  draw 

D 
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EQ  and  DG,  the  section  will  be  divided  into  four  triangles, 
two  having  the  common  base  GO  =  d  and  respective  heights 
GN=  m  and  GU—  n,  and  two  having  the  equal  bases  AG  = 
GB  =  ^  and  the  respective  heights  EN  =  h  and  DH  =  k. 
Hence  we  have  for  the  area  of  section 


A=\d{m-{-n)^lb{h-{-k) 


<346) 


Otherwise^  if  the  slope  lines  are  produced  to  meet  below 
grade  at  P,  then   GP  =  —  =  — .     The  area  of  CEPD  is 


s 


^GP  X  NH  =  ,i  /rZ  4-  ^)  {rn  +  n).    The  area  of  ABP  \&  AG  X 


b^ 
OP  =  T~    Hence  we  have  for  the  area  of  the  section 

is 


^  =  ^{^^-\-Qi^+'^)-{ 


b^ 
\s 


(347) 


Both  these  formulae  are  convenient,  and  as  the  values  of  the 
several  letters  can  be  substituted  directly  from  the  field  notes, 
it  is  unnecessary  to  plot  such  sections. 

TF^n  the  surfaces  of  the  ground  is  irregular,  verticals  are  con- 
eeivcd  to  be  drawn  to  the  grade  lino  \.\iTOM^\i\\i^  ^V>^ 


CALCULATION  OF  EARTHWOBK.  229 

and  through  each  break  in  the  surface  line,  giving  a  number  of 
trapezoids,  the  areas  of  "wiiich  are  severally  calculated,  and 
from  their  sum  is  subtracted  the  area  of  the  two  triangles  EN  A 
and  DHB,  The  remainder  is  the  area  of  section  required. 
This  calculation  may  be  made  directly  from  the  data  f  uruishcd 
by  the  field  notes  without  plotting;  but  if  the  ground  has  a 
number  of  small  break.-*,  it  is  generally  better  to  plot  the  sec- 
tions and  stretch  an  averaging  line  over  them,  finding  the  areas 
by  eq.  (34o).  Or  two  averaging  lines  may  be  employed  extend- 
ing from  the  centre  stake,  each  way,  when  the  area  may  be  cal- 
culateil  by  cq.  (346)  or  (347). 

• 

256.  Prisiuoidal  Formulae  for  Solid  Contents. 

— The  content  of  a  prismoid  may  be  exactly  calculated  by 
means  of  the  Prlsmoidal  Formula,  which  is 

8  =  cubic  yards,  I  =  length  in  feet.  A,  A'  =  the  areas'at  the 
two  parallel  ends,  and  AT  =  the  area  of  a  section  midway  be- 
tween the  ends.  This  area  is  not  a  mean  of  the  other  two,  but 
the  linear  dimensions  of  the  mid-section  are  means  of  the  cor- 
responding dimensions  severally  of  the  end  sections;  from 
which  therefore  the  area  of  the  mid  section  may  be  computed. 
The  labor  of  calculating  the  middle  area  may  be  avoided  in 
many  instances  by  substituliug  in  the  prismoidal  formula,  eq. 
(348),  for  A,  A\  and  M,  their  values  as  given  in  eq.  (342)  for 
ground  level  transversely '. 

•'•       S=if-^^f,\2sd^-\-{^->r%sd')d-\-(Zb  +  Zsd')d\     (349) 
in  which  S  is  expressed  in  terras  of  the  end  dimensions. 

2€»7.  Tables  of  cubic  yards  may  be  constructed  upon  this 
formula  which  are  very  convenient  in  practice.  The  constant 
values  in  any  one  table  are  L  which  is  taken  at  100,  and  b  and  8 
which  are  given  values  corresponding  to  the  road  bed  and  slope 
ratio.    The  variables  are  d  andd'.    T\\c  eo\\rKvxv^\xv>\\^\s^^^^ 
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will  be  headed  by  the  saccessive  values  of  (T,  while  each  hori-^ 
zontal  Ime  will  be  headed  by  a  value  of  d.  For  any  one 
column  therefore  d'  is  constant,  and  the  only  variable  is  d,- 
Assuming  any  value  for  d\  llie  values  of  8  in  that  eolunm  may 
be  computed,  letting  d  take  a  series  of  Values  differing  by  unity 
from  zero  upwards,  and  the  corresponding  values  of  8  will  be 
placed  in  the  column  d'  opposite  the  several  values  of  d. 

But  instead  of  solving  the  eq.  (349)  for  each  value  of  S  re- 
quired, the  process  of  filling  the  table  may  be  much  abbre- 
viated by  observing  that  since  the  equation  is  of  the  second 
degree  with  respect  to  the  variable  d,  the  second  difference  of 
the  values  of  S  will  be  a  constant  and  equal  to  ttoice  the  co- 

efficient  of  c^,  or  d"  =  -^ — ^r=    Also  the  first  term  in  the  series 

6X27 

of  first  differences  of  >8'  in  the  column  d'  (i.e.  between  d  =  0 

and  d  =  l)  ia  expressed  by  the  sum  of  the  coefficients  of  <? 

and  d;  or 

*"'  =  63^37  f^  +  ^^  +  '''^^ 

The  first  value  of  S  in  any  column  d '  is  found  by  solving 
eq.  (349)  after  making  (?  =  0;  or, 

^"^  63^27  f^^  +  ^'^'^T 

Starting  with  these  values  we  may  fill  any  column  d '  simply 
by  successive  additions.  The  values  of  d'  for  the  several 
columns  should  also  differ  by  unity.  The  final  value  of  8  in 
each  column  should  be  calculated  by  formula  as  a  check;  or 
since  all  the  final  quantities  in  the  same  line  d  of  the  table 
form  a  series  of  which  the  second  difference  is  d\  if  on  taking 
their  differences  this  result  is  obtained,  the  quantities  are 
proved  to  be  correct. 

Example. — Given  a  base  of  18  feet  and  slopes  1^  to  l,.to  fill 

the  column  of  <f'  =  6  in  a  table  of  cubic  yards  for  level  cross 

sections.    Here  I  —  100,  6  =  18,  «  =  f,  dJ'  =  6.     Hence  d'  = 

3.7037+,  5o'  =  46.2962+,  and  8^  =  266.6666-f.      It  is  not 

necessary  to  go  beyond  the  fourth  decimal  place,  since  that 

figure  will  always  be  the  same  as  lYie  f^xaX  d^\tcu^i^T«milt 


CALCULATIOK  OF  EARTHWORK.  231 

due  tcdividiBg  by  27),  and  may  be  corrected  by  it  after  every 
addition.    The  process  is  as  follows: 

d  S  5'                             d' 

0  266.6666  ^^  qqaa 

1  812.9629  ^'f^                    3.7037 

2  862.9629  '  ni'm^                     3.7037 
8  416.6666  ^Aml  •    3.7037 

4  474.0740  «1  iVi T  3.7037 

5  685.1851  ftiftiii  3.7037 

6  600.0000  ftS'^iQ?  3.7037 

7  668.5185  709990  3.7037 

8  740.7407  75  9259  ^'^^^'^ 
•   etc.  etc.                          etc. 

In  copying  into  tlie  table,  the  quantities  are  taken  to  the 
nearest  unit  only,  and  the  decimals  are  otherwise  neglected. 

The  completed  table  furnishes  values  of  8  corresponding  to 
any  values  of  d  and  d '  in  even  feet.  The  correction  for  the 
decimal  parts  of  the  depths,  when  there  are  such,  is  made  by 
adding  to  8  (found  opposite  the  even  feet)  the  product  of  the 
half  sum  of  the  decimals  by  the  difference  between  8  as 
found  and  the  next  value  of  8  diagonally  below  to  the  right. 
These  differences  may  for  convenience  be  inserted  originally 
in  the  table  under  each  quantity  in  small  figures. 

If  the  length  of  the  solid  differs  from  100  feet,  multiply  the 
corrected  quantity  by  the  length  and  divide  by  100,  since  8 
varies  directly  as  I.  Such  tables  are  published  in  separate 
sheets  for  a  variety  of  bases  and  slopes,  so  that  usually  one 
may  be  purchased  to  suit  the  case  in  hand. 

258.  These  tables  may  be  used  to  find  quantities  when 
the  ground  is  not  level  transversely,  by  finding,  first,  the  area 
of  the  actual  sections,  and  second,  the  depths  of  level  sec- 
tions having  equal  areas,  and  then  using  the  depths  so  found 
as  the  values  of  d  and  d'  in  the  table  of  quantities.  The 
depths  of  equivalent  level  sections  are  called  equiva 
lent  depths.    They  may  be  calculated  by  the  formula 


■  ^=-i+/?+i 


(350) 


which  is  derived  directly  from  eq.  (342).  The  more  convenient 
method,  however,  is  to  construct  a  table  on  eq.  (342),  giving  to 
d  a  aerica  of  values  varying  by  one  leivWi  ol  «u  looN.  \\w«^  tsx^ 
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upward.    The  values  of  b  and  s  in  this  table  must  agree  with 
those  of  the  road  and  of  the  table  of  cubic  yards. 

259.  When  the  transverse  slope  is  uniform  between  slope 
stakes  the  equivalent  depth  may  be  expressed  in 
terms  of  the  centre  depth  and  slope  of  sur&ce 

without  reference  to  the  area.    Fig.  100. 


R 


.-rrx-'-. 


V 


Fig.  100. 

Let  EABD  be  the  given  section. 
**  RABT  be  the  equivalent  level  section. 

Produce  the  side  slopes  to  meet  at  P,  and  let  c  =  CP  and 
ci  =  CiP. 

Through  G  draw  the  horizontal  line  QL,  and  at  L  erect  the 
perpendicular  LM  —  2,  and  draw  LN  parallel  to  PE. 

The  area  i2Pr  =  area  EPJ)\  and  QEG=LNG\  hence  area 
EPLN=  QPL  =  EPD  -  NLD. 

Since  NLD  is  similar  to  EPD,  we  have 

EPD  :  NLD  ::  c« :  as* 
or  EPD  -  NLD  :  EPD  ::  c»  -  ««  :  c« 

Since  QPL  and  i?PT  are  similar, 

§Pi: :  BPT  ::  c^  :  Ci* 

c'^  —  z^-  :  c^  ::  c^  :  Ci'^  or  d^  = 

GL 


C«  -2^ 


Let «'  =  slope  ratio  of  surface  = 
which  substituted  gives 


ML 


=  -.   Then2«  = 


Ci  = 


c«' 


Va'^  -  # 


(851) 
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If  i2i  =  the  equiyaJent  depth  d  G,  then 

di  =  d  +  {ci  —  c) 

A  table  may  be  prepared  giving  (^i  —  6)  for  various  inclina- 
tions of  surface  with  given  base  and  side  slopes.  It  is  then 
only  necessary  to  add  this  correction  to  the  centre  deptli  to 
obtain  the  equivalent  deptli.  Such  tables  of  correction  usually 
accompany  the  published  tables  of  cubic  yards.  This  method 
of  obtaining  quantities  is  particularly  applicable  to  preliminary 
estimates,  where  the  ground  has  not  been  cross-sectioned,  and 
only  the  centre  depth  and  transverse  inclination  is  known. 

260.  The  use  of  the  earthwork  tables  described  gives 
correct  results  ;— 

1st.  When  the  surface  of  the  prismoid  is  a  plane,  however 
much  inclined;  provided  it  does  not  intersect  the  road-bed 
within  the  limits  of  the  prismoid. 

2d.  When  with  regular,  or  three-level  end  sections,  generally 
similar  to  each  other,  the  surface  is  regularly  warped  from  one 
end  to  the  other;  provided  that  the  side  lines  and  centre  line 
of  the  surface  are  straight,  and  that  no  two  of  them  are  in- 
clined to  grade  in  opposite  directions. 

3d.  When  the  ridges  or  hollows  of  an  undulating  surface 
are  parallel  to  the  line  of  the  road. 

4th.  When  a  surface  of  numerous  irregularities  may  be 
averaged  by  planes  or  warped  surfaces  so  as  to  comply  with 
one  of  the  preceding  conditions. 

But  the  method  fails  on  undulating  ground  when  the 
ridges  or  hollows  run  obliquely  to  the  line  of  road,  even 
though  the  sections  may  appear  quite  regular. 

In  general,  the  method  of  equivalent  depths  holds  good 
when  the  mid-section  of  the  equivalent  level  end  sections 
equals  in  area  the  actual  mid-section  oi:  the  prismoid;  other- 
wise it  fails. 

261.  The  content  of  a  prismoid  may  be  approximately  ob- 
tained by  the  method  of  mean  areas,  the  formula  for 
which  is 

Although  approximate,  this  meWio^  \^  vaxj^Oa.  «av^<3^^^^^ 
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account  of  its  convenience.  It  is  approved  by  statute  to  be 
used  upon  tue  public  works  of  the  State  of  New  York. 

If  the  values  of  A  and  A'  derived  from  eq.  (342)  be  substi- 
tuted in  eq.  (352),  and  then  eq.  (349)  be  subtracted  from  it  there 
remains 

^— -  {d-d y 
6  X  27  ^  ^ 

which  is  the  correction  by  which  8  obtained  by  eq.  (352)  must 
be  diminished  to  make  it  equal  to  8  obtained  by  eq.  (349) 
when  the  ground  is  level  transversely. 

Again,  for  three-level  sections,  if  the  values  of  J.,  A',  and  M 
derived  from  eq.  (847)  be  substituted  in  both  eq.  (348)  and 
(352),  and  one  subtracted  from  the  other,  there  remains 

^^^[(d-d')(m  +  n-(m'  +  n'))] 

which  is  the  correction  by  which  /S' obtained  by  eq.  (352)  must 
be  diminished  to  make  it  equal  to  8  obtained  by  eq.  (349). 
Hence  we  may  write  at  once,  for  three  level-sections,  the  cor- 
rect formula: 


s=     ' 


2X27 


A+A'-  ^-^  [m-\-n-  {m'+n')]]      (353) 


6 


This  formula  gives  results  identical  with  eq.  (349),  is  applica- 
ble to  the  same  cases,  and  gives  correct  results  or  falls  to  do 
so  according  to  the  conditions  stated  in  the  previous  section. 

262.  When  the  conditions  of  the  surface  are  such  that  eq. 
(349)  or  eq.  (353)  will  not  give  correct  results,  the  area  of 
the  inid-section  may  be  derived  from  its  calculated  linear 
dimensions  as  stated  in  §  256.     The  contents  of  the  prismoid 
are  then  given  by  eq.  (348). 

Example  1.  (Fig.  101.)— Base  20.     Slopes  U  :  1. 

23    .     0  ,    47.5  .,      ..^ 

+  -9K-  •••  ^  =  448sq.  ft. 


25 

"16 


.  -4  =200  8q.  ft 


,^     ,         28        ,         11         ,  0  ,  O  ,         dl.75  «-.       /Tk.j    n>a.  ,. 
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Ul^lQO,  eq.  (348) 


8  = 


100 


6  X  27  ^^^  "^  ^"^  +  ^^^  =  1001  c.  yds. 
Had  this  been  calculated  by  eq.  (349)  or  eq.  (353)  or  by  the 


Fig.  101. 


tables,  the  result  would  be  1167  c.  yds.,  showing  an  error  of 
166  cubic  yards  in  excess. 


Mcampk  2.  (Fig.  102.)— Base  20.    Slopes  li  :  1. 


^     6     ^6^6^6^     5 


234  sq.  ft. 
88  sq.  ft. 

164.5  sq.  ft. 


If  I  =  100,  cq.  (348) 

100 


8  = 


6X27 


[88  +  658  +  234]  -^  605  c.  yds. 


Had  this  been  calculated  by  eq.  (S4^^  ot  ^cy.  V^v^^^  ^^  ^vj  >Q«a 
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tables,  the  result  would  be  584  c.  yds.,  showing  an  error  of 
21  cubic  yards  in  deficit. 


263.  At  the  termination  of  a  cut  or  fill  we  have  usually 
either  a  wedge  or  a  pyramid.  To  a  wedge  the  pre- 
ceding formulae  and  tables  based  on  them  apply  by  making 


^^ 

l\     ^^"s*. 

)\ '^v 

1  \               ^^^^ 

1      \                                ^"^^s,,,^ 

ys.  ^\ 

1  \            ^*^^ 

\\^\ 

A' 

\ 

\     y 

\     \          ^^"^ 



^™V' 

\     \             < 

\l 

\      \ 

\ 

\      \-       ! 

\ 

V^i 

M 

\    ^^"vi 

1 

, r'A 

\         I 

\ 

\       1 

A 

\ 

\ 

\ 

Vt 

1    y^ 

Fig.  102. 

one  end  depth  equal  zero.  In  the  case  of  a  pyramid,  the 
content  is  equal  to  the  area  of  the  section  forming  the  base 
multiplied  by  one  third  the  length  of  the  solid,  and  divided  by 
27;  or 

264.  Side-hill  Work.— When  the  natural  surface  has 
a  regular  transverse  slope  and  intersects  the  road-bed,  the 
cross  section  is  reduced  to  a  triangle.  If  xo  =  the  intercepted 
portion  of  the  road-bed,  and  k  =  the  side  height,  then  A  = 
\iJok.  Similarly  A!  —  \xo'K  and  ^M  =  \{w  +  w')  {k  +  ^'), 
which  substituted  in  eq.  (348)  give 


8  = 


I 


12  X  27 


-o^  [(2^'' +  ^^  ^  +  (2t^' +  ^)  ^']   .     (355) 


which  is  convenient  for  direct  calculation  from  the  field  notes. 
It  Is  not  adapted  to  the  construction  of  tables,  since  it  contains 
four  independent  variables. 
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If  the  slope  of  the  natural  surface  is  given,  let  s'  be  the  sur- 
face slope  ratio  at  one  section,  and  s'  that  at  the  otlier,  and  s 
the  ratio  of  the  side  slope.  Then  w  =  k  («'  —  «)  and  w'  = 
k'it'  —  «),  which  substituted  in  eq.  (355)  give 


If  the  surface  is  a  plane,  then  s"  =  s',  and  we  have  for  this 
case 

which  is  a  formula  of  quite  limited  application ;  yet  it  is  the 
one  on  which  tables  and  diagrams  are  usually  constructed. 
Consequently  the  latter  will  not  give  correct  results,  except 
when  the  surface  is  a  plane. 

265.  When  the  natural  surface  is  hroken  the 

sections  may  be  plotted,  and  the  values  of  w  and  k  taken  from 
the  points  where-  an  averag^ing^  line  intersects  the  grade 
and  side  slope  respectively.  Finding  values  for  w'  and  k'  in 
the  same  way,  the  content  may  then  be  obtained  by  eq.  (355) 
as  before.  The  averaging  line  should  not  only  cut  off  the 
same  area  as  the  original  section,  but  should  also  have  in  each 
case  a  slope  agreeing  as  .nearly  as  possible  with  the  general 
slope  of  the  natural  surface.  The  slope  is  determined  simply 
by  inspection  of  the  diagram,  but  the  area  may  be  had  pre- 
cisely, for,  taking  w  from  the  averaging  line,  and  knowing  A, 

2A 
we  may  calculate  k  by  the  formula  k  =  — ;    or  k  may  be 

taken  from  the  plot  and  w  calculated. 

Otherwise,  the  actual  mid-section  may  be  calculated  and 
tlie  cubic  contents  determined  by  the  method  illustrated  in 
§262. 

266.  To  express  side-hill  areas  andcuhic  yards 
in  terms  of  the  centre  depth,  d,  and  transverse 
slope-ratio  s'*    Fig.  103. 
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For  any  depth  d,  add  to  this  area 


and  there  results, 


A  = 


8  = 


{jb  +  8'd)^ 
"   2(«'  -   8) 

m + »'^^ 

2  X  27(8'  -8)  J 


(357) 


Observe  that  d  may  be  plu8  or  minus,  and  that  its  limits  are 

Tables  of  cubic  yards  may  be  constructed  on  this  formula, 
making  d  and  8^  the  variables,  which  would  be  extremely  con- 


Fio.  108. 

venient  for  making  up  estimates  upon  preliminary  lines  on 
which  the  profile  of  centre  line  and  angle  of  transverse  slope 
only  are  known.  Since  s'  is  the  cotangent  of  the  slope  angle 
the  columns  of  the  table  may  be  headed  by  the  angles  in  a 
series  of  degrees,  while  the  corresponding  values  of  ^  are 
used  in  the  formula.  The  values  of  d  should  vary  by  tenths 
of  a  foot.  The  results  obtained  by  eq.  (356)  and  eq.  (357)  will 
be  identical  for  the  same  sections. 


267.  Several  different  systems  of  dia^ri*Aii^s  have  been 

devised  and  published  for  determining  quantities  in  earthwork 

by  a  sort  of  graphical  method.    These  diagrams,  which  are 

substitutes  for  tables  are  preferred  "by  aom^  ^w^i^^^x^.   They 
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arc  based  od  the  same  principles,  and  are  constructed  on  modi- 
ficationB  of  the  same  formulae. 


268.  Correction  of  Earthwork  for  Curvature. 

— The  precedmg  calculations  are  based  on  the  assumption  that 
the  centre  line  is  straight,  with  cross  sections  at  right  angles  to 
it.  When  an  excavation  is  o^  a  curve,  the  cross  sections,  be- 
ing in  radial  planes,  are  inclined  to  each  other,  so  that  the  con- 
dition of  a  prismoid  is  not  exactly  fulfilled.  But  by  the  proper- 
ty of  Guldinus,  if  any  plane  area  is  made  to  revolve  about  an 
axis  in  the  same  plane,  the  volume  of  a  solid  generated  by  the 
area  is  equal  to  that  of  a  prism  having  a  base  equal  to  the  given 
area,  and  a  height  equal  to  the  length  of  path  described  by  the 
centre  of  gravity  of  the  area.  The  path,  being  the  arc  of  a  cir- 
cle, is  proportional  to  the  radius  drawn  to  the  centre  of  gravi- 
ty. If  therefore  a  cross  section  is  symmetrical  with  respect  to 
the  centre  line,  the  path  of  the  centre  of  gravity  is  equal  to  the 
measured  length  of  the  centre  line,  and  no  correction  for  cur- 
vature is  required. 

But  when  the  ground  is  inclined  transversely,  the  centre  of 
gravity  is  one  side  of  the  centre  line,  and  its  path,  if  we  con- 
ceive it  to  sweep  around  the  curve,  from  one  end  of  a  prismoid 
to  the  other,  is  longer  or  shorter  than  the  distance  measured  on 
the  centre  line,  according  as  the  centre  of  gravity  is  outside  or 
inside  of  the  centre  line  curve. 

Let  C  =  correction  in  cubic  yards  due  to  curvature. 
"    8  =  cubic  yards  as  obtained  by  prismoidal  formula. 
**  11=  radius  of  centre  line. 
**    e  =  eccentricity  of  centre  of  gravity  of  section. 

=  horizontal  distance  from  centre  line  to  centre  of 
gravity. 

We  then  have  the  proportion, 


S±  C  :  S::  Ii±e  :  R 

As  the  sections  of  a  solid  are  seldom  similar  and  equal,  we 
shall  UBually  have  a  different  value  oi  e  lox  ^iN^x'^  ^^Nko^A'^^^^^ 
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which,  however,  a  mean  average  value  may  be  deduced,  and 
used  in  the  above  foi-mula.  But  it  will  be  more  convenient  to 
correct  the  areas  themselves  for  eccentricity  before  finding  S, 
which  will  then  require  no  correction.     For  the  same  result 

will  ensue  whether  we  multiply  S  by  -^5-,  or  multiply  one  of 

the  component  factors  of  8  by  the  same  ratio. 

If  then  c  =  correction  of  area  in  square  feet  due  to  eccentri- 
city, we  have  at  once 

Ae 


c  = 


B 


and  the  corrected  area  equals  A  ±  e  according  as  the  cut  is 
deeper  on  the  outside  or  inside  of  the  curve.  Each  area  used 
in  determining  the  solid  contents  should,  on  a  curve,  be  first 
corrected  in  this  manner. 

To  find  the  value  of  e  for  aiiy  three-level  section.    Fig.  104. 


Fig.  104. 


Find  the  areas  either  side  of  the  centre  line  separately,  call- 
ing them  ZTand  K,  and  take  their  sum  and  difference.  Using 
the  same  notation  as  in  §  255,  H  =  ^md  +  ^h,  K  =  \nd  + 

■Ihk,  and /Z -f  7i  =  ^. 

K  -n  =  ic?  (7i  -  w)  +  \h  {k  -  h) 

In  the  figure  draw  CE'  equal  to  CE,  and  the  triangle  GE'D 

win  represent  the  area  {K  —  IT).    Bisect  the  side  E'Dy  and 

drnw  a  line  from  C  to  the  mldcWc  vo\w\,.    TYi^xi  tk<&.ceiLtre  of 
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gravity  of  the  triangle  will  be  on  this  line  at  two  thirds  its 
length  from  C,  and  the  horizontal  distance  of  the  centre  of 
gravity  from  C  is  |  X  \{ni  -\-n)  =  ^m  +  n).  The  centre  of 
gravity  of  the  remainder  of  the  section  is  on  the  centre  line 
CQ,  80  that  the  value  of  e  is  found  from  the  proportion 

e  i\(n  -\-m)  ::  K  —  Hi  A 


Hence        e  =  ^-  =  ^^  [^  {n  -m)  +  ib  (k-h)] 


(358) 


Sections  which  are  more  irregular  may  be  plotted  and 
reduced  by  averaging  lines  to  three-level  sections,  in  order  that 
the  formula  may  be  applied.  If  the  ground  is  so  irregular  as 
to  require  the  computation  of  the  middle  section,  the  correc- 
tion c  should  be  found  and  applied  to  this  area  {M)  also 
,  before  introducing  it  into  the  prismoidal  formula.  As  the 
correction  for  curvature  is  always  relatively  small,  it  is  usually 
ignored  in  practice  for  thorough  cuts,  except  where  deep  cut- 
tings with  steep  transverse  slope  occur  on  sharp  curves. 

Tlitt  correction  is  of  more  importance  relatively  in 
side-bill  work  as  the  centre  of  gravity  of  the  section  is 
more  remote  from  the  centre  line.  Let  the  section  be  reduced 


Fio.  105. 


to  a  triangle  by  an  averaging  line  (Fig.  105),  and  w  be  the  base 
of  the  triangle  formed  by  the  averaging  line.  The  centre  of 
gravity  is  at  one  third  the  horizontal  distance  from  the  middle 
point  of  w  to  the  side  stake  D,  while  the  distance  of  this 
middle  point  from  the  centre  slate  C  \%  ^N\^^\i>\^  \>  —  V*^- 
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Hence  e  =  ib  —  iw  +  i[n  —  (Jd  —  iw)] 

or  e  =  ^b-\-n  —w) 

and  ^  =  -^  =  -^35 ^  "2"  <^^^ 

The  correction  c  will  be  p?w«  or  minus  as  before  explained. 
This  formula  applies  to  all  side-hill  triangular  sections, 
whether  there  be  cut  or  fill  at  the  centre  stake 

Example  1. — Thorough  cut;  base  20;  slopes  \\\\. 

Z  =  100;  8"  curve,  left;  12  =  716.78 
Notes.  A  .  -|-  — r-  +  -^  -|" 


0     '    32 


2     •     0     •    20 
Then  if  =  i  X  58  X  12  +  i  X  20  X  32  =  508 

2Z^=i  X  16  X  12  +  i  X20  X    4  =  116  .'.  ^  =  624 

K^H=  892  . 

(A  +  c)      637.49 
^'  =  I  X  40  X  8  +  i  X  20  X  20  =  260 

^'  =  i  X  13  X  8  -f  i  X  20  X    2  =    62  .  •.  ^'  =  322 

«  

K-H=z  m 

"^  -  3  X  716.78  ^^  -  ^-^^ 

{A'  +  O  =  326.87 

From  which  we  obtain  5  =  1758  cub.  yds.— -4n». 
Without  correction  we  have  1726    "      ** 


Showing  a  difference  of  32 


<(      <( 


Had  the  curve  been  to  the  right  with  same  notes,  e  woaid 
have  been  mimis,  and  yS  would  =  1694. 
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Example  2.— Side-hill  cut;  base  20;  slopes  1^  :  1 
?  =  60;  10^  curve,  right;  12  =  573.69 
T^^..  6     ,     0     ,    40 

^^-  T  +  M  +  W 

0.8  "^0.0  "^18 
^  =  i  X  16  X20  =  160 


(yl  -  c)  =  156.42 
■^'  =  i  X  8  X  18  =  72 

,  _   20  +  37-  8  ^. 
^  ==  3  X  573.69    ^^  "=  ^ 

(^'  -  c)=    69.95 
Hence  /S'  =  248  cub.  yds. 

Without  correction  aS  would  =  255    **      " 


Difference  7     " 

269*  Haul. — Tlie  cost  of  removing  excavated  material, 
when  the  distance  does  not  exceed  a  certain  specified  limit,  is 
included  in  the  price  per  cubic  yard  of  the  material  as  meas- 
ured in  the  cutting.  But  when  the  material  must  be  carried 
beyond  this  limit,  the  extra  distance  is  paid  for  at  a  stipulated 
price  per  cubic  yard,  per  100  feet.  The  extra  distance  is  known 
by  the  name  of  hauly  and  is  to  be  computed  by  the  engineer 
with  respect  to  so  much  of  the  material  as  is  affected  by  it. 

The  contractor  is  entitled  to  the  benefit  of  all  short  hauls 
(less  than  the  specified  limit),  and  material  so  moved  should  not 
be  averaged  against  that  which  is  carried  beyond  the  limit. 
Therefore,  in  all  cuts,  the  material  of  which  is  all  deposited 
within  the  limiting  distance,  no  calculation  of  haul  is  to  be 
made. 

On  the  other  hand,  the  company  is  entitled,  in  cases  of  long 
haul,  to  free  transportation  for  that  portion,  of  the  cutting,  no 
one  yard  of  which  is  carried  beyond  the  specified  limit.  Tlicre- 
fore,  this  portion  is  first  to  be  determined  in  respect  to  its  ex- 
tent; and  the  number  of  cubic  yards  contained  in  it  is  to  bo  de- 
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ducted  from  fho  total  content  of  the  cutting,  before  eslimatiDg 
the  haul  upon  the  remainder.  Find  on  the  profile  of  the  Imc 
two  points,  one  in  excavation,  and  the  other  in  embankment, 
such,  that  while  the  distance  between  them  equals  the  specified 
limit,  the  included  quantities  of  excavation  and  embankment 
shall  just  balance.  These  points  are  easily  found  by  trial,  with 
the  aid  of  the  cross  sections  and  calculated  quantities,  and  be- 
come the  starting  points  from  which  the  haul  of  the  remainder 
of  the  material  is  to  be  estimated. 


Fio.  106. 


Fig.  106  represents  a  cut  and  fill  in  profile.  The  distance 
AB  is  the  limit  of  free  haul.  The  materials  taken  from  A  0 
just  make  the  fill  OB  and  without  charge  for  haul ;  but  the  haul 
of  every  cubic  yard  taken  from  AG,  and  carried  to  the  fill  BB, 
is  subject  to  charge  for  the  distance  it  is  carried,  less  AB.  It 
would  be  impossible  to  find  the  distance  that  each  separate  yard 
is  carried,  but  we  know  from  mechanics  that  the  average  dis- 
tance for  the  entire  number  of  yards  is  the  distance  between 
the  centres  of  gravity  of  the  cut  AG,  and  of  the  fill  BD  which 
is  made  from  it.  If,  therefore,  X  and  T  represent  the  centres 
of  gravity,  the  actual  average  haul  is  the  sum  of  the  distances 
{AX-{-BY),  and  this  (expressed  in  stations)  multiplied  by  the 
number  of  cubic  yards  in  the  cut  AG,  gives  the  product  to 
which  the  price  for  haul  applies. 

But  the  product  of  AX  by  the  number  of  cubic  yards  in  AC 
is  eqnal  to  the  sum  of  the  products  obtained  by  multiplying  the 
contents  of  each  prismoid  in  AG  by  the  distance  of  its  own 
centre  of  gravity  from  A.  The  distance  of  the  centre  of  gravity 
of  a  prismoid  from  its  mid-section  is  expressed  by  the  formula 

IHA-A) 

I  (A  I  A'  ^ 
If  we  replace  8  by  its  approximate  value,       oJo?     »  ^l^ch 

will  produce  no  important  error  in  this  case,  we  have 

^      A- A  ^^, 

"^  =  "6  •  A  +  A  •    ^^^ 
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in  which  A  shoald  always  represent  the  more  remote  end  area 
ftom  the  starting  point  A,  fig.  106.  Hence,  x  may  be  -|-  or  — , 
and  it  mnst  be  applied,  with  its  proper  sign,  to  the  distance  of 
the  mid-section  from  the  starting  point  A,  before  multiplying 
by  the  contents  8.    Each  partial  product  is  thus  obtained. 

By  a  similar  process  with  respect  to  the  prismoids  composing 
the  mass  BD,  and  using  the  point  B  as  the  starting  point,  we 
obtain  finally  a  sum  of  the  products  representing  this  portion 
of  the  haul. 

If  a  cut  is  divided,  and  parts  are  carried  in  opposite  direc- 
tions, the  calculation  of  each  part  terminates  at  the  dividing 
line.  If  a  portion  of  the  material  in  AG  is  wasted,  it  must  be 
deducted,  and  the  haul  calculated  only  on  the  remainder. 

The  specified  limit  is  sometimes  made  as  low  as  100  feet, 
sometimes  as  high  as  1000  feet.  A  limit  of  about  800  feet,  how- 
ever is  usually  most  convenient,  as  it  includes  the  wheelbarrow 
l7ork,  and  a  large  part  of  the  carting,  while  it  protects  the  con- 
tractor  on  such  long  hauls  as  may  occur. 


270.  The  Final  Estimate  is  a  complete  statement  in 
detail,  of  the  amount  of  work  done  and  materials  provided,  in 
the  construction  of  the  road,  and  is  the  basis  of  final  settlement 
between  the  company  and  contractor.  Its  preparation  should 
be  begun  as  soon  as  possible  after  the  work  is  in  progress,  and 
^ould  be  continued,  as  fast  as  the  necessary  data  are  accumu- 
lated, while  the  circumstances  are  still  fresh  in  mind,  and  when 
any  omissions  in  the  field  notes  may  be  readily  supplied.  The 
content  of  each  prismoid,  the  classification  of  its  material,  and 
the  length  of  haul  to  which  it  is  subject,  should  be  matters  of 
special  record  in  a  book  provided  for  that  purpose.  These  re- 
sults having  been  carefully  computed  by  exact  methods  form 
a  standard  of  comparison  for  those  approximate  results  which 
must  be  had  from  lime  to  time  during  the  progress  of  the  work, 
and  furnish  a  limit  to  the  amounts  of  the  monthly  estimates. 
The  same  remark  applies  to  all  other  items  of  labor  and  mate- 
rial. The  notes  and  record  of  the  final  estimate  should  be  par- 
ticularly full  and  exact  in  respect  to  all  such  items  as  will  be 
inaccessible  to  measurement  at  the  completion  of  the  work, 
such  as  foundation  pits,  foundation  courses  of  masonry,  cul- 
verts;  and  works  under  water. 
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271.  Monthly  estimates*— On  or  before  the  last  day 
of  every  month  during  the  progress  of  construction,  measure- 
ments are  taken  to  determine  the  total  amount  of  work  done 
and  material  provided  up  to  that  date.  The  estimates  based 
on  these  measurements  are  called  Monthly  Estimates.  It  is  fre- 
quently necessary  to  take  measurements  for  both  monthly  and 
final  estimates  at  other  times  than  the  end  of  the  month,  as  in 
the  case  of  foundations  \vhich  are  not  long  accessible.  With 
respect  to  each  piece  of  work  satisfactorily  completed,  the 
monthly  estimate  should  bo  exact,  and  identical  in  amoimt 
with  the  final  estimate.  With  respect,  however,  to  items  of 
work  in  progress  at  the  time  of  measurement,  the  monthly 
estimate  is  only  approximate,  yet  should  be  as  precise  as  the 
nature  of  the  case  will  allow;  and  the  quantities  stated  should 
not  be  in  excess  of  fair  proportion  of  the  total  quantities  given 
on  the  final  estimate  for  the  same  piece  of  work. 

A  special  field  book  is  devoted  to  monthly  estimate 
notes.  Each  page  should  be  dated  with  the  day  on  which  the 
notes  upon  it  were  taken.  The  notes  consist  of  measurements 
of  all  sorts,  principally  of  cross  sections  partially  excavated. 
These  sections  should  be  at  the  same  points  on  the  line  as  the 
original  sections,  so  that  comparisons  may  be  made.  Where- 
ever  the  excavation  is  finished  to  grade,  it  is  only  necessary  to 
write  **  completed"  opposite  such  stations,  and  the  quantities 
may  be  taken  from  the  final  estimate  or  computed  from  the 
original  notes.  It  is  frequently  necessary  to  retrace  portions 
of  the  centre  line  in  taking  estimate  notes,  so  that  all  the  field 
instruments  are  required,  but  a  party  of  three  or  four  men  is 
usually  sufficient. 

If  the  contractor  has  provided  materials,  such  as  stone,  lum- 
ber, etc.,  which  are  not  as  yet  put  into  any  sti'ucture  when  the 
estimate  is  taken,  these  should  be  measured  and  entered  under 
the  head  of  temporary  allowance,  an  arbitrary  price  be- 
ing used  somewhat  below  the  actual  value  of  the  material  as 
delivered.  Such  allowances  should  never  bo  copied  from  one 
month's  estimate  to  the  next,  but  made  anew  on  such  material 
as  may  be  found  that  seems  to  require  it.  But  all  completed 
items  of  contract  work,  and  of  extra  work  when  ordered  by 
the  engineer,  are  necessarily  copied  from  one  monthly  esti- 
znate  to  the  next  during  the  continuance  of  the  contract. 
A.  blank  form  is  used  by  iho  Tcaidciil  eu^va^t  m  report 
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iMg  monthly  estimates,  on  which  a  ccdmnn  is  provided  for  each 
class  of  material  aod  work  required  by  the  contract,  while  the 
several  Mnes,  headed  by  the  numbers  of  the  proper  stations,  are 
devoted  to  the  different  cuttings,  structures,  etc.,  in  consecu- 
tive order  as  they  occur  on  the  line  of  road.  The  estimates  are 
made  out  and  reported  separately  for  the  several  sections  into 
which  the  line  of  road  is  divided  for  letting. 

These  reports  arc  reviewed  by  the  division  engineer,  and 
the  footings  copied  upon  another  blank,  which  is  the  monthly 
estimate  proper;  the  prices  are  attached  to  the  items,  and  the 
amounts  extended  and  summed  up.  This  sum  indicates  ap- 
proximately the  total  amount  earned  by  the  contractor  up  to 
date,  from  which  is  deducted  a  certain  percentage  (usually  15 
per  cent.),  which  is  retained  by  the  company  until  the  comple- 
tion of  the  contract.  From  the  remainder  is  deducted  the 
amount  of  previous  payments,  which  leaves  the  amount  due 
the  contractor  on  the  present  estimate.  A  blank  form  of  re- 
ceipt is  appended,  to  be  signed  by  the  contractor. 


CHAPTER  XI. 

TOPOGRAPHICAIi  SkETCHINO. 

272*  Topographical  sketches  taken  on  preliminary  surveys 
are  usually  of  great  value  in  projecting  a  line  for  location; 
they  should  be  made  therefore  as  accurate  and  complete  as 
possible.  In  too  many  instances  sketches  are  presented  having 
a  picturesque  appearance,  but  conveying  little  information,  if 
not  tending  to  mislead  the  map-maker.  The  aim  of  the  topog- 
rapher should  be  to  record  the  topographical  features  either 
side  of  the  line  with  as  much  precision  as  those  directly  upon 
Ihc  line,  without  taking  actual  measurements,  except  in  rare 
instances.  The  eye  aiul  tlic  judgment  must  be  usually  depended 
on  for  distances  and  dimensions.  The  sketch  of  a  tract  ex- 
tending to  400  feet  each  side  of  the  line  ought  to  be  accurate 
enough  to  warrant  its  being  copied  literally  upon  the  map.  If 
a  much  wider  range  is  required  it  may  be  advisable  to  use  the 
plane-table;  but  an  approximation  to  plane-table  methods  may 
lie  employed  in  ordinary  sketching. 
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273.  As  artificial  features  are  the  most  readily  de- 
fined and  located  these  should  first  receive  attention  in  making 
a  sketch.  When  recorded  they  form  a  skeleton  upon  which 
the  natural  features  can  be  drawn  with  more  precision  than  if 
the  order  were  reversed.  The  point  where  each  fence  crosses 
the  line  and  the  angle  between  the  two  may  be  sketched  exact- 
ly. The  distance  along  the  feuce  to  any  object  maybeesti< 
mated,  and  checked  (in  case  of  an  oblique  angle)  by  observing 
where  a  line  from  the  object  perpendicular  to  the  centre  line 
would  intersect  the  latter.  The  book  may  be  rested  on  any 
support,  the  centre-line  of  the  page  coinciding  with  the  line  of 
survey,  and  the  direction  of  objects  defined  by  a  small  ruler 
laid  on  the  page.  This  operation  being  repeated  from  another 
point  gives  intersections  which  locate  the  several  objects  on 
the  sketch.  If  the  bearings  are  taken  they  may  be  plotted  on 
the  page  as  well  as  recorded,  giving  the  same  results.  The 
eye  may  he  trained  to  estimate  distances  correctly  by  observ- 
ing the  appearance  of  objects  along  the  measured  line,  the  dis- 
tances to  which  are  therefore  known. 

274.  After  the  artificial  objects  the  more  distinct  natural 
features  are  to  be  sketched,  as  streams,  shores,  margins  of 
swamps,  forests,  etc.,  ravines,  ridges,  and  bluffs,  taking  care 
that  all  these  outlines  intersect  the  features  of  the  sketch 
already  delineated  at  the  proper  points.  The  correct  repre- 
sentation of  contours  is  the  most  difficult  part  of  sketching, 
since  these  lines  are  quite  imaginary,  yet  for  railroad  maps 
they  are  usually  as  important  as  any  others.  It  is  desirable  to 
know  not  only  the  locality  of  a  hill  or  slope,  but  also  its  shape, 
steepness,  and  height.  This  information  is  best  given  by  con- 
tour lines.  A  contour  is  the  intersection  of  the  surface  of  the 
ground  by  an  imaginary  level  surface.  When  the  surface  is 
real,  like  that  of  a  lake,  the  intersection  is  called  a  shore.  If 
the  water  should  rise  a  certain  height  a  new  shore  would  be 
defined,  and  rising  double  that  height  still  another  shore 
would  result,  each  of  which,  on  the  subsidence  of  the  water, 
would  be  a  contour.  A  practiced  eye  is  able  to  follow  on  the 
ground  the  course  of  a  contour  with  all  its  windings;  but  m 
sketching  them  due  allowance  must  be  made  for  the  foi^- 

sliortcning  effect  of  distance.     All  contours  on  the  same  sketch 
'^'7uld  have  the  same  vertical  inter va\,  ao  WmX  \xy  ^«QSL\asMt 
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Aem  fhe  heigitt  of  the  hill  may  Be  known.  The  spaces  on  the 
sketch  between  contours  vary  as  the  cotangent  of  the  slope 
angle,  so  that  the  width  of  the  spaces  indicates  the  degree  of 
steepness.  The  contours  nearest  the  topographer  should  gene- 
rally be  sketclied  first,  althougli  if  there  be  a  shore  that  is  apt  to 
be  the  best  guide  to  the  shape  of  the  sloi)es.  If  the  height  of  the 
I  y  11  is  known  and  the  upper  contour  located,  the  other  contours 
'can  be  spaced  between  with  less  difficulty,  the  proper  number 
being  ascertained  by  dividing  the  height  by  the  assumed  verti- 
cal mterval.  A  special  line  of  levels  up  an  inclined  ravine  or 
sloping  ridge  to  fix  the  contour  points  is  often  of  the  greatest 
service  in  obtaining  correct  results.  Other  random  lines  are 
sometimes  run  to  locate  the  contours  more  definitely.  These 
should  be  made  to  cross  several  contours  rather  than  to  trace  a 
single  one.  Old  preliminary  lines  which  have  proved  useless 
in  themselves  often  furnish  by  their  profiles  v:iluable  informa- 
tion in  respect  to  contours. 

The  use  of  hatchings  should  be  avoided  in  the  sketch-book, 
except  to  represent  precipitous  banks,  or  slight  terraces,  which 
would  not  be  sufficiently  defined  by  the  contour  system. 
Hatchings  freely  used  consume  too  much  time,  and  fail  to  give 
an  accurate  idea  of  either  slope  or  height,  while  they  obscure 
the  page  for  the  representation  of  other  objects. 

275*  Tlie  centre  line  on  the  page  is  straight,  and  for 
sketching  purjwses  the  surveyed  line  on  the  ground  is  assumed 
to  be  so  also  Slight  dcfieclions  in  the  course  of  a  preliminary 
line  may  be  ignored  in  the  sketch;  but  if  a  large  angle  occurs 
it  is  better  to  terminate  the  sketch  with  the  course,  and  begin 
again,  leaving  a  few  blank  lines  between  the  two  sketches. 
On  a  located  line  with  curves,  the  sketch  is  continuous.  The 
curved  line  in  the  field  is  represented  by  the  straight  line  on 
the  page,  and  the  radial  lines  through  the  stations  are  repre- 
sented by  the  parallel  lines  ruled  across  the  page.  All  objects 
are  sketclied  at  the  proper  offset  distance  by  scale  from  the 
centre  line;  but  longmidinally  the  sketch  is ii(»ressarily  dimin- 
ished outside  of  the  ciirve,  and  magnified  inside  of  the  curve. 
Consequently  topographical  lines  which  are  straight  in  fact  ap- 
pear curved  in  the  sketch,  concave  to  the  centre  line  if  inside 
the  curve,  and  convex  if  outside  of  it.  Such  teatures  are  cor- 
pbctljr  sketched  by  means  of  offseta  csV\m^\<i^  ox  wx^'^&xv'^^^ 
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from  each  statloa  of  the  curve  on  the  radial  lines.  This  kind 
of  distortion  creates  no  confusion  jf  properly  done,  for  m  mak- 
ing the  map,  after  drawing  the  curve  and  the  radial  lines/ the 
same  offsets  will  give  the  correct  positions  of  the  objects  delin- 
eated. Tills  method  is  preferable  to  drawing  a  curved  line  on 
the  page  to  represent  the  centre  line,  as  it  is  difficult  to  draw 
it  correctly;  it  will  cross  the  ruled  lines  obliquely,  rendering 
them  of  no  service  for  offsets  or  scale,  and  moreover  is  likely 
to  run  off  the  page  altogether. 


CHAPTER  XII. 

Adjustment  of  Ixstkuments. 

Every  adjustment  consists  of  two  processes:  first  ^le  test,  and 
second  the  correction.  Inasmuch  as  the  amount  of  correction 
is  made  by  estimation,  the  test  must  always  be  repeated  until 
no  further  lack  of  adjustment  is  observable. 

276«  THE  TEANSIT. 

The  level  tubes  should  be  parallel  to  the 
vernier  plate. 

Test :  Place  the  tubes  in  position  over  the  levelling  screws, 
and  turn  the  latter  till  the  bubbles  are  centred;  revolve  the 
plate  180°.  The  bubbles  should  remain  centred;  if  they  have 
retreated — 

Correction  :  Bring  them  half  way  back  to  the  centre  by 
turning  the  adjusting  screws  which  attach  the  tubes  to  the 
plate. 

The  line  of  coUimatlon  should  be  perpendi- 
cular to  the  horizontal  axis. 

Test :  Clamp  the  limb,  and  by  the  tangent  screws  bring 
the  intersection  of  the  cross-hail's  to  cover  a  well-defined  point 
about  on  a  level  with  the  telescope;  plunge  the  telescope  to 
look  in  the  opposite  direction,  and  note  any  point  about  on  a 
level  with  the  telescope  and  about  equidistant  with  the  first 
point,  which  the  intersection  of  the  cross-hairs  now  happens  to 
cover.  Now  unclamp  the  limb  and  turn  through  180%  and 
repent  the  above  operation,  using  the  same  jlr8t^\ii\«B\)(^tcstA. 
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The  third  point  obtained  should  be  identical  with  the 
aeeand;  if  not — 

Correction  :  Move  the  vertical  cross-hair  over  onefowrth 
of  the  apparent  distance  from  the  third  to  the  second  point,  by 
turning  the  adjusting  screws  at  the  side  of  the  telescope. 

:  The  horizontal  axis  should  be  parallel  to  the 
vernier  plate. 

Test :  After  completing  the  above  adjustments  level  the 
limb,  clamp  it,  and  bring  the  intersection  of  the  cross-hairs  to 
cover  some  high  point  so  that  the  telescope  may  be  elevated  to 
a  large  angle;  depress  the  telescope  and  note  some  point  on  the 
ground  now  covered  by  the  intersection  of  the  cross-hairs. 
Now  unclamp  the  limb,  turn  it  through  100",  and  repeat  the 
above  operation,  using  the  same  high  point  as  before.  The 
third  point  found  should  be  identical  with  the  second ;  if  not — 

Correction :  Raise  the  end  of  the  axis  opposite  the  second 
point  (or  lower  the  other  end)  by  a  small  amount,  by  turning 
the  adjusting  screws  in  the  standard.  The  amount  of  motion 
required  is  only  determined  by  repeated  trials  until  the  test  is 
satisfied. 

The  intersection  of  the  cross-hairs  should 
appear  in  the  centre  of  the  field  of  view. 

Test:  Bring  the  cross-hairs  into  focus  and  direct  the  tele- 
scope toward  the  sky,  or  hold  a  sheet  of  blank  paper  in  front 
of  It.     If  the  intersection  appear  eccentric — 

Correction  :  Turn  the  screws  (hy  pairs)  which  support 
the  end  of  the  eyepiece  until  the  desired  result  is  obtained. 

If  there  be  a  level  on  the  telescope  it  should  he 
parallel  to  the  line  of  collimation. 

Drive  two  stakes  equidistant  from  the  instrument  in  exactly 
opposite  directions,  and  having  perfected  the  previous  adjust- 
ments, level  the  plate  carefully,  clamp  the  telescoj^e  in  about 
a  horizontal  position,  and  observe  a  rod  placed  on  each  stake. 
Qavo  the  stakes  driven  by  trial  until  the  rod  reads  alike  on 
both.  The  heads  of  the  stakes  are  then  on  a  level.  Re- 
move the  instrument  beyond  one  stake,  and  set  it  up  in 
line  with  the  two,  level  the  plate,  and  elevate  or  depress  the 
telescope  to  a  position  which  will  again  give  equal  readings 
on  the  stakes.    TJie  line  of  colliraatiou  \a  ivo'w  Vi^Ot— 


252  FIELD  ENGINEBRIKG. 

Test :  While  in  this  position  tho  bubble  of  the  attached 
level  should  stand  centred;  if  not — 

Correction :  Bring  the  bubble  to  the  centre  by  turning 
the  nuts  at  one  end  of  the  tube,  "while  the  cross-hair  continues 
to  give  equal  readings. 

277.  •  THE  Y  LEVEL. 

The  line  of  collimation  should  coincide  with 
the  axis  of  the  telescope. 

Test :  Clamp  the  spindle,  and  bring  the  intersection  of  the 
cross-hairs  to  cover  a  well-defined  point  by  the  tangent  and 
levelling  screws;  revolve  the  telescope  half  over  in  the  Ys,  so 
that  the  level  tube  is  on  top.  The  intersection  of  the  cross- 
hairs should  still  cover  the  point.  If  either  hair  has  departed- 
Correction  :  bring  it  half  way  back  by  means  of  the  pair 
of  adjusting  screws  at  the  extremities  of  the  other  hair. 

The  attached  level  should  be  parallel  to  the 
axis  of  the  telescope. 

Test :  Bring  the  telescope  over  one  pair  of  levelling  screws, 
clamp  the  spindle,  open  the  clips,  and  bring  the  bubble  to  the 
centre.  Then  gently  remove  the  telescope  from  the  Ys,  and 
replace  it  end  for  end.  If  the  Ys  have  not  been  disturbed,  the 
bubble  should  return  to  the  centre.    If  it  does  not — 

Correction  :  bring  the  bubble  half  way  back  by  turning 
the  nuts  at  one  end  of  the  tube. 

But  as  now  the  level  tube  and  telescope  may  only  lie  in 
parallel  planes,  and  yet  not  be  parallel  to  each  other — 

Test :  bring  the  bubble  to  the  centre  as  before,  and  turn 
the  telescope  on  its  axis  so  as  to  bring  the  level  tube  out  to  one 
side.    The  bubble  should  remain  centred.   If  it  has  departed — 

Correction  :  bring  it  back  to  the  centre  by  the  adjusting 
screws  at  one  end. 

The  axis  of  the  telescope  should  be  at  right 
angles  to  the  spindle. 

Test :  Having  completed  the  above  adjustments  (and  not 
before),  fasten  down  the  clips,  unclamp  the  spindle,  and  bring 
the  bubble  to  the  centre  over  each  pair  of  levelling  screws  in 
succession,  then  swing  tho  telescope  end  for  end  on  the  spin- 
dle.   The  bubble  should  settle  at  the  centre.     If  it  do  not — 

Correction :  bring  it  half  way  back  by  the  large  nuts  at 
one  end  of  the  bar. 
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'  278*  THE  THEODOLTTB. 

This  instrument  being  a  combination  of  Transit  and  Level, 
its  several  adjustments  arc  to  be  made  according  to  the  rules 
already  given  for  those  instruments. 


CHAPTER  Xm. 

Explanation  op  Tables. 

Table  I. — Contains  concise  statements  of  such  geometrical 
truths  as  are  applicable  to  the  various  discussions  in  this  volume. 
References  are  given  to  Davies'  Greometry,  in  which  the  demon- 
strations of  the  propositions  may  be  found. 

Table  II. — Contains  all  the  formulae  necessary  to  the  solu- 
tion of  any  plane  triangle;  also,  a  select  list  of  miscellaneous 
formula}.  A  few  formulae  with  respect  to  the  vei'sed  sine  and 
external  secant  are  new. 

Table  III. — Contains  a  complete  list  of  forinuloe  expressing 
the  relations  between  the  radius,  tangent,  chord,  versed  sine, 
external  secant,  and  central  angle  of  a  railway  curve;  also,  the 
relations  between  the  radius,  degree  of  curve,  length  of  curve, 
and  central  angle.  The  notation  is  identical  with  that  used 
elsewhere  in  the  book. 

Tabijbs  IV. — Contains  the  radius,  and  its  logarithm,  for  every 
degree  of  curve  to  single  minutes  up  to  10  degrees,  and  thence 
by  larger  intervals  up  to  50  degrees.  With  the  radius  is  given 
also  the  perpendicular  o^-set,  t,  from  the  tangent  to  a  point  on 
the  curve  at  the  end  of  the  first  100-foot  chord  from  the  tan- 
gent-point, and  the  middle  ordinate,  m,  of  a  100-foot  chord. 
See  eqs.  (16,  84,  37,  40,  and  805). 

Table  V. — Contains  the  corrections  to  be  added  to  the  tan- 
gents and  externals  of  any  railroad  curve,  as  obtained  by  refe- 
rence to  Table  VI.,  according  to  the  degree  of  the  given  curve 
(found  at  head  of  columns),  and  its  cenUa\  a.iig;\e,  v^o\wA\x^'vN^r. 
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first  columu.)  If  the  given  degree  of  curve,  or  central  angle, 
does  not  appear  in  the  table,  the  exact  value  of  the  correction 
may  be  easily  obtained  by  interpolation. 

Table  VI. — Contains  the  exact  values  of  the  tangents,  T, 
and  externals,  E,  to  a  1  degree  curve,  for  every  10  minutes  of 
central  angle,  from  l*"  to  130°  50'.  Approximate  values  of  the 
tangent  and  external  to  any  other  degree  of  curve  may  be  had 
by  simply  dividing  the  tabular  values  opposite  the  given  cen- 
tral angle  by  the  given  degree  of  curve,  expressed  in  degrees. 
These  approximations  may  be  made  exact  by  adding  the  proper 
corrections  taken  from  Table  V.     See  eqs.  (31)  and  (34). 

Table  VII. — Contains  the  value  of  Long  Chords  of  from  3 
to  13  stiitious,  for  every  10  minutes  of  degree  of  curve  from  0° 
to  15",  and  of  a  less  number  of  stations  for  degrees  of  curve  be- 
tween 15°  and  30°.  As  the  chord  of  one  station  is  always  100 
feet,  the  column  of  the  first  station  gives  instead  the  length  of 
arc  subtended  by  the  chord  of  100  feet.  See  §§  121, 123,  123, 
124,  135. 

Table  VIII. — Contains  the  values  of  Middle  Ordinates  to 
long  chords  of  from  2  to  12  stations,  for  every  10  minutes  of 
degree  of  curve  from  0°  to  10°,  and  of  from  2  to  6  stations  for 
every  curve  from  10°  to  20°,  at  10-minute  intervals.  The  table 
may  be  used,  not  only  to  fix  the  middle  point  of  an  arc,  but 
also,  in  conjunction  with  the  table  of  long  chords,  to  locate  in- 
termediate stations.     See  §§  131,  133,  123,  134,  135. 

Table  IX. — Contains  the  chords  of  a  series'  of  angles  vary- 
ing by  half  degrees  up  to  30°  for  radii  varying  by  100  feet  up  to 
1000  feet.  It  shows,  therefore,  the  linear  opening  between 
the  extremities  of  two  equal  lines  at  any  given  number  of  hun- 
dred feet  from  their  intersection,  when  the  angle  does  not  ex- 
ceed 30°.  For  any  distance  exceeding  1000  we  have  only  to 
add  to  the  value  found  in  that  column,  the  value  found  in  the 
column  headed  by  the  excess  of  distance  over  1000  feet.  Conr 
Tersely,  the  table  gives  the  angular  deflection  required  between 
tuo  equal  Jlnea,  in  order  that  at  a  given  distance  from  the  point 
of  intersection  they  may  be  separated  a  gwevi  «c«vouxi\.. 
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Table  X. — 1.  Contains  values  of  the  ratio  u  =  —,  accord- 

A 

Ing  to  the  notation  of  §  147  for  finding  the  angle  i  (Fig.  34) 
between  the  radius  PO  of  the  curve  at  any  fHint  P,  and  the 
tangent  PK  to  the  valvoid  arc  PX  by  the  simple  formula 
eq.  (SO)  i=:u  A.  The  table  embraces  lengths  of  curve  from 
800  to  2000  feet,  and  central  angles  from  10°  to  120°. 

When  =  60"  t^  =  i,  and  for  hasty  approximation  this 

value  of  u  may  be  assumed  in  any  case  without  consulting 
the  table. 

7' 

2.  Contains  values  of  the  ratio  ©  =  -^-  for  finding  the  radius 

of  the  valvoid  arc  at  the  point  P  (Fig.  35)  in  terms  of  the 
length  of  curve  L  =  AP  by  the  simple  formula,  eq.  (82), 
r  =  vL. 

3.  Contains  values  of  the  length  I,  of  a  valvoid  arc  limited 
by  two  curves  of  equal  length  laid  out  from  the  same  tangent 
and  same  P.  C,  but  whose  central  angles  differ  by  1".  The 
length  L  of  each  curve  is  given  in  the  first  column,  and  the 

(A  '      I        A  "  \  ' 

— ^- I  is  given  at  the 

head  of  the  other  columns. 

When  the  central  angles  of  two  curves  of  equal  length 
differ  by  x  degrees  the  length  I  of  the  valvoid  arc  joining 
their  extremities  is  expressed  by  the  simple  formula,  Fig.  36, 

eq.  (86)  l  =  P'P''  ={a'  -  a'JI, 

A  '      I        A  ' 

in  which  I,  is  taken  from  the  column  headed  by ^ — 

and  opposite  the  given  value  of  X;or  l^  is  found  by  inter- 
polation if  necessary.     See  §  150  and  example. 

Table  XI. — Contains  the  measurements  necessary  to  lay 
down  a  turnout  with  frogs  of  given  numbers  or  angles  for 
both  a  standard  and  a  three-foot  gauge.  The  distance  BF  is 
measured  on  the  rail  of  the  given  track  from  the  Iicel  of  the 
switch  to  the  point  of  the  frog,  while  af  ia  the  chord  of  the 
centre  lino  of  the  turnout  between  the  same  points.  The 
radius  r  applies  to  the  centre  line  of  the  turnout.  The  dis- 
tance aF"  is  measured  on  the  centre  Wne  vil  Wvi  ^Vx^'^Js^Xx^Ot. 
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from  the  lied  of  the  switch  to  the  point  of  the  middle  frog. 
Tl>e  length  of  switch  AD  should  conform  to  the  tabular 
values  unless  the  throw  is  to  be  different  from  that  assumed 
m  the  table.   #ee  §§  180,  181,  182. 

Table  XII.  — Contains  the  middle  ordinates  of  chords  vary- 
ing in  length  from  10  to  32  feet,  and  for  degrees  of  curve  vary- 
ing from  1°  to  50°.   Tlie  use  of  the  table  is  obvious.  See  §  199. 

Table  XIII. — Gives  the  proper  difference  in  elevation  of 
rails  on  curves  of  various  degrees  from  1°  to  SO"*  for  veloci- 
ties varying  from  10  to  60  miles  per  hour.     See  §  201. 

Table  XIV. — Gives  the  rise  of  grades  in  feet  per  mile  and 
their  angle  of  inclination  corresponding  to  a  rise  per  station 
(100  feet)  varying  from  0.01  foot  to  10  feet. 

Table  XV. — Contains  values  of  the  formula  (log  ^*  —  1) 
60384.3  in  which  h  —  reading  of  the  barometer  in  inches.  The 
inches  and  tenths  of  the  readings  are  in  the  left-hand  column, 
while  the  hundredths  are  found  at  the  top  of  the  other  columns. 
The  difference  of  any  two  values  corresponding  to  two  read- 
ings taken  simultaneously  at  any  two  stations  is  the  differ- 
ence in  elevation  in  feet  of  those  stations.  But  the  differ- 
ence in  height  so  found  is  subject  to  a  correction  for  tempera- 
ture given  in  the  next  table.     Sec  %  10. 

Table  XVI. — Contains  coefficients  of  correction  for  atmos- 
pheric temperature,  by  which  the  approximate  heights  ob- 
tained by  Table  XV.  are  to  be  multiplied  for  a  correction  of 
these  heights,  which  correction  is  to  be  added  or  subtracted 
according  as  the  coefficient  given  in  the  table  is  marked 
4"  or  ~.     See  §  11. 

Table  XVII. — Contains  corrections  in  feet,  required  by  the 
curvature  of  the  earth  and  the  refraction  of  the  atmosphere,  to 
be  applied  to  the  elevation  of  a  distant  object  as  obtained  by  a 
level  or  theodolite  observation  for  distances  I'anging  from 
800  feet  to  10  miles.     See  §  119. 

Table  XVIII. — Contains  the  coefficients  for  reducing  the 
spnco  on  a  vertical  rod  intcrcepled  Aji^  Wiq  stadia  hairs  when 
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tiic  line  of  coUimation  is  inclined  to  the  horizon,  to  the  space 
that  would  be  intercepted  were  the  line  of  collimation  horizon- 
tal; provided,  that  the  visual  angle  0  defined  by  the  stadia  hairs 
IS  such  that  tan  \0  -  .005  or^O  =  0'  34  22". 63,  which  is  its 
customary  value  in  surveying  instruments.  The  angle  of  in- 
clination a  is  taken  at  every  10  minutes  through  half  a  quad- 
rant. 

Table  XIX. — Contains  the  logarithms  of  the  coefficients 
given  in  Table  XVIII. 

TABfiB  XX. — Gives  the  lengths  of  circular  arcs  to  a  radius 
=  1. 

To  find  the  length  of  any  arc  expressed  in  degrees,  minutes, 
and  seconds,  take  from  the  table  the  lengths  of  the  given  num- 
ber of  degrees,  minutes,  and  seconds  respectively,  and  multi- 
ply their  sum  by  the  length  of  the  radius.  The  product  is  the 
length  of  arc  required. 

Table  XXI. — Contains  the  values  of  minutes  and  seconds 
expressed  in  decimals  of  a  degree,  for  every  10  seconds  of  arc, 
and  also  for  quarter  minutes  up  to  one  degree. 

Table  XXII. — Contains  the  values  of  inches  and  fractions 
expressed  in  decimals  of  a  foot  for  every  32d  of  an  inch  up  to 
one  foot. 

Table  XX [II. — Contains  the  squares,  cubes,  square  roots, 
cube  roots,  and  reciprocals  of  numbers  from  1  to  1054.  Its 
use  may  be  greatly  extended  by  observing  that  if  any  number 
is  multiplied  by  n  its  square  is  multiplied  by  /i*,  its  cube  by 

»',  and  its  reciprocal  by  — . 

n 

■I 

Table  XXIV.— The  lograrithm  of  a  number  consists  of 
two  parts,  a  whole  number  called  the  characteristic,  and  a  deci- 
mal called  the  mantissa.  All  numbers  which  consist  of  the 
same  figures  standing  in  the  same  order  have  the  same  man- 
tissa, regardless  of  the  position  of  the  decimal  point  in  the 
number,  or  of  the  number  of  ciphers  which  precede  or  follow 
the  significant  figures  of  the  number.  The  value  of  the  char- 
acteristic depends  entirely  on  the  position  of  the  decimal  point 
in  the  Dumber.     It  is  always  one  less  tiVvaxi  >.\v^  \i\vcc^^^x  Cil 
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figures  in  the  number  to  the  left  of  the  decimal  point  The 
value  is  therefore  diminished  by  one  every  time  the  decimal 
point  of  the  number  is  removed  one  place  to  the  left,  and  vice 
verm.    Thus 


Number. 

Logarithm. 

13840. 

4.141136 

1384.0 

3.141136 

138.40 

2.141136 

13.84 

1.141136 

1.384 

0.141136 

.1384 

—1.141130 

.01384 

—2.141136 

.001384 

—3.141186 

etc. 

etc. 

The  tnaiitissa  is  always  positive  even  when  the  characteristic 
is  negative;  Wc  may  avoid  the  use  of  a  negative  characteristic 
by  arbitrarily  adding  10,  which  may  be  neglected  at  the  closf 
of  the  calculation.     By  this  rule  we  have 

Number*.  Logarithm. 

1.384  0.141136 

.1384  0.141186 

.01384  8.141136 

.001384  7.141136 

etc.  etc. 

Ko  Confusion  need  arise  from  this  method  in  finding  a  number 
from  its  logarithm;  for  although  the  logarithm  6.141136  repre- 
sents either  the  number  1,384,000,  or  the  decimal  .0001384,  yet 
these  are  so  diverse  in  their  values  that  we  can  never  be  uncer- 
tain in  a  given  problem  which  to  adopt. 

The  table  XXIV.  contains  the  mantissas  of  logarithms,  car- 
ried to  six  places  of  decimals,  for  numbers  between  1  and  0999, 
inclusive.  The  first  three  figures  of  a  number  are  given  in  the, 
first  column,  the  fourth  at  the  top  of  the  other  columns.  The 
first  two  figures  of  the  mantissa  are  given  only  in  the  second 
column,  but  these  are  understood  to  apply  to  the  reniaining 
four  figures  In  either  <iolumn  following,  which  are  comprised 
between  the  same  horizontal  lines  with  the  two. 

If  a  number  (after  cutting  off  the  ciphers  at  either  end)  con- 
sists of  not  more  than  four  figures,  the  mantissa  may  be  taken 
direct  from  the  table;  but  by  interpolation  the  logarithm  of  a 
number  having  six  figures  may  be  obtained.    The  last  colamn 
contains  the  «verage  difl^ercncc  of  coi\aeQ.\i\\v^  V>^»M3ndoa  on 
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tlie  same  line,  but  for  a  given  case  the  difference  needs  to  be 
verified  by  actual  subtraclion,  at  least  so  far  as  the  last  figure 
is  concerned.  The  lower  part  of  the  page  contains  a  complete 
list  of  differences,  wiih  their  mulliplcs  divided  by  10. 

'  To  find  the  lojjaritlim  of  a  number  having  six 
figrures :— Take  out  the  mantissa  for  the  four  superior  places 
directly  from  the  table,  and  find  the  difference  between  this 
mantissa  and  the  next  greater  in  the  table.  Add  to  the  man- 
tissa taken  out  the  quantity  found  in  the  table  df  proportional 
parts,  opposite  the  difference,  and  in  the  column  headed  by  the 
fifth  figure  of  the  number;  also  add  ^^  the  quantity  ia  the  col- 
umn headed  by  the  sixth  figure.  The  sum  is  the  mantissa 
required,  to  which  must  be  prefixed  a  decimal  point  and  the 
proper  characteristic. 
Sxample.^Fmd  the  log  of  33.4275. 

For  2342  mantissa  is  369587 

•*    diff.  185col.  7  129.5 

••       '•       "     '*    5  9.2 


Ans.  For  23.4275  log  is    1.369726 

The  decimals  of  the  corrections  are  added  together  to  deter- 
mine the  nearest  value  of  the  sixth  figure  of  the  mantissa. 


*o' 


To  find  the  number  correspondingr  to  a  given 
logarithm, — If  the  given  mantissa  is  not  in  the  table  find  the 
one  next  less,  and  take  out  the  four  figures  corresponding  to  it; 
divide  the  difference  between  the  two  mantissas  by  the  tabu- 
lar difference  in  that  part  of  the  table,  and  annex  the  figures  of 
the  quotient  to  the  four  figures  already  taken  out.  Finally, 
place  the  decimal  point  according  to  the  rule  for  characteristics, 
prefixing  or  annexing  ciphers  if  neccssiiry.  The  division  re- 
quired  is  facilitated  by  tlio  tabic  of  proportional  parts,  which 
furnishes  by  inspection  the  figures  of  the  quotient. 

Example. — ^Find  tlie    number  of  which  the  logarithm   is 

8.363927  8.233927 

First  4  figures  1836  from  2G3873 


Diff.  54.0 

Tabular  diff .=  236  .  • .  5th  fig.  =2  47. 2 


6.80 
6th  fig.  =  3  7^ 

^fM.  No.  =  .0183623  or  183.623,000. 
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The  number  derived  from  a  six-place  logarithm  is  not 
reliable  beyond  the  sixth  figure. 

At  the  end  of  table  XXIV.  is  a  small  table  of  logarithms  of 
numbers  from  1  to  100,  with  the  characteristic  prefixed,  for 
easy  reference  when  the  given  numoer  does  not  exceed  two 
digits.  But  the  same  mantissas  muy  be  toimd  in  the  larger 
table. 

Table  XXV.— The  logr^ritiiinic  sine,  tangent, 
etc.  of  an  arc  is  the  logaritnm  of  the  natural  sine,  tangent, 
etc.  of  the  same  arc,  but  with  10  added  to  tiie  characteristic  to 
avoid  negatives.  This  table  gives  log  sines,  tangents,  cosines, 
and  cotangents  for  every  minute  of  the  quadrant.  With  xLq 
number  of  degrees  at  the  lef  6  side  of  the  page  are  to  be  read 
the  minutes  m  the  left-iiaad  column  ;  with  the  degrees  on 
the  right-hand  side  are  to  bt;  read  the  minutes  in  the  right-hand 
column.  When  the  degrees  appear  at  the  top  of  the  page  the 
top  headings  must  be  observed,  when  at  the  bottom  those  at 
the  bottom.  Since  the  values  found  for  arcs  in  the  first  quad- 
rant are  duplicated  ia  the  second,  the  degrees  are  given  from 
0°  to  180".  Tlie  differences  in  the  logarithms  due  to  a  change 
of  one  second  in  the  arc  are  given  in  adjoining  columns. 

To  find  the  log^.sin,  cos,  tan,  or  cot  of  a  g^iven 
arc. :  Take  out  from  the  proper  column  of  the  table  the  log- 
arithm corresponding  to  the  given  faumber  of  degrees  and 
minutes.  If  there  be  any  seconds  multiply  them  by  the  ad- 
joining tabular  difference,  and  apply  their  product  as  a  cor- 
rection to  the  logarithm  already  taken  out^  The  correction  is 
to  be  added  if  the  logarithms  of  the  table  are  increasing  with 
the  angle,  or  subtracted  if  they  are  decreasing  as  the  angle  in- 
creases. In  the  first  quadrant  the  log  sines  and  tangents  in- 
crease, and  the  log.  cosines  and  cotangents  decrease  as  the 
angle  increases. 

Example.'-YiTi^  the  log  sin  of  9''  28'  20\ 

Log  sin  of  9"  28'  is  9.216097 

Add  correction  20  X  12.62  252 


Am,  9.216340 

-Erampfe.— Find  the  log  cot  of  9°  28^  20'. 

Log  cotan  of  9°  28'  is  10.777948 

Subtract  correction  20  x  12.97  259 
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To  find  the  ang^le  or  arc  corresponding^  to  a 
g^ven  logarithmic  sine,  tangent,  cosine,  or  co- 
tangent.— If  ilie  given  logarithm  is  found  in  the  proper 
column  take  out  the  degrees  and  minutes  directly ;  if  not,  find 
the  two  consecutive  logarithms  between  which  the  given 
logarithm  would  fall,  and  adopt  that  one  which  corresponds  to 
the  least  number  of  minutes;  which  minutes  take  out  with  the 
degrees,  and  divide  the  difference  between  this  logarithm  and 
the  given  one  by  the  adjoining  tabular  difference  for  a  quo- 
tient, which  will  be  the  required  number  of  seconds. 

With  logarithms  to  six  places  of  decimals  the  quotient  is 
not  reliable  beyond  the  tenth  of  a  second. 

Example. — 9.383731  is  the  log  tan  of  what  angle? 
Next  less  9.383682  gives  13°  36' 

Diff.  49.00-4-9.20=  05'.8 


Ans.     13°  36'  05".3 

Example. — 9.249348  is  the  log  cos  of  what  angle? 
Next  greaUn-  683  gives  79"  46* 

Diff.  235  -f- 11.67  =  20M 


Am.     79°  46  20M 

The  above  rules  do  not  apply  to  the  first  two  pages  of  this 
table  (except  for  the  column  headed  cosine  at  top)  because 
here  the  differences  vary  so  rapidly  that  interpolation  made  by 
them  in  the  usual  way  will  not  give  exact  results. 

On  the  first  two  pages,  the  first  column  contains  the  number 
of  seconds  for  every  minute  from  rto2°;  the  minutes  are 
given  m  the  second,  the  log.  sin.  in  the  third,  and  in  the  fourtJi, 
are  the  last  three  figures  of  a  logarithm  which  is  the  difference 
between  the  log  sin  and  the  logarithm  of  the  number  of  sec- 
onds m  the  first  column.  The  first  three  figures  and  the  char- 
acteristic of  this  logarithm  are  placed,  once  for  all»  at  the  head 
of  the  column. 

To  find  the  log  sin  of  an  arc  less  than  2°  given 

to  seconds.— Reduce  the  given  arc  to  seconds,  and  take  the 
logarithm  of  the  number  of  seconds  from  the  table  of  loga- 
rithms,  And  add  to  this  the  logarithm  from  the  fourth  column 
opposite  the  same  number  of  seconds.     The  sum  is  the  Iq^%>vcw 
required. 
Tho  logarithm  in  the  fourth  column  vivay  ivee^  «b  ^\^V\xiXss^ 
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polation  of  the  last  figure,  to  make  it  correspond  closely  to  the 
given  number  of  seconds. 

Emmple.-'Fmd  the  log  sm  of  1"  39'  14*.  4. 

1°  39'  14".4  =  5954'.4  log  3.774838 

add  (J  -  0  4.685515 

Ans,  log  sin  8,460353 

Log  tangents  of  small  arcs  are  f otmd  in  the  same  way,  only 
taking  the  last  four  figures  of{q  —  l)  from  the Jifth  column. 

Example.— Find  the  log  tan  of  0"  52'  35'. 

52'  35"  =  (3120"  +  35")  =  3155"  log  Jj. 498999 

add  {q  -  T)  4.685609 

Am.     log  tan  8.184608 

To  find  the  logr  cotang'ent  of  an  angle  less  than 
2"  gnLven  to  seconds. — Take  from  the  column  headed  ( q-{- 1) 
the  logarithm  corresponding  to  the  given  angle,  interpolating 
for  the  last  figure  if  necessary,  and  from  this  subtract  the  loga- 
rithm of  the  number  of  seconds  in  the  given  angle. 

Example.— Find  the  log  cotan  of  1"  44'  22".5. 

q  +  I  15.314292 
6240"  -h  22"  5  =  6262  5  log    3.796748 

Am.     11.517544 

These  two  pages  may  be  used  in  the  same  way  when  the 
given  angle  lies  between  SS''  and  92%  or  between  178*  and  180"; 
but  if  the  number  of  degrees  be  found  at  the  bottom  of  the  page, 
the  title  of  each  column  will  be  found  there  also;  and  if  the 
number  of  degrees  be  found  on  the  right  hand  side  of  the  page, 
the  number  of  minutes  must  be  found  in  the  right  hand  col- 
umn, and  since  here  llie  minutes  increase  upward,  the  number 
of  seconds  on  the  same  line  m  the  first  column  must  be  dimin' 
Ished  by  the  odd  seconds  in  the  given  angle  to  obtain  the  num- 
ber whose  logarithm  Is  to  be  used  with  {^±1)  taken  from  the 
table. 

Example.— Find  the  log  cos  of  88"  41'  12".  5 

iq-l)  4.685587 
4740"  - 12".5  =  4727.5  log  3.674631 


i/ 
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Mtcmple,— Find  the  log  tan  of  90°  30'  50'. 

q  +  I  15.314418 
1800"  4-  50"  =  1850'  log  3^267172 

Ans.     12.047241 

To  find  the  arc  corresponding  to  a  given  log 
HiTkf  coSy  tan,  or  eotan  which  falls  within  the 
limits  of  the  first  two  pages  of  Table  XX¥. 

Find  in  the  proper  column  two  consecutive  logarithms  be- 
tween which  the  given  logarithm  falls.  If  the  title  of  the 
given  function  is  found  at  the  top  of  that  column  read  the 
degrees  from  the  top  of  the  page;  if  at  the  bottom  read  from 
the  bottom. 

Find  the  value  of  {q  —  I)  or  (</  + 1),  as  the  case  may  require, 
corresponding  to  tlie  given  log  (interpolating  for  the  last  figure 
if  necessary).  Then  if  q.=  given  log  and  I  =;  log  of  number  of 
seconds,  »,  in  the  required  arc,  .wo  have  at  once  1=  q  —  {q  —  I) 
or  l  =  {q-\-l)—  q,  whence n is  easily  found. 

Find  in  the  first  column  two  consecutive  quantities  between 
which  the  number  n  falls,  and  if  the  degrees  are  read  from 
the  left  hand  side  of  the  page,  adopt  the  less,  take  out  the 
minutes  from  the  second  column,  and  take  for  the  seconds 
the  difference  between  the  quantity  adopted  and  the  number 
n.  But  if  the  degrees  are  read  from  the  right  liand  side  of  the 
page,  adopt  the  greater  quantity,  take  out  the  minutes  on  the 
same  line  from  the  right-hand  column,  and  for  the  seconds 
take  the  difference  between  the  number  adopted  and  the  num- 
ber ti. 

Example. — 11.734268  is  the  log  cot  of  what  arc? 

q  + 1  15.314376 

q  11.734268 

.-.     n=  3802.8        «  3.580108 

For  1**  adopt     3780.        giving  03' 

Difference  22".  8 

.  Awt.  r  03'  22".8  or  178°  56'  37".2. 

Example. — 8.201795  is  the  log  cos  of  what  arc? 

q  -  I  4.685556 

q  a201795 

.-.      n=  3282".  8  3.516239 

For  89"  adopt     3300.       giving  05' 

Difference  17".  2 

Ans,  89'' 06'  17". 2  or  90*^  54'  42". 8. 
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Table  XXVI. — Contains  logarithmic  versed  sines  and  ex- 
ternal secants  for  every  minute  of  tiie  quadrant,  witli  the 
differences  of  the  same  corresponding  to  a  change  of  1  second 
in  the  arc  or  angle.  Interpolation  for  seconds  is  made  in  the 
same  manner  as  with  log  sijics  of  the  preceding  table,  except 
on  the  first  two  pages.  For  angles  less  than  4°  the  differences 
vary  so  rapidly  tliat  interpolation  by  direct  proportion  will  not 
give  exact  values. 

On  the  first  two  pages  the  column  headed  q^2l  contaiDS 
the  difference  between  the  log  versed  sine  (or  log  ex  secant)  of 
an  arc  and  twice  tlie  logaritlim  of  the  number  of  seconds  in  the 
same  arc.  The  characteristic,  and  first  three  decimals  (9.070) 
are  common  to  all  the  logarithms  in  these  columns  up  to  3"  19' 
for  log  vers  sines,  where  it  changes  to  (9.069),  as  shown  at  the 
foot  of  the  column;  and  up  to  4^  for  log  ex  secants,  where  it 
changes  to  (9. 071).  At  the  point  of  change  a  cipher  is  replaced 
by  the  mark  ♦  to  call  attention. 

To  find  the  log:  vers  sin,  or  lo^  ex  sec  of  an 
angle  given  to  seconds.— Reduce  the  angle  to  seconds, 
take  the  logarithm  of  this  number,  multiply  it  by  2,  and  add 
the  product  to  the  logarithm  in  the  column  {q  —  25)  found  op- 
posite the  given  angle.  The  log  {q  —  21)  should  be  corrected 
by  interpolation  for  the  fractional  part  of  a  minute  in  the  given 
angle. 

Example.— 'What  is  the  log  ex  secant  of  2'"  14  43\7? 

2°  14  43". 7  ^  8040"  +  43.7  =  8083".7      log  3.907610 

2 


21  7.815220 

{q  -  20  9.070064 


Am.         .'.     q  6.885284 

To  find  the  arc  corresponding'  to  a  given  log 

vers,  or  log  ex  sec— Find  in  the  column  of  log  vers,  or 
log  ex  sec  the  two  values  between  which  the  given  log  falls, 
and  take  out  from  the  column  (7  — 2^  the  logarithm  corres- 
I)onding  to  the  given  log  (interpolating  for  the  value  of  the  last 
fioTure  if  necessary).  Subtract  this  from  the  given  logarithm 
and  divide  by  2.  The  quotient  is  IVi^  logarithm  of  the  num- 
ber  of  seconds  in  iha  required  arc. 
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JBbsample. — 7.344728  is  the  log  vers  of  what  arc? 

q  7.844728 

3°  48'  +  (q-  20  9.06996a 

2)8.274768 

13720'.  9  .-.     I       4.187384 

13680. 


An8.     3°  48'  40'.9 

To  find  the  lo^  ex  sec  of  an  arc  g^i'^^ter  than 
88°  ^ven  to  seconds. — Take  from  the  column  (g  +  0 
the  logarithm  corresponding  to  tlie  given  arc,  interpolating  for 
the  fraction  of  a  minute.  From  tliis  subtract  tlio  logarithm  of 
the  number  of  seconds  in  the  complement  of  the  given  arc. 

JSwMwpfo.— What  is  the  log  ex  sec  of  88°  24'  20".  5? 
For  88"  24'  q-j-l  15. 302183 

Correction  129  X  ~-=  44 

q  +  l        15.302227 
Comp.  88"  24' 20'.5  =  5739^5  log    3.758874 

A718,    log  ex  sec  11.543353 

To  find  the  angle  corresponding  to  a  given 
log  ex  sec  when  the  angle  is  greater  than  88°. — 

Find  in  the  table  the  two  consecutive  log  ex  secants  between 
which  the  given  one  falls,  and  then  find  by  interpolation  the 
value  of  the  log  (q-{-l)  corresponding  to  the  given  log  ex  sec 
and  subtract  the  latter  from  it.  The  difference  will  be  the 
logarithmof  the  number  of  seconds  In  the  complement  of  the 
required  angle,  which  is  then  easily  found. 

Mcample. — 11.924368  is  the  log  ex  sec  of  what  arc? 

Given  log  ex  sec  11.924368 

Next  less  11.918290  q  +  l        15.309225 

Diff.  6078 

q  +  I        15.309296 
Given  log  ex  sec  J1.924368 

0°  40' 26".2  =  2426'.2  .-.    \o?,   ^.^m^^ 

JMA  80"  19'  SS'S. 
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Table  XXV  IL — Contains  natural  sines  and  cosines,  to  live 
places  of  decimals  for  every  minute  of  tlie  quadrant.  Correc- 
tions for  fractions  of  a  minute  arc  made  directly  proportional 
to  the  difference  of  consecutive  values  in  the  table;  positive 
for  sines,  negative  for  cosines. 

Table  XXVIII. — Contains  natural  tangents  and  cotangents 
to  five  places  of  decimals  for  every  minute  of  the  quadrant. 
Corrections  for  fractions  of  a  minute  are  made  directly  propor- 
tional to  the  difierenco  of  consecutive  values  in  the  table ; 
positive  for  tangents,  negative  for  cotangents. 

Table  XXIX. — Contains  natural  versed  sines  and  external 
secants  to  five  places  of  decimals  for  every  minute  of  the 
quadrant.  Corrections  for  fractions  of  a  minute  are  made 
directly  proportional  to  the  difference  of  consecutive  values. 
They  are  positive  in  every  case. 

Table  XXX. — Contains  the  number  of  cubic  yards  con- 
tained in  prismoids  of  various  side  slopes,  bases,  and  depths, 
as  indicated  by  the  title  and  the  numbers  i-i  the  first  column. 
Each  prismoid  is  supposed  to  have  a  uniform  level  cross  sec- 
tion throughout.  These  tables  are  chiefly  useful  in  making  up 
preliminary  estimates  from  the  profile,  or  in  other  cases  where 
only  approximate  results  ai*e  required.  For  monthly  and  final 
estimates  more  elaborate  tables  are  required,  such  as  are  des- 
cribed in  §  257. 

To  make  an  approximate  estimate  of  quanti- 
ties from  a  profile  by  use  of  Table  XXX. — Select  the 
proper  column  for  base  and  slopes,  and  if  the  outline  of  a  cut 
on  the  profile  is  roughly  a  four-sided  figure,  stretch  a  fine  silk 
thread  over  the  surface  line  to  average  it,  note  the  depth  from 
thread  to  grade  line  midway  of  Ihe  cutting,  and  multiply  the 
tabular  number  opposite  this  depth  by  the  average  length  of 
the  cutting  in  stations  of  1 00  feet.  (By  average  length  is  meant 
the  half  sum  of  the  length  of  the  gnulo  line  in  the  cutting  and 
of  so  much  of  the  surface  lino  as  is  covered  by  the  thread.)  If 
the  area  of  a  cutting  as  seen  on  the  profile  is  approximately 
triangular,  stretch  an  averaging  line  over  each  incline,  and 
note  the  depth  from  the  intcrseclVoti  ol  XVkfc^fc  \Vcie«  to  f;r>^^ 
and  multiply  the  tabular  number  o\i\)Osvl^  \Vw\^  ^c^^Xspj  «Qfc^ 
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half  the  length  of  the  cut  measured  on  the  grade  line  in  sta- 
tions. The  resultiug  quantities  will  be  slightly  in  excess  if  the 
ground  is  level  transversely,  but  may  be  too  small  if  the  trans- 
verse slope  is  steep,  and  cutting  on  the  centre  line  is  small. 
In  general  they  furnish  a  good  approximation.  Quantities  in 
embankments  may,  of  course,  be  found  similarly.  A  cut  or 
fill  may  bo  divided  on  the  profile  into  several  portions,  and  the 
contents  of  each  portion  found  separately  if  preferred. 

The  content  of  a  prismoid,  level  transversely,  but  having 
different  end  depths,  may  be  found  correctly  by  this  table  thus: 
add  together  the  quantities  opposite  each  end-depth  and  4  times 
the  quantity  opposite  the  half  sum  of  the  depths;  multiply  the 
sum  by  the  length  in  feet,  and  divide  by  600. 

Table  XXXI. — Contains  a  variety  of  useful  numbers  and 
formulse.  The  logarithms  are  here  given  to  seven  places  (if 
decimals. 
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TABLE  I. -GEOMETRICAL  PROPOSITIONS. 


The  References  are  to  Daviea^  Legendre^  Revised  Edition. 


No. !       Reference. 


IV.,  XI. 


6 


8 


10 


11 


12 


13 


14 


15 


L,  XI.,  Cor.  1.. 


3     L,  XI. 


L,  XI.,  Cor.  2. 


L,XXV.,  Cor.  C. 

IV.,  XX 

L,  XXVII 


L,  XXVL,  Cor.  1. 
I.,  XXVIII 

L,  XXXI. 

III.,  VII 


III.,  XVII. 


v.,  Xin.,  Cor.  2. 
v.,  XIII 


III.,  VI. 


fII.,IX 


If  a  triangle  is  right 
angled. 


If  a  triangle  is 
equilateral. 

If  a  triangle  is 
isosceles. 

If  a  straight  line 
from  the  vertex 
of  an  isosceles 
triangle  bisects 
the  base, 

If  one  side  of  a  tri- 
angle is  pro- 
duced, 

If  two  triangles  are 
mutually  equian- 
gular. 

If  the  sides  of  a 
polygon  are  pro- 
duced in  the 
same  order. 

If  a  figure  is  a 
quadrilateral. 

If  a  figure  is  a 
parallelogram, 


If  three  points  are 
not  in  the  same 
straight  line. 

If  two  arcs  are  in- 
tei'cepted  on  the 
same  circle, 

j  If    two  arcs    are 
I     similar, 

j  If  two    areas  are 
circles, 

I^  a  radius  is  per- 
pendicular to  a 
chord, 

If  a  straight  lin^  is 
tangent  to  a 
circle, 


The  square  on  the  hypotbe- 


nuse  is  equal  to  the  sum  of 
the  squares  on  the  other 
two  sides. 

It  is  equiangular. 

The  angles  at  the  base  are 
equal. 

It  bisects  the  vertical  angle. 
And  is  perpendicular  to  the 
base. 


The  exterior  angle  is  equal  to 
the  sum  of  the  two  interior 
and  opposite  angles. 

They  are  similar.  And  their 
corresponding  sides  are 
proportional. 

The  sum  of  the  exterior 
angles  equals  four  right 
angles. 

The  sum  of  the  interior  angles 
equals  four  right  angles. 

The  opposite  sides  are  equal. 
The  opposite  angles  are 
e^ual.  It  is  bisected  by  its 
diagonal.  And  its  diagonals 
bisect  each  other. 


A    circle     may 
through  them. 


be   passed 


16 1  in.,  XIV.,  Cor. , . 


I   J-'f  JLL.  •  •  •  ,  , 


If    from    a  i)oint 
witliout  a  circle 


They  are  proportional  to  the 
corresponding  angles  at  the 
centre. 

They  are  proportional  to  their 
radii. 

They  are  proportional  tx)the 
squares  on  their  radii. 

It  bi^fect^  the  chord.  And  it 
bisects  the  arc  subtended 
by  the  chord. 

It  meets  it  in  only  one  point. 
And  it  is  perpendicular  to 
the  radius  drawn  to  that 
point. 


There  are  but  two.    They  are 

equal.       And    thev    make 

tangents    ar^i  \    ec^eX  asv^e&'wltb.  the  chord 

drawn   to  touc\i\    •io\mTv^V^<&V«^SF*?Y*'^^ 
the  circle,  \  " 


\ 
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TABLE  I.-GKOMETRICAL  PROPOSITIONS. 


^^■^  m     tm 


The  References  are  to  Dames'  Legendre^  Remised  Edition. 


No. 


17 


18 


Reference. 


HL,  X., 


in.,xviiL 


19 


so 


21 


22 


in.,XVIIL,Cor.3 
IIL,XXI 

iv.,xxvm.,coiv 

IV.,XXin.,Cor.2 


23 


24 


IV.,  XXIX.,  Cor. 


IV.,  XXX 


26 


IV.,  XIV. 


26 


1 V.^  2LA1. •».«  v.k.. 


i 


HlTFOTHESES. 

If  two  lines  are 
parallel  chords 
or  a  tangent  and 
parallel  chord, 

If  an  angle  at  the 
circumference  of 
a  circle  Is  sub- 
tended by  the 
same  are  as  an 
angle  at  the  cen- 
tre, 

K  an  an^lo  is  in- 
scribed m  a  semi- 
circle. 

If  an  angle  is 
formed  by  a  tan- 
{^cnt  and  chord. 

If  two  <?liords  in- 
tersect each  oth- 
er in  a  circle. 


And  if  one  chord  is 
a  diameter,  and 
the  other  per- 
pendicular to  it, 


If  two  secants 
meet  without  the 
circle, 

If  a  secant  and 
tangent  meet. 


/ 


CONSE<^UBNCES. 


They  intercept  equal  arcs  of 
a  circle. 


The  an^le  at  the  circumfer- 
ence IS  equal  to  half  the 
angle  at  the  centre. 


If  a  straight  line 
from  tiie  vertex 
of  a  triangle  bi- 
sects  its  base. 


If  a  perpendicular 
be  drawn  from 
the  vertex  of  a 
triangle  to  the 
base, 


It  is  a  right  angle. 


It  is  measured  by  one  half  of 
the  intercepted  arc. 


The  rectangle  of  the  seg- 
ments of  the  one,  equals  the 
rectangle  of  the  segments 
of  the  other. 

The  rectangle  of  the  seg- 
ments of  the  diameter  is 
equal  to  the  square  on  half 
the  other  chord.  /  nd  the 
half  chord  is  a  mean  pro- 
portional between  the  seg- 
ments of  the  diameter. 

The  rectangles  of  each  secant 
and  its  external  segment 
ai-e  equal. 

The  rectangle  of  the  secant 
and  its  external  segment  is 
equal  to  the  square  on  the 
tangent.  And  the  tangent 
is  a  mean  proportional  be- 
tween the  secant  and  its 
external  segment. 

The  sum  of  the  squares  on 
the  two  sides  is  equal  to 
twice  the  square  oi  half  the 
base  increased  by  twice  the 
square  of  the  I  isecting  line. 

The  square  of  a  side  opposite 
an  acute  angle  is  equal  to 
the  sum  of  the  squares  of 
the  other  ride  and  the  base, 
diminished  by  twice  the 
rectangle  of  the  base  and 
the  distance  from  the  vtr- 

\     \av. 


TABLU  II. — TttlOOMOMETBlC  FOBMUUS. 


ai 

f 

OKNERAL  FORMULJZ. 

sin  A    = 

,     =    V  1  —  cos"  >4    =    tan  ^  cos  A 
cosec^ 

85 

sin  A    = 

2  sin  J^  ^1  cos  1^  .4    =    vers  A  cot  ^  -«l 

S6 

sin  A    = 

|'i^"vei-3  2.i    =      Vl^d— cosS^) 

37 

cos  A    — 

— 7    —    y  I  —  sin''  ^'i    =    cot  A  Bin  -4 
sec  A 

88 

cos  A    = 

1  -  vera  ^    =    2  cos"  ^AA-1    =    1  -  8  sin«  J^  ^ 

39 

coo  A    = 

cos^V^^-Einaij-l    =    VH  +  \^cos2A 

40 

tan  A    = 

1               Bin  yl            ,       o   ^       ., 
cot  A          cou  -rl           ^ 

41 

tan  A    • 

/I                J     _     4/1  — cosa"^    _        Bin  2^ 
■y  cos'-*  .4                             cos  ^                  i  -f  cos  2  k 

4a 

tan  .4     ^ 

1  —  cos  2  A           vcrsiJ^                       ,        , ,   ^ 
sin  2.1       =-"     shr:j.4     =    c^'^ec  .1  cot  ^  ^ 

43 

cot  ^1     — 

1                   COS  .1                         -     „- . r 

-      =    .   —       :=     ^/  cosec*  A  —  \ 
tan -4           sin  -4            ^ 

44 

cot  A     = 

sin  2  ^1        _       sin  2  ^             1  +  co»  8  A 

1  —  cos  "2  A    ~     vera  2  A     ~         sin  2  ^ 

45 

cot  A    = 

tanj^^ 
exsec  A 

46 

vers  A    - 

-.    1  —  cos  ^    =    sin  ^  tan  14A    =    2  sin''  ^  A 

47 

vers  A    = 

=    exsec  A  cos  ^ 

43 

exsec  ^ 

=    sec  ^1  —  1    =    tan  ^  tan  U^    =    -^?~f- 

^               cos  ^ 

4) 

dn  J4^ 

/l  —  cos  A              /vers  Jl 
=    Y          2           =1/8 

50 

!  in  2  ^    = 

=    2  Fin  -4  cos  A 

51 

/ 

cos  ij^l 

=  /'+f^ 

^^  /  COS  3  A    =    2cos3  ^1  —  1    =    CDS'*  A  — B.Vtv"^  A    «t   \-.^itai^  A 

^75 


TABLB  II. — TBIGOSOBCBTBIC  FOmiVLM. 


General  Fobmulx. 


f 


,,  .  tan -4  ^         ^  .       1  — co9^        ./l  — cosri 

58.  tan  i6  -4  =  ^— 7-    —y=  coaeo  A  —  cot  .a  =  — -i'2 —  =■  i/  rXTi^  < 
1  +  seo^  sin  4  r    ItCosii  j 


Stan  A 
64.  tan2^  =     '*"^^ 


1  — tan^^ 


KK       f  1^  ii  -    sin^    _  1  +  cosA 1 

».  cot.  J6-4  -  ^QTcsA  ~     Bin^      "  cosec ^  —  cot  -4 


5G.  cot  2  ^  = 


57.  versJiS-4  = 


2cot.<l 

%  vers  ^  1  —  cos^ 


1  +  Vl  —  ^  vers  A      2+  V2  (1  +  cos  4) 

58.  vera  2  il  =  2  sin*  ^  =  2  sin  ^1  cob  ^1  tan  ^ 

1  —  cos^ 


69.  exsec  ^  ^  = 


(1  +  COB -4)  4-  Va  (1  +  cos  A) 


60.  exsec  2  A  =  Ji^I^lji^ 

1  -  tan"  A 


61.  sin  (^  ±  P)  =  sin  A .  cos  D  ±mnB .  cos  A 
C2.  cos  (-4  ±  fi)  =  cos  A  .  cos  i?  T  Gin  /I .  sin  -R 

63.  sin  ^  +  sin  i?  =  2  sin  ^  (^  +  5)  cos  14  (A  -  ^) 
01  sin  ^  —  sin  B  =  2  cos  1^  (4  4-  £?)  sin  }i{A  -  B) 

66.  cos  -4  +  cos  £  =  2  CCS  H  (^  +  B)  ccs  %{A-  B) 

66.  cos  5  —  cos  ^  =  2  sin  ^  (^  +  Z?)  Gin  ^  (^  -  B) 

67.  8in«  A  —  sin«  I?  =  cos«  B  —  cos"  A  =  cin  (^  -f-  B)  sin  (^  —  B) 

68.  cos«  A  —  sin«  B  =  cos  (^  +  B)  cos  (^  -  /?) 


^  *        ...       „       sin  (^  4  /?) 
09.  tan  A  •\-  tan  B  =  .  -  _ 

'  cos  .4  .  cos  B 


„   ,        .      .       „       sin  (yl  —  J?) 
TO.  tan  >4  —  tan  ^  =  -    -\  ■    -    „ 

cos  A  ,  cos  7? 


270 


TABLE  in.-CUBVE  FOBMUUB. 


1 
2 
8 
4 


6 

7 

8 

9 

10 

11 

12 

18 

14 

16 

16 

17 

18 

19 

20 

21 

23 

23 
24 


/  "/ 


GIVEN. 


D 
R 


R. 


D 
L 
L 


E, 


M, 


SOUGHT. 


R 

D 
L 


T 

C 

M 

E 
R 
E 
C 
M 

R 

T 

C 

M 

R 

M 

T 

E 

R 

C 
T 

E 


FORMULA. 


''-"sinjiD 


8inH'2>  = 


60 


L  =  100 


i> 


DL 
""  =  ~100~ 


X)=  100 


r  =  72  tan  ^  A 

C  =:  2  /2  Bin  ^  A 

M  =  R  vers  %  l 

E  =  R  exsee  %  a 

R=  Tcot^  A 

E=  Ttan^  a 

C  =  2  r  cos  ^  A 

M  =  T  cot  J^  A  .  vers  }^  a 

ezsec^  A 

Tn  jBclt^  A 

C  =  2^-^"^,/- 
exsec^  A 

Jlf  =  ^cos^  A 

R-  ^   — 

2  sin  ^  A 

lf=^CtanJ4  A 
C 


T  = 


2  cos  ^  A 


Sin  ^  A 

B  =  —V 

vers^i^  A 

C  =  2  af  cot  ^  A 


E  = 


vers^  A 
M 


co&V^  t^ 


\ 
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TABLS  HL— CDB7B  FOBXOI^X. 


amn. 

»,™^. 

.^^ 

ae 

B,T 

A 

-.«.-J- 

87 

" 

"■"'"^^.V.- 

S8 

R,  C 

A 

..H.-A 

sa 

„«..i/(„+|)(„:f) 

i» 

R.  M 

A 

.....•-l- 

31 

■• 

c^.-'^-i 

n 

It,E 

A 

.-««.-j 

as 

'■ 

■»■»•-«?» 

u 

T,  C 

A 

"-«*-Tr 

sa 

" 

-M-^IJ-I 

as 

T,E 

A 

....«=?- 

8T 

" 

38 

CM 

^ 

ittn  54  i  -  -\f- 

39 

-«-s:;:j; 

40 

M,S 

coa  W  i  =   " 

« 

R.  T 

C 

43 

" 

M 

"-'■■- „,+„f 

41 

E 

fi=    I'T^'  +  iiS"-  E 

„ 

R,  C 

r 

J—                   fR 

y(«+i)(«-i) 

40 

" 

u 

*'(K  +  HCi"tB-%tCl' 


TABTiE  IV.—] 

ElADn,  LOGARITHMS,  OFFSETS,  ETC 

1 

Deg. 

Radius. 

Loga- 
rithm. 

Tang. 
Off. 

Mid. 
Ord. 

Deg. 

Radius. 

Loga- 
rithm. 

'iSS?- 

Mid. 
Ord. 

I>. 

K. 

log.  K. 

t. 

lU. 

D. 

B. 

log.B. 

t. 

.651 

2°  0' 

2864.93 

8  467115 

1.745 

.436  ! 

1   8«  O' 

1910.08 

8.281051 

2.618 

1 

2841.26 

.453511 

1.760 

.440 

1 

lb99.53 

.278646 

2.682 

658 

2 

2817.97 

.449937 

1.774 

.444 

2 

1889.09 

.276253 

2.647 

662 

3 

2795.06 

.446392 

1.789 

.447 

3 

1878.77 

.278874 

2.661 

665 

4 

2772.53 

.442876 

1.808 

.451 

4 

1868.56 

.271508 

S.676 

.669 

5 

2750.35 

.439888 

1.818 

.454 

5 

1858.47 

.269155 

2.690 

.673 

6 

2?28.52 

.435928 

1.832 

.458 

6 

1848.48 

.266814 

2.705 

.676 

7 

2707. Oi 

.482495 

1.&47 

.462 

7 

1838.59 

.264486 

2.719 

.680 

8 

2685.89 

.429089 

1.862 

.465 

8 

1828.82 

.262170 

8.784 

.684 

9 

2665.08 

.425710 

1.876 

.469 

9 

1819.14 

.259867 

2.749 

.687 

10 

2644.58 

8422356 

1.891 

.478 

10 

1809.67 

8.257576 

8.763 

.691 

11 

2621.39 

8.419029' 

1.905 

.476 

11 

1800.10 

3.256296 

2.778 

.694 

12 

2604.51 

.416727 

1.920 

.480 

12 

1790.73 

.258029 

8.792 

.696 

13 

2584.93 

.41^449 

1.981 

.484 

13 

1781.45 

.250774 

2.807 

.702 

14 

2565.65 

.409197 

1.949 

.487 

14 

17ra.27 

.248580 

8  821 

.705 

15 

2516.64 

.405968 

1.963 

.491 

15 

1763.18 

.246297 

2.886 

.709 

16 

2527.92 

.402^63 

1.978 

.494 

16 

1754.19 

.i^4077 

8.860 

.713 

17 

2509.47 

.899582 

1.992 

.498 

17 

1745.26 

.241867 

8.865 

.716 

18 

2491.29 

.896424 

2.007 

.502 

18 

1736.48 

.23D669 

8.879 

.7^ 

19 

2473.37 

.393289 

2.022 

.505 

19 

1727  75 

.237481 

8.804 

.7^ 

20 

2455.70 

3  390176 

2.036 

.509 

20 

1719.12 

8.285805 

8.906 

.787 

21 

2438.29 

3.387085 

2.051 

.518 

21 

1710.56 

8.2^40 

8.923 

.731 

22 

2421.12 

.384016 

2.065 

.516 

22 

1702.10 

.230985 

8.988 

.734 

23 

2404.19 

.880969 

2.080 

.520 

28 

1693.72 

.228841 

8.958 

.788 

24 

2387.50 

.377943 

2.094 

.524 

21 

1685.42 

.226707 

8.967 

.748 

25 

2371.04 

.374938 

2.109 

.527 

25 

1677.20 

■  wwTn^OV 

8.961 

.745 

26 

2854.80 

.3n954 

2.123 

.531 

26 

1669.06 

.222472 

8.906 

.749 

27 

2338.78 

.868990 

2.138 

.534 

27 

1661.00 

.220369 

8.010 

.758 

28 

2322.98 

.366046 

2.152 

.538 

28 

1638.01 

.218277 

8.025 

.7^ 

29 

2307.39 

.363122 

2.167 

.542 

29 

1646.11 

.216195 

8.089 

.760 

30 

2292.01 

3.360217 

2.181 

.545 

80 

1687.28 

8.214122 

8.051 

.763 

81 

2276.84 

3.357882 

2.196 

.549 

81 

1029.52 

3.212060 

3.068 

.767 

32 

2261.86 

.354466 

2.211 

.553 

82 

1621.84 

.210007 

8.083 

.771 

88 

2247.08 

.851618 

2.225 

.556 

88 

1614.22 

.207964 

3.007 

.7r4 

34 

2232.49 

.848789 

2.240 

.560  ' 

84 

1606.68 

.905990 

8.118 

.TtB 

35 

2218.09 

.345979 

2.254 

..504  ' 

85 

1599.21 

.208906 

8.187 

.782 

36 

22aS.87 

.843187 

2.269 

.567 

86 

1591.81 

.201892 

3.141 

.785 

37 

2189.84 

.340412 

2.283 

.571  i 

87 

15&4.48 

.199886 

8.166 

.780 

38 

2175.98 

.837655 

2.298 

.574    : 

88 

1577.21 

.197800 

8.170 

.798 

89 

2162.30 

.384916 

2.312 

.578 

89 

1570.01 

.195008 

8.185 

.796 

40 

2148.79 

8.332193 

2.327 

.582 

40 

1562.88- 

8.198025 

8.109 

.800 

41 

2135.44 

8.329488 

2.841 

.685 

41 

1555.81 

8.191956 

8.814 

.808 

42 

2122.26 

.326799 

2.;«6 

.689 

42 

1548.80 

.189996 

8.8» 

.807 

43 

2109.^ 

.324127 

2  371 

.593 

48 

1541.86 

.188045 

8.843 

.811 

44 

2096.39 

.321471 

2.385 

.596 

44 

1684.98 

.186103 

8.&57 

.814 

45 

2083.68 

.318832 

2.400 

.600 

45 

1528.16 

.184169 

8.878 

818 

46 

2071.13 

.316208 

2.414 

.604 

46 

1521.40 

.182244 

8.886 

.888 

47 

2068.73 

.313600 

2.429 

.607 

47 

1514.70 

.180827 

8.301 

.825 

48 

2046.48 

.811008 

2.443 

.611  : 

48 

1508.06 

.178419 

8.816 

.829 

49 

2084.37 

.308431 

2.458 

.614 

49 

1501.48 

.176519 

8.830 

.888 

50 

2022.41 

8.805869 

2.4?2 

.618 

50 

1494.95 

8.174627 

8.845 

.886 

51 

2010.59 

8.3a3323 

2.487 

.622 

51 

1488.48 

8.172714 

8.859 

.810 

52 

1998.  JK) 

.300791 

2.501 

()25 

52 

1482.07 

.170868 

8.874 

.818 

53 

1987.35 

.298274 

2.516 

.629  , 

58 

1476.71 

.169001 

8.388 

.847 

51 

1975.93 

.295771 

2.530 

.633  : 

54 

1469.41 

.167148 

3.403 

.851 

55 

1964.64 

.293283 

2.545 

.636  '• 

55 

i  1468.16 

.165291 

8.417 

.854 

56  . 

1953.48 

.290809 

2.560 

.640 

56 

'  1456.96 

.163447 

8.482 

.868 

67     l^i2.44  i 

.288349 

2.574 

.544 

I       57 

;  1450.81 

.161613 

8.446 

.808 

SS     1931.58  I 

.285902 

2.589 

.647 

\\      ^^ 

\  v^rt^ 

\    .\W»4 

3.461 

.80S 

S9     1920.75 

.28*470 

2.603 

.651 

\\43».^ 

601  1 

910.08  1 

3.281051 

2.618 

I  .664 

'A     <w 

Al458a.« 

2Si 


TABLE  IV.-BADII,  LOQABITtr^U,  0FF8KT8,  ETG 


Deg. 

«-"-  ?iS^>5^-  a 

id, 
rd. 

Deg.  lltodlm.! 

te; 

^ssf- 

Hid 

D. 

B.        log.K.  1     t. 

"■  i 

D.          B. 

108.B. 

t. 

m. 

4°  ly 

14»a.^'8.1M.M 

490 

(72 

6°    CI  IHO.SS: 

lo^ 

4.303 

Tm 

ltiO.T4  1 

,lS434fl 

.09 

1430.8S 

.isaws 

isio 

1 1  ii^:wl 

4301 

.m 

s 

.B07M 

.634 

883 

8     1131.01  1 

.OMOW 

4.406 

.  48(I7S 

887 

.053542 

4,420 

i4(b!4s 

«I 

13S7.TK 

*.  4M81 

;577 

im.m 

4:449 

laaa.io 

43870 

.592 

m 

IliiO.lfl 

.wieso 

4,461 

s 

1118  .SI 

.wraoH 

4,478 

:i! 

I3§a:9a 

'.  40170 

^821 

B 

4.493 

.1! 

laa.w 

.3»a) 

900 

iiraila  ; 

:04M69 

.« 

.isee»7 

4.6SS 

.11 

12 

4.588 

.11 

i3w:io 

iisaaii 

:o7» 

18 

oai'.70 

:o4oevo 

.vt 

1358, ra 

.131880 

.093 

ISA 

005.80 

,030196 

'.l!eiS4 

18 

'.U 

nnn'M, 

.lauu 

'.■m 

m 

0»i:85 

:oa5ae8 

4:eo9 

.1! 

18 

133B.77 

.184759 

138 

.081003 

4.02S 

IB 

13a7.ua 

,03^030 

4.038 

30 

laaa.fis 

'.181404 

:mi 

ao 

074:88 

4.068 

lilf 

31 

181T.48 

.119788 

.706 

MO 

071.84 

.039937 

4.087 

ffi 

.118018 

^ 

S3 

1907146 

:« 

iBoa.50 

:  114777 

:8S9 

too 

24 

;oai:48 

:02&B90 

4:711 

.11 

8S 

laoT.sa 

.118138 

.858 

«63 

25 

058.10 

.034562 

4.736 

se 

.888 

2« 

0M.9S 

,038219 

4,740 

m 

lasriw 

i losers 

27 

S8 

isM.m 

.mm 

:807 

)74 

28 

018:48 

:0205B5 

29 

1W8.80 

078 

,0!»3i4 

4:783 

30 

iioco^ 

!s3a 

062 

1308.97 

.108417 

■  Wl 

B85 

31 

039. CO 

1304.21 

.101818 

.955 

!W9 

32 

035.87 

.010.306 

4,827 

.iooa2s 

,013iW» 

34 

.096038 

m 

,0120118 

.0970&7 

!9D0     1 

000 

30 

,011401 

isw.so 

.095481 

.013     1 

m 

3fl 

1033:5.-. 

.010107 

4-fa5 

:* 

.oesvia 

4.038     I 

1020.51 

,008818 

4,900 

.092347 

4.042     1 

1017.49 

.09C17S0 

4.067     1 

39 

1014,00 

4:920 

10 

iii»:u 

.Oe91!88 

4.071     I 

40 

:oM9re 

4,043 

1223.74 

0^ 

,008808 

4,958 

1219.40 

!  080147 

ft!5 

1005:00 

Kis.ao 

.084010 

4:115     1 

osu 

43 

1003.07 

:oonfio 

44 

iiDO.sa 

.083070 

m 

ooi;.7fi3 

a,B99tw 

n:ooi 

4S 

45 

4S 

:080033 

m 

4« 

0»3:0S8 

:997a81 

1:31 

.07^18 

OBI.  120 

.990130 

5:o» 

1.3 

« 

4!  88     1 

088.280 

,9  www 

1.21 

4202      1 

9K-1.4.51 

IdVTS 

:O74005 

4.  17     1 

ow 

00 

882,838 

3:092398 

M 

ISl.Tl 

5,108 

l.» 

977.060 

l.» 

:0(105S8 

4;ii60     1 

13 

974, 2M 

'.•jmm 

5:183 

1.2 

1  w.un 

,008003 

4.2.-5  1  1 

009 

.9874ia 

6.140 

Efi 

185.70 

.OOUNU 

4.280  1  1 

073 

65 

.M5116 

4.801     1 

070 

GO 

988:001 

.068858 

4.818     1 

080 

67 

683,387 

:983801 

5:i90 

B8 

1  M.OT 

.oeaiM 

68 

980.898 

,9eaiM7 

6.206 

1,11 

M 

4iS47     : 

9W,Q^ 

\\^ 

w 

II-M.2S  3.ieilS60 
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TABLE  IV.— RADII,  LOGARITHMS,  OFFSETS,  ETC. 


■  ■  !  ' 

T.         wo.ii»„      T^>pa-     Tang.     Mid.  '    tx__     -otuMua      Loga-     Tang.    Mid.    ' 
DcK.    Ilacliiis.     ^^jf  (jff^      Qrd.       ■^^-    ^^^^^-    rithm.       OffT     Ord.    i 


I>. 


li. 


lo{^.  K.        t.      '    m. 


D. 


B. 


6"  ft' 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


31 
82 
83 
34 
35 
36 
37 
38 
89 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


95r).3('.0 
95;2.722 
9.->0.0<)3 
<)17.47H 
944.877 
942.291 
939.719 
937.101 
!)34.616 
9;i2.0rt6 
92J).5«9 

927.066 
924.576 
922.100 
919.637 
917.187 
914.750 
912.326 
<K)9.915 
907.517 
905.131 


21  902.758 

22  900.397 

23  8JW.048 

24  895.712 

25  893.388 

26  891.070 

27  888.770 

28  886.488 

29  8W.211 

30  881.946 


879.693 
877.451 
875.221 
873.002 
870.7i»5 
868.598 
866.412 
861. 2:« 
862.075 
859.922 

857.780 
855.618 
K53.527 
851.417 
W9.317 
847.228 
815.148 
8«  OKO 
Wl.CWl 
838. 9?2 


2.980170 

.i)777U() 

.976509 

.975375 

974185 

i    .972998 

I    .1>71814 

I    .5)70033 

!    .9()9450 

2.968282 

2.9(57111 

.9<r){W3 

,   .{Hh4778 

I   .96:^16 

.<W2458 

■   .9(Ji;W3 

.960150 

.   .959(H)1 

'   .957855 

2.950711 

2.1K55571 
.9&4434 
.953300 
.*r)2108 
.951040 
.949915 
.948792 
.917073 
.5)46556 

2.915142 

2.944331 
.1W3223 
.942118 
.941015 
.939916 
.938819 
.9:^7725 
.930033 
.5)35545 

2.9»4459 

2.933376 
.982295 
.931218 
.930142 
.929070 
.5)28000 
.9269:i3 
.9258<)9 
.5)24807 

2.5)2:^747 


51  836.9:i3  2.5)22091 

52  I  834.5)(4  '   .5)2HW7 

53  !  8;tJ.H85  .920585  ' 

54  8:W.870  .9195;J0 
65  828.876  '  .918489 
56  )  826.886  .917-446 

dr /  .*m.ff05  /  .maun  ■ 
r*o    S20.97H  /  jniiUXi  ; 

0()  /  819.000   2.913295 


5.234 
5.248 
5.2(53 
5.277 
5.25)2 
5.306 
5.321 
5.386 
5.850 
5.3(>4 
5.379 

5.393 
5.408 
5.422 
5.437 
5.451 
5.406 
5.180 
5.495 
5.510 
5.524 

6.539 
5.553 
5.568 
5.582 


5.59? 
5.011 
5.026 
5.0W 
5.055 
5.009 


742 
756 
771 

.785 
5.800 
5.814 


829 
H44 
858 
8i« 
887 
903 
5.916 
5.981 
6.5)45 
5.900 

5.974 
5.5)89 

o.oo;^ 

0.U18 
6.a32 
0.O47 
6.061 
6.076 
6.090 
6.105 


1.309 
1.313 
1.317 
1.320 
1.324 
1.827 
1.331 
1.335 

i.im 

1.342 
1.340 

1.349 


1 

1. 

1 


.;i53 
.350 
.300 
1.JJ04 
1.308 
1.371 
1.375 
1 .37{> 
1.382 

1.380 
1.389 
1.35)3 
1.35)7 
1.400 


5.684 

5.098 

5.713 

5.T27 

5, 

5 

6, 

6. 


404 
407 
411 
415 
418 


1.422 
1.426 
429 
433 
437 
440 
444 
447 
451 


1.455 

1.458 
1.402 
1.466 
1.469 
1.478 
1.476 
1.480 
1.4H4 
1.487 
1.491 

1.495 

1.45)8 

1.502 

1.505 

1.510 

1.613 

1.617 

1.520 

1.524 

1.528 


r.    ' 


>  0' 

1 

2 
8 
4 
5 
0 

i 

8 

9 

10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 

as 

34 
85 
36 
37 
88 
39 
40 

41 
42 
43 
44 
46 
46 
47 
48 
49 
50 


819.020 
817.077 
815.144 
818.238 
811.803 
809.397 
807.499 
805.611 
808.731 
801.860 
?J9.997 

798.144 
796.299 
794.4<>2 
792.634 
790.814 
789.008 
787.210 
785.405 
788.618 
781.  WO 

780.069 
778.807 
776.552 
774.806 
778.067 
771.886 
7(59.613 
707.897 
7(56.190 
764.489 

762.797 
761.112 
759. 4»4 
^7.764 
756.101 
754.446 
752.796 
751.155 
749.521 
747.85>4 

746.274 
744.661 
743.056 
741.456 
739.8(54 
788.2?J 
736.701 
735.129 
733.504 
732.005 

730.4ry4 
728.905) 
727.370 

725.838 

rv 


'  r., 


log.  B.   t.   I  m. 


2.918296 
912203 
911231 
910208 
909188 
908162 
9(W142 
906126 
905111 
904098 
903089 


2 


!2 


2 


2 


61 
62 
63 
64 
55 
66 
57 

t&  \   » m . »»•»  \ 


.24.312 
722.798 
?21.280 


009061 
901076 
900078 
899078 
896074 
897078 
896066 
895091 
804105 
808118 

802188 
891151 
890171 
889198 
888217 
88?^44 
886272 
885808 
884886 
888871 

88»100 
881448 
880400 
870634 
878680 

ermw 

876078 
875780 
8747W 
878640 

8^2808 
871959 
871021 
870086 
869152 
868221 
8(571»91 
8063(V3 
805438 
804514 

868593 
8*52(573 
861755 
860640 
859926 
859014 
858104 
85T196 


6.105 
6.119 
6.134 
6.148 
6.168 
6.177 
6.192 
6.206 
6.221 
6.288 
6.260 

6.265 
6.279 
6.294 
6.806 
6.328 
6.387 

e.sss 

6.866 
0.8S1 
6.806 

6.410 
6.424 
6.480 
6.458 
6.468 
6.482 
6.407 
6.611 
6.626 
6.540 

6.656 
6.669 
6.684 
6.686 
6.618 
6.6S7 
6.^43 
6.666 
6.671 
6.686 

6.700 
6.714 
6.720 
6.748 
6.768 
6.778 
6.787 
6.802 
6.816 
6.881 

6.^46 
6.860 
6.874 
6.889 
6.903 
6.018 
6.082 
6.917 


28d 


TABLE  IV.— BADH,  LOGABITHMS,  OFFSETS,  ETC. 


Deg. 
I>. 


8*  C 

1 

S 

'8 

4 

o 
6 
7 
8 
0 
10 

11 
12 
13 
14 
15 
16 
17 
18 
10 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
80 

81 
83 

ai 

85 
86 
87 
88 
89 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


Radius. 


716.779 
715.291 
713.810 
71*2.835 
710.865 
709.l0a 
707.945 
706.493 
705.048 
708.609 
702.175 

700.748 
609.&26 
697.910 
696.499 
695.095 
693.696 
602.802 
600.014 
689.632 
688.156 

686.785 
685.419 
6t».059 
682.704 
681.a'>l 
680.010 
678.671 
6rr.338 
6r6.008 
674.686 

673.869 
672.056 
670.748 
669.446 
668.148 
606.856 
665.568 
6(^.286 
663.008 
661.736 

660.468 
659.205 
667.947 
656.694 
655.446 
654.202 
662.963 
651.?«>9 
650.4i)9 
&19.2;4 


Loga- 
rithm. 


Tang. 
Olt 

log.  R.  i     t. 


2.855385  ' 
.8^4483  ' 
.853583 
.852(J84 
.851787 

'   .850892  : 
.849999 
.849108  ; 
.848219 
.847331 

2.846145 

2.845562 
.844679 
.843799 
.842921 
.842044 
.841169 
.810296 
.839424 
.838555 

2.837687 

12.836821 

.835956 
.835093 
.834i^ 
.838373 
.832515 
.831000 
.8;i08(« 
.  .82995:^ 
2.829105J 

2.828253 
.827405 
.826500 
.825715 
.824873 
.824032 
.823193 
.822355 
.821519 

2.820685 

2.819852 
.819021 
.818191 
.81^03 
.816537 
.815712 
.814889 
.814«.)07 
.813247 

2.812428 


I   I 


L 


61  ft48.0r>4  2.811011 

62  ftl6.K38  .810790 

63  e45.627  .80U982 
54  644.420  .809169 
66  &43.218  .i*Om^ 
66  642.021  .807549 
57  640.828  .806741 
68  689.639  .805935 
60  088.455  .8G6180 
eO  I  eS7.275  12.804827 


0.976 
6.990 
7.005 
7.019 
7.034 
7.048 
7.063 
7.07r 
7.092 
7.106 
7.121 

7.135 
7.150 
7.164 
7.179 
7.193 
7.208 
7.222 
7.237 
251 


7.266 

7.280 
7.295 
7.809 
7.824 
7.388 
7.353 
7.367 
7.382 
7.3JMJ 
7.411 

7.425 
7.440 
7.154 
7.469 
7.483 
7.698 
7.512 
7.527 
7.541 
7.556 


7.570 
7.5K5 
7.599 
7.614 
7.628 
7.W3 
7.657 
7.«i2 
7.086 
7.701 

7.715 

7.730 

7.744 

7.759 

7.773 

7.788 

7.802 

7.817 

7.831  I 

7.846  I 


Ord.    i  ^^^'  ;«a<"^-     ritSm. 


Mid 
Ord 

m. 


D.    I      B. 


740 

,7iy 
75;^ 

756 
701 
764 
768 
771 
775 
,778 
,782 

786 
,790 
793  . 

797 
,801  ; 
,804  • 
,807  , 
,811  I 
,815 
,819 

,822 

,820  . 

,^^29 

.833 

.837 

.840  j 

,Hi4 

,848 

8.-)l 

855 

,eo8 

,HG2  , 

,806 

809 

,873 

,877  i 

,880  ' 

,884 

,887 

,892 

895  , 
,899  1 
JK)3  '■■ 
,{X)6  ' 
,910 
,914 
918 
921 
{J24 

sm 

935 
939 
913 
916 
950 
953 
957 
.961 
.965 


A 


>  0' 

1 

3 
4 
5 
0 

I 

8 

9 

10 

11 
12 
13 
14 

15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 

3;^ 

34 

a5 

36 
37 
38 
39 
40 

41 
42 
48 
44 
45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
55 
56 
57 
58 


I 


6:37.275 
0:^0.099 
0:i4.928 
633.761 
6:«.599 
631.440 
tt30.286 
629.130 
627.991 
626.  W9 
625.712 

624.579 
623.450 
022.325 
621.203 
620.087 
618.974 
617.865 
616.700 
615.660 
014.503 

613.470 
612.  :*0 
611.295 
610.214 
609. 136 
608.0<52 
(J06.992 
6(Vj.926 
604.  WW 
603.805 

602.750 
0t)1.01>8 
600.651 
599.607 
598.507 
597.5;i0 
596.497 
695.4(57 
6JW.441 
693.419 

592.400 
591.384 
590.372 
589.304 
588.359 
687.357 
580.359 
585.3()4 
584.373 
58:1385 

682.400 
681.419 
580.441 
679.400 
5rM.494 
677.526 
570.501 
5TrvW.« 


log.  B. 


2.804327 
.803525 

'  .802724 

i  .801926 
.801128 
.800332 
.?J9538 
.798745 
.797953 
.797163 

2.796374 

2.795587 
.794801 
.794017 
.793234 
.792453 
.791073 
.790894 
.790117 
.789341 

2.788566 

2.787793 
.787021 
.786251 
.785482 
.784714 
.783918 
.7831K3 
.7V2420 
.781057 

2.780897  1 

2.780137  '. 
.779379 
.77>J022 
.777807 
.777112 
.776:360 
.7r5008 
.774858 
774109 
773361 


Tang. 

Off; 
t. 


2 

2.772015 
.771S70 
.771120 
.770383 
.709042 
.708902 
.70S1C)4 
.70742(J 
.7()0(ilH) 

2.705955 

2.705221 
.7011?<9 
.703758 
.70:3028 
.7(5:^299 
.7015?2 
.7<>0K45 


7.840 
7.860 
7. 875 
7.889 
7.9(U 
7.91H 
7.933 
7.947 
7.962 
7.im 
7.991 

8.005 
8.020 
8.031 
8.049 
8.063 
8.078 
8.092 
8.107 
8.121 
8.i;36 

8.150 
8.165 
8.1?J 
8.191 
8.208 
8.223 
8.237 
8.252 
8.2(J0 
8.281 

8.2a5 
8.:310 
8.324 
8.5339 
8.353 
8.368 
8.382 
8.35)7 
8.411 
8.420 

8..tlO 
8.455 
8.409 
8.481 
8.498 
8.513 
8.5i!7 
8.542 
8 .  ihA) 
S.571 

8.5K5 

H.014 
8.029 
H.im 
8.(-.-)8 
H.072 


2B^ 


TABLE  rV.— RADn,  LOGABITHMS,  OFFSETS,  ETC. 


i 

Deg. 

Radius. 

Loga- 
rithm. 

Tang. 
Off. 

Mid. 
Ord. 

I 

Deg. 

1 

Radius. 

Loga- 
rithm. 

Tang. 
Off. 

D. 

B. 

log.R. 

t. 

in. 

2.183 

I>. 

B. 

log.B. 

t. 

ia*»(K 

673.686 

2.758674 

8.716 

120  0' 

478.339 

2.679785  !l0.453 

2 

671.784  i   .757^282 

8.745 

2.190 

2 

477.018 

.678585 

10.482 

4 

569.896      .755796 

8.774 

2.198 

4 

475. 71S 

.677388 

10.611 

6 

568.020 

.754364 

8.803 

2.205 

6 

474.400 

.676145 

10.640 

8 

566.156 

.752937 

8.831 

2.212 

1          8 

473.102 

.674954 

Ki.6ec 

10 

5&1.305 

.751514 

8.860 

2.219 

10 

471.810 

.678767 

1C.697 

12 

662.466 

.750096 

8.889 

2.227 

12 

470.526 

.672584 

10.626 

14 

660.638 

.748683 

8.918 

2.2*4 

14 

469.249 

.671403 

10.655 

16 

658.823 

.747274 

8.947 

2. SMI 

16 

467.978 

.670226 

10.684 

18 

657.019 

2.745870 

8.976 

2.234 

18 

466.716 

2.660062 

10.718 

20 

565.227 

2.744471 

9.005 

2.256 

20 

466.469 

2.6ffr881 

10.748 

22 

653.447 

.748076 

9.084 

2.263 

22 

464.209 

.666713 

10.771 

24 

651.678 

.741686 

9.063 

2.270 

S4 

462.966 

.666649 

10.800 

26 

649.920 

.740800 

9.092 

2.278 

26 

461.729 

.664887 

10.829 

28 

648.174 

.788918 

d.l21 

2.285 

28 

460.500 

.668229 

10.868 

80 

646.438 

.737541 

9.150 

2.293 

80 

469.276 

.662074 

10.887 

82 

544.714 

.736169 

9.179 

2.300 

82 

468.060 

.660922 

10.916 

84 

543.001 

.784800 

9.208 

2.307 

84 

466.850 

.669773 

10.945 

86 

541.298 

.738436 

9.287 

2.314 

86 

456.646 

.668628 

10.973 

88 

639.606 

2.73207r 

9.266 

2.821 

88 

464.449 

2.667485 

11.002 

40 

537.92*   2.730721 

9.295 

2.329 

40 

453.259 

2.666845 

11.081 

42 

536.253 

.729370 

9.324 

2.336 

42 

462.073 

.666208 

11.060 

44 

634.593 

.728028 

9.353 

2.843 

44 

460.894 

.654076 

11.069 

46 

632.943 

.726681 

9.882 

2.351 

46 

449.722 

.662944 

11.118 

48 

631.303 

.725342 

9.411 

2.358 

48 

448.566 

.661816 

11.147 

60 

629.673 

.724008 

9.440 

2.365 

50 

447.395 

.660691 

11.178 

62 

628.053 

.722677 

9.469 

2.372 

52 

446.241 

.649570 

11.205 

64 

626.443 

.721351 

9.498 

2.380 

64 

446.093 

.648451 

11.284 

66 

624.843 

.720029 

9.527 

2.387 

66 

443.951 

.647385 

11.268 

68 

623.252 

2.718711 

9.656 

2.394 

68 

442.814 

2.646221 

11.291 

ll^o' 

621.671 

2.717397 

9.585 

2.402 

18°  0' 

441.684 

2.645111 

11.820 

2 

520.100 

.716087 

9.614 

2.409 

2 

440.559 

.644004 

11.849 

4 

518.539 

.n4781 

9.642 

2.416 

4 

489.440 

.642899 

11.8718 

6 

516.986 

.713479 

9.671 

2  423  ' 

6 

438.826 

.641798 

11.407 

8 

515.443 

.712181 

9.700     2.431 

8 

487.219 

.640699 

11.486 

10 

513.909 

.710887 

9.729     2.438 

10 

486.117 

.689608 

11.466 

12 

512.385 

.709596 

9  758 

2.446 

12 

485.020 

.638610 

11.494 

14 

510.869 

.708310 

9.787 

2.453  1 

14 

483.929 

.687419 

11.628 

16 

509.363 

.707027 

9.816 

2.460 

16 

432.844 

.636381 

11.662 

18 

507.865 

2.705748 

9.845 

2.467 

18 

481.764 

2.635246 

11.680 

20 

506.376 

2.704473 

9.874 

2.475 

20 

430  690 

2.634164 

11.609 

22 

604.896 

.703202 

9.903 

2.482  1 

22 

429.620 

.633085 

11.688 

24 

603.425 

701934 

9.932 

2.489  ! 

24 

428.567 

.632008 

11.667 

26 

501.962 

-700071 

9.961 

2.496  1 

26 

427.498 

.630984 

11.696 

28 

500.507 

.699410 

9.990  :  2.5(W 

28 

426.445 

.629863 

11  725 

80 

499.061 

.698154 

10.019  !  2.511 

80 

425.396 

.628794    11.764 

82 

497.624 

.696901 

10.048 

2.518 

82 

424.354 

.627728 

11.788 

84 

496.195 

.695652 

10.077 

2.526 

M 

423.316 

.626665 

11.812 

86 

494.774 

.694407 

10.106 

2.53:^ 

36 

422.283 

.625604 

11.^0 

I        ^ 

493.361 

2.693165 

10.135 

2.540 

88 

421.256 

2.624546 

11.669 

/        40 

491.956 

2.691926 

10.164 

2.547 

40 

420.233 

2.628490  ,11.898 

42 

490.559 

.690692 

10.192 

2.555 

42 

419  215 

.622437  111.927 

44 

489.171 

.689460 

10.221 

2.562 

44     418.203 

.621387 

11.966 

46 

487.790 

.688233 

10.250 

2.569 

46     417.195 

.620389 

11.965 

48 

486.417 

.687008 

10  279 

2.577 

48     416.192 

.619294 

12.014 

60 

485  051 

.6857% 

10.308 

2.5»4 

60 

415.194 

.618261   i]2.048 

62j 

483.694 

.684670 

10.837 

2.591 

52 

414.201 

.617^11  il2.071 

54 

482.344  \  .683857  I 

10.866 

2.598 

\        54  \  413.212  1 

^  .616173    la.lOO 

56     ' 

^1.001  /  .682146 

10  896 

i  2.606^ 

\  .^VSiSSft  VflL.Ha 

68     4 

^79.666  /  .680939 

10.4JM     2.613 
10.453  I  2.QS» 

\  .^wv^fe  \a.v« 

60  1  4 

78.339  12.670785 

b\5i.^Y»jm»\«i."« 

285 


TABLE  IV.— RADII,  LOOABTTHMS,  OFFSETS,  ETC. 


I>. 


Badius. 

B. 


Jma- 
rithm. 

log.  B. 


14< 


IS 
14 
16 
18 


410.275  i2 
1409.306 
1406.311 
,407.380 


O'l 

8 

4 

6 

8  ;  406.4»1 
10  I  406.473 
404.626 
408.683 
40^.645 
401.712 


20 
22 
24 
26 
28 
80 
82 
84 
86 
88 

40 
42 

44 
46 
'48 
60 
62 
64 
66 
6S 

16*  0 

2 

4 
6 
8 
10 
12 
14 
16 
18 

20 
22 
24 

26 
28 
80 
82 
34 
36 
38 


400.782 
889.857 
398.987 
398.020 
387.108 
896.200 
896.290 
894.396 
888.601 
802.609 

881.722 
800.838 
889.959 
889.084 
388.212 
387.345 
386.481 
885.621 
884.765 
883.913 

,883.065 

-882.2^ 
881.380 

1380.543 
379.709 
37R.8:jO 
378.051 
377.231 
376.412 

j  375.597 

;  874.780 
i  3?3.977 
'878.173 
I  872.872 
871.674 
I  370.780 

1369.202 
368.418 
867.687 


618075 
612048 
611023 
610000 
608980 
607962 
606946 
605988 
604923 
608014 

2.602008 
.601905 
.600904 
.599905 
.598908 
.597914 
.600922 
.595333 
.594915 
.593960 

2.592.778 
.591997 
.591019 
.590043 
.589069 
.58Sa:)7 
.587128 
.586101 
.5851JM) 
.5842:33 

2.583272 
.5»3314 
.581358 
.580103 
.5?J151 
.578501 
.577553 
.570608 
.575664 
574722 


I 


'2.573783 
..572845 
.571910 
.570i)77 
.570045 
.669116 
.668189 
.567264 
.566:^40 
.565419 


2 


L 


40  I  866.859 
42  366.085 
866.815 
864.547 
868.788 
863.022 
862.2i;4 
861.610 
—  ,380.758 

58  am.oio, 

M  1869.99512 


44 
46 
48 
60 
58 
54 
66 


.564500 
.563582 
.562667 
.561754 
..560843 
.559933 
.559026 
.658120 
.657216 
.666315 
566415 


Tan. 
Ofr. 

t. 


Mid. 
Ord. 

in* 


12.187 
12.216 
12.245 
12.274 
12.802 
12.a31 
12.800 
12.889 
12.418 
12.447 

12.476 ' 
12.504 

i  12.53:j 
12.562 

I  12.591  ; 
12.620! 

i  12.649 
12.678 
12.706 ; 

,  12.735  I 

12.764! 
12.793  I 
12.822 
12.»>1  j 
I  12.880  I 
i  12.908 
,12.937 
1 12.9(>6 
!  12.995 
1 13.024 


3.068 
3.065 
8.073 
3.080 
3.087 
3.0!)5 
3.102 
8.109 
3.117 
3.1^ 


Deg.   Radius. 


D. 


B. 


8. 
3. 
3. 
3. 
3. 
3. 
3. 
3. 
3. 
3. 


131 

138 

146 

153 

160 

168 

175 

182! 

190  I 

197 


16' 


0' 

2 

4 

6 

8 

10 

12 

14 

16 

18 


13.053 

13.081 

13.110 

13.139 . 

13.163; 

13.197' 

13.236  i 

13.254  , 

18.283 

13.312 

13.841 
13.8r0 
13.390 
13.427 
13.456 
13.485 
13.514 
13.643 
13.572 
18.600 


8.204 
3.211 
3.219 
3.226 
3.233 
3.241 
3.24S 
3.255 
3.263 
3.270 

3.277 
3.284 
3.292 
3.299 
3.306 
3.314 
3.321 
3.328 
8.336 
3.343 

3.3.50 
3. 358 
3.365 
3.372 
3.i79 
3.aS7 
3.394 
3.401 
3.409 
3.416 


18.629    3 

13.658  1  3 

13.687  ,  3 

13.716 

18.744' 

18.773 

13.802 

18.831 

18.860 

18.889 

18.917   8 


850.265 
358.523 
a57.784 
357.048 
356.315 
a'>5.585 
854.859 
354.135 
a53.414 
862.696 


Loga- 
rithm. 

log.  B. 


2 


20  1351. 

22  351. 

^  ia50. 

26  849. 

28  849. 

30  '848. 

82  847 

84  847. 

36  846. 

88  845. 


981  2 

269. 

500' 

8541 

150 

4)0 

75!fc. 

057 

365 

676 


40 
42 
!  44 
46 
48 
50 
52 
54 
56 
58 

170  0 

2 
4 
6 

8 
10 
12 
14 
16 
18 

20 
22 
24 
26 
28 
80 
32 
34 
36 
38 


2 


I  344.990 

1844.306 
843.625 
342.947 
842.271 

'841.598 
340.928 

1840.260 
839.595 
338.933 

'838.2?3 

1837.610 
i  336. <m2 

aw.  310 

a35.(HK) 
,  3a>.013 

■■  3a3.727 

i  ai3.088 

ai2.451 

.331.816  2 
;«1.181 

aw.r)."»5 

,  3;>9.<W8, 
829. :W3  : 
.  328  689 
I  328.0(51 
'  827.448 
■826.828 
826.215 


40  :  825.004  2 

42  I  324.9<)6  < 

44  |324.3tK)i 

46  '■  323.786 

48  !  823.184' 

50  I  822.585 

52  321.989 

54  '  821 .394 

00  \%\^.V!eS& 


K)5415 
554517 
5^3<S21 
652727 
551884 
550944 
650055 
549169 
548284 
547401 

.546519 
545640 
5447(i2 
543887 
543013 
642140 
541270 
540401 
53U535 
688670 

537806 
536945 
536085 
5a5227 
634370 
588516 
532668 
531811 
530962 
530114 

529268 
528424 
527581 
526740 
525900 
.525062 
521226 
523:^92 
522559 
521728 

520898 
521)070 

mmu 

518119 
517r)9<J 
51()774 
515954 
515136 
514319 
513504 


Tan.  I  Mid. 
Off.    j  Ord. 


I 


18.917 

13.946 

13.975 

14.004, 

14.033  I 

14.061  , 

14.0901 

14.119 

14.148 

14.177 

14.205 

14.284 

14.263 

14.292 i 

14.320 j 

14.849 : 

14.378 

14.407 

14.486 

14.464 

14.493 
14.522 
14.551 
14.680 
14.608 
14.637 
14.666 
14.695 
14.723 
14.752 

14.781 
14.810 
14.888 
14.867 
14.896 
14.9:^ 
14.954 
14.982 
15.011 
15.010 

15.069 
15.097 
15.126 
15.155 
15.181 
15.212 
15.241 
15.270 
15.299 
15.827 


512690  15.a56 
511878'  15.885 
5110()7|  15.414 
510258  15.442 


.471 
15.500 
15.. 529 


5094511  15 
50K645 
507840 
5070:«'  15 


.554 


nu 


8.496 
3.504 
3.511 
8.518 
8.526 
8.533 
8.540 
8.547 
8.555 
3.662 

3.669 
3.577 
8.584 
3.591 
8.599 
8.606 
8.613 
8.621 
8.628 
8.636 

3.648 
3.650 
3.657 
3.664 
8.672 
3.679 
8.686 
3.694 
8.701 
8.708 

3.716 
S.72S 
3.730 
3.7:38 
3.745 
3.752 
3.760 
8.767 
8.774 
8.781 

3.789 
3.796 
3.808 
3.811 
3.818 
3.825 
3.833 
3.840 
3.81; 
3.855 

8.862 
S.WiO 
8.877 
8.884 
3.891 
3.8(» 
3.906 
3.013 


2m 


TABLE  IV.— RADn,  LOGARITHMS,  OFFSETS,  ETC. 


Deg. 


19* 


Radius. 


/ 


18°  0' 

2 

4 

6 

8 

10 

12 

14 

16 

18 

20 
22 
24 
26 

28 

ao 

32 
34 
86 
88 

40 
42 
44 
46 
48 
50 
52 
54 
56 
58 

0' 

2 

4 

6 

8 

10 

12 

14 

16 

18 

20 
22 
2i 

26 
28 
80 
32 
34 
36 
38 

40 
42 
44 
46 
48 
50 
52 
54 
56 

5ft 

60 


Loga- 
rithm. 

log.  B. 


319.623 
319.037 
318.453 
317.871 
317.292 
316.715 
316.139 
315.566 
314.993 
314.426 

313.860 
813.295 
312.732 
312.172 
811.613 
311.056 
310.502 
309. &19 
309.399 
308.860 

306.303 
307.759 
307.216 
306.675 
306.136 
305.599 
305.064 
304.531 
'304.000 
I  303.470 

;  302.943 

I  302.417 

301.893 

'301.371 

i 300.851 

'300.333 

.2SK).816 

1299.302 

2{)8.789 

298.278 

297.768 
2{»7.260 
296.755 
296.250 
295.748 
295.247 
294.748 
294.251 
293.756 
293.262 

292.770 
1292.279 
!  291.790 
291.303 
290.818 
290.334 
289.851 
'am. 37^ 
288.  fm 
'288. 414  \ 
287.930  2 


2 


504638 
503W1 
503045 
502251 
501459 
500668 
499879 
499091 
498304 
497519 

496736 
495953 
495173 
494393 
493616 
492839 
492064 
491291 
490518 
489748 

488978 
488210 
487444 
486679 
485915 
485152 
484391 
483632 
482873 
482116 

481361 

480(Kyr 

479854 
47i)102 
478352 
477603 
476855 
476109 
47ii364 
474621 

473878 
473137 
47231W 
471059 
47J)922 
470186 
469452 
468718 
467986 
467256 


466526 
465798 
465071 
464.^45 

4mm 

462897 
462175 
.461455 
.460735 
460017 
459900 


Tang. 
Off. 

t. 


Mid.  ! 
Ord. 

nou 


I>«g-    R*di"«-  ri^ 


D. 


B. 


15.643 
15.672 
15.701 
15.730 
15.758 
15.787 
15.816 
15.845 
15.873 
15.902 

15.931 
15.969 
15.988 
16.017 
16.046 
16.074 
16.103 
16.132   4 


16.160 
16.189 

16.218 
16.246 
16.275 
16.304 
16.333   4 


935 

942 

950 

957 

964 

972 

979 

9861 

9941 

001 

008 

016 

023! 

030 

038 

045; 

052  1 

0601 

067. 

074: 


20°  0  ! 

10 
20  ! 
301 

40: 

60^ 
21°  0', 
10! 
20; 
30 ! 
40 
60 


287.939 
285.583 
283.267 
280.988 
278.746 
276.541 
274.370 
272.234 
270.132 
268.062 
266.024 
264.018 


22°  O'  262.042 

10  i  260.098 


20 
80 
40 


258.180 
256.292 
254.431 


16.361 
16.390 
16.419 
16.447 
16.476 

16.505 
16.533 
16.562 
16.591 
16.620 
16.648 
16.677 
16.706 
16.734 
16.763 

16.792 
16.820 
16.K49 
16.878 
16.906 
16.935 
16.964 
16.992 
17.021 
17.050 

17.078 
17.107 
17.136 
17.164 
17.193 
17.222 
17.250 
17.279 
17.308 
17.336 


4 

4 
4 
4 
4 

4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 

4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 

4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4 


.081 
,089  I 
.096  1 
103; 

.ml 
118; 
125! 

.1331 
.1401 

.147  ji 

,155 
162' 
169  j: 

177  i- 

184  |i 

191' 

199, 

206! 

2131' 

2211' 

228!l 
235  ii 
243 
250  I 
257  ; 
265ii 
272! 
279  ■ 
287  I 
294  : 


50  I  252.699 
23°  0^  250.793 
10 !  249.013 
20 ,  247.258 
801245.529 
40  243.825 
60   242.144 


24°  (y 

10 


240. 
238. 
237 
235. 


log.B. 


Tang. 
OflC 


271 
879 
506 
150 
811 
489 
183 
893 
620 
862 
119 
891 


17.365  14 


301 
308 
3161 
3231 
330l 
338 
345 
352 
.360 
.367 
374 


2.459300 
.455733! 
.462195; 
.448688' 
.445209! 
.441759 

2.438337 
.4&4&43 
.431576 
.428235 
.424921 
.421638 

2.418871 
.416134 
.411922 
.408734 
.405571 
.402431 

2.899315 
.396222' 
.8931511 
.800103: 
.8870?7i 
.384074; 


487  2 

853 

241 

652 

084 

537 

Oil  2 

506 

020 

555 

108 

680 


2 


m     \ 


20 
30 

40 '284. 
50,232, 
26°  0''231. 
10,229. 
20  228 
301226. 
40  225. 
60   223. 

26°  0'|222. 

10 '220. 

20  219. 
30  '  218. 
40  216. 
50  215. 
27°  0',214. 
10  212. 
20  211 
30  210. 
40  209. 
50   207. 

28°  O'l  206.678 
10,205.480 
20  I  2(U.296 
30  I  203.125 
40  I  201.969 
50  I  200.826 

29°  0'  199.696 
10  i  198.580 
20  197.476 
30   196.385 


881091' 

878130; 

875190' 

872270: 

869371; 

866492 

863683 

360794 

357974 

355178 

352391 

,849627' 


17.865 
17.508 
17.651 
17.794 
17.987 
18.061 
18.224 
18.867 
18.609 
18.662 
18.796 
18.938 

19.061 
19.224 
19.866 
19.509 
19.662 
19.794 
19.987 
20.079 
20.222 
20.864 
20.607 
20.649 

20.791 
20.933 
21.076 
21.218 
21.360 
21.502 
21.644 
21.786 
21.928 
22.070 
22.212 
22.353 


Mid. 
Ord. 


346882  22.495 
.344155  22.637 
.341446  22.778 
.338755  22.920 
.336061  23.062 
.833424  23.203 
!.3d0785  23.345 
.328162  23.486 
.825556  23.627 
.822967  23.769 
.320393  23.910 
.317836  24.061 

1.315295' 24.192 
.312769  24.333 
.310259  24.474 
.307764!  24.616 
.305285  24.766 
.802820!  24.897 
!. 300370  26.066 
.297936126.179 
.295515,  25.820 
.293106'  25.460 
aSfSn&  85.001 


4.374 
4.411 
4.448 
4.484 
4.521 
4.568 
4.594 
4.631 
4.668 
4.701 
4.741 
4.778 

4.814 
4.651 
4.888 
4.925 
4.961 
4.996 
5.085 
5.071 
5.106 
5.145 
5.182 
5.218 

5.255 
5.292 
5.329 
5.866 
5.402 
5.489 
5.476 
6.518 
6.549 
6.586 
6.623 
5.660 

6.607 
5.734 
5.770 
5.807 
5.»44 
5.881 
5.018 
5.955 
5.092 
6.029 
6.065 
6.108 

6.189 
6.176 
6.218 
6.250 
6.287 
6.824 
6.380 
6.806 
6.485 
6.478 
6.600 


\ 


asT 


TABl^  IV.-RADII,  LOUABITHH3,  OFTSBTS,  ETC 
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TABLE  V.-COHRECTIONB  FOR  TANOESTa  A 


FoK  ExTiniiAL; 


TABLE  VI.— TANGENTS  AND  EXTERNALS  TO  A  1«»  CURVE. 


Ang;le. 


Tan- 
gent. 

T. 


nal.     I  -^Kie. 


£. 


50.0D 

58.34 

66.67 

75.01 

83.34 

91.68 

100.01 

108.36 

116.68 

125.02 

133.36 

141.70 

150.04 
158.38 
166.72 
175.06 
183.40 
191.74 
200.08 
208.43 
216.77 
225.12 
233.47 
241.81 

250.16 

258.51 

266.86 

275.21 

283.57 

291.92 

300.28 

308.64 

316.99 

325.35 

333.71  i 

342.08  ! 

350.44  I 
a58.81 
367.17  I 
375.54 
383.91  I 
392.28  , 
400.66  ! 
409.03  I 
417.41  ■ 
425.79  ' 
434.17 
442.55 

450.93 
459.32 
467.71 
476.10 
4W.49 
492.88 
501.28 
509.68 
518.06 

526.48 

534.89 
643.29  , 


.218 

.297 

.388 

.491 

.606 

.733 

.873 

1.024 

1.188 

1.364 

1.552 

1.752 

1.964 
2.188 
2.425 
2.674 
2.934 
3.207 
3.492 
3.790 
4.099 
4.421 
4.755 
5.100 

5.459 
5.829 
6.211 
6.606 
7.013 
7.432 
7.863 
8.307 
8.762 
9.230 
9.710 
10.202 

10.707 
11.224 
11.753 
12.294 
12.847 
13.413 
13.991 
14.582 
15.184 
15.799 
16.426 
17.065 

17.717 
18.381 
19.058 
19.746 
20.447 
21.161 
21.887 
22.62i 
23.875 

;24.ias 

04.913 
25.700 


11 


12 


13 


14 


15 


16 


17 


18 


19 


20 


10' 

20 

30 

40 

50 

10 
20 
30 
40 
50 

10 
20 
80 
40 
60 

10 
20 
30 
40 
60 

10 
20 
30 
40 
50 

10 
20 
30 
40 
60 

10 
20 
30 
40 
60 

10 
20 
80 
40 
60 

10 
20 
30 

40 
50 

10 
20 
30 
40 
50 


Tan- 
gent. 

T. 


Exter- 
nal. 


561.70 
560.11 
668.63 
676.95 
685.36 
693.79 
602.21 
610.64 
619.07 
627.50 
636.93 
644.87 

652.81 
661.25 
669.70 
678.16 
686.60 
696.06 
703.61 
711.97 
720.44 
728.90 
737.37 
745.86 

754.32 

762.80 
771.99 
779.77 
788.26 
796.75 
805.25 
813.76 
822.25 
830.76 
839.27 
847.78 

856.30 
864.82 
873.35 
881.88 
890.41 
898.95 
907.49 
916.03 
924.58 
983.13 
941.69 
950.25 

958.81 
967.38 
975.96 
984.63 
993.12 
1001.7 
1010.3 
1018.9 
102f7.5 
1  1036.1 
1044.7 

\  loea.a 
289 


Angle. 


26.500 
27.813 
28.137 
28.974 
29.824 
80.686 
81.661 
82.447 
33.347 
34.259 
85.183 
36.120 

87.070 
38.031 
89.006 
89.993 
40.992 
42.004 
43.029 
44.066 
46.116 
46.178 
47.253 
48.341 

49.441 
60.664 
51.679 
62.818 
63.969 
56.132 
56.809 
57.498 
58.699 
69.914 
61.141 
62.881 

68.634 
&4.900 
66.178 
67.470 
68.774 
70.091 
71.421 
72. 7W 
74.119 
75.488 
76.869 
78.2&4 

79.671 
81.092 
82.525 
83.972 
85.431 
86.904 
88.889 
89.888 


Tan-     Exter- 
genti       nal. 

T.  E. 


1061.9       97.577 

1070.6  99.155 
1079.2  100.75 
1087.8  102.85 
1096.4  108.97 
1105.1  105.60 

1118.7  107.24 
1122.4  106.90 
1181.0  110.57 

1189.7  112.25 
1148.4  118.96 

1167.0  115.66 

L165.7  117.88 

1174.4  119.12 

1188.1  120.87 

1191.8  122.63 

1200.5  124.41 

1209.2  126.20 

1217.9  128.00 

1226.6  129.82 
1285.8  131.65 
1244.0  183.60 
1252.8  186.35 

1261.5  137.28 

1270.2  189.11 

1279.0  141.01 

1287.7  142.98 

1296.6  144.86 

1805.8  146.79 
1814.0  148.76 
1822.8  150.71 
1331.6  152.69 
L840.4  154.69 
1849.2  156.70 
1858.0  158.73 

1866.8  160.76 

1875.6  162.81 
1884.4  1&4.86 

1393.2  166.96 

1402.0  169.04 

1410.9  171.15 

1419.7  178.27 

1428.6  175.41 
1487.4  177.65 

1446.3  179.72 

1466.1  181.89 

1464.0  184.06 
1472.9  186.29 

1481.8  188.61 

1490.7  190.74 
1499.6  192.99 
1608.6  105.26 

1617.4  197.58 

1626.8  199.82 
1666.8  202.12 

1644.2  204.44 

1668.1  206.77 


TABLE  VI.— TANGENTS  AND  EXTEBNAI^  TO  A  1°  CURVK 


88 


89 


• 

Angle. 

Tan- 
gent. 

Exter- 
nal. 

A 

T. 

£. 

81' 

» 

1580.0 

216. S5 

10 

16W.0 

218.66 

80 

1606.0 

221.08 

80 

1615.9 

223.51 

40 

16S4.0 

225.96 

60 

1638.0 

228.42 

82 

1648.0 

230.90 

10 

169S.0 

233.39 

20 

1661.0 

285.90 

80 

1670.0 

238.43 

40 

16T9.1 

240.96 

60 

1688.1 

248.52 

88 

1607:8 

246.06 

10 

1706.8 

»18.66 

90 

1715.8 

251.26 

80 

1734.4 

!»3.87 

40 

1788.5 

256.50 

60 

174S.6 

259.14 

84 

1751.7 

261.80 

10 

1760.8 

264.47 

SO 

1770.0 

267.16 

80 

1779.1 

269.86 

40 

1788.S 

272.68 

60 

1797.4 

276.31 

86 

1806.6 

278.05 

10 

1816.7 

280.82 

SO 

18S4.9 

283.60 

80 

1884.1 

286.39 

40 

1843.8 

289.20 

60 

1862.5 

292.02 

86 

1861.7 

294.86 

10 

1870.9 

297.72 

SO 

1880.1 

300.59 

80 

1880.4 

303.47 

40 

1898.6 

806.87 

60 

1907.9 

309.29 

87 

1917.1 

312.22 

10 

19S6.4 

815.17 

SO 

1985.7 

818.13 

80 

1915.0 

321.11 

40 


/ 


40 
60 

10 
20 
30 
40 
60 

10 
20 
80 
40 
60 

10 
80 
80 
40 
BO 


I 


1954.8 
1963.6 
197^.9 
1962.2 
1991.5 
2000.9 
2010.2 
2019.6 

8029.0 
8038.4 
2047.8 
8057.2 
2006.6 
2076.0 
9065.4 
2094.9 
2104.3 
2118.8 
Slia.B 
2iaS.7 


1 

1  Angle. 

1 

41» 

10' 

20 

30  ! 

40  ! 

50 

42 

10 

20 

30 

40 

50 

1 

821.11 
327.12 
330.15 
333.19 
386.25 
839.82 
842.41 
845.52 

348.64 
&51.78 
854.94 
858.11 
361.29 
864.50 
367.72 
370.95 
874.20 
877.47 
880.76 
884.06 


43 


44 


45 


46 


47 


48 


49 


60 


10 
20 
80 
40 
50 

10 
20 
80 
40 
50 

10 
20 
30 
40 
50 

10 
20 
30 
40 
50 

10 
20 
80 
40 
50 

10 
20 
80 
40 
50 

10 
20 
30 
40 
50 

10 
20 
80 
40 
50 


2142.2 
2161.7 
2161.2 
2170.8 
2180.3 
2180.9 
2199.4 
2209.0 
2218.6 
2228.1 
2237.7 
2247.3 

2257.0 
22U6.6 
2276.2 
2285.9 
2i»5.6 
2306.2 
2314.9 
2321.6 
2334.3 
2814.1 
2353.8 
2363.5 

2373.3 
2383.1 
2392.8 
2402.6 
2412.4 
2422.3 
2432.1 
2441.9 
2451.8 
2461.7 
2471.5 
2481.4 

2491.3 
2501.2 
2511.2 
2521.1 
2531.1 
2541.0 
2551.0 
2561.0 
2571.0 
2581.0 
2591.1 
2601.1 

2611.2 
2621.2 
2631.8 
2&41.4 
2651.5 
2661.6 
2671.8 
2681.9 
2692.1 
2702 .a 

2fria.7 


428. 

432. 

435. 

430. 

442 
■  446. 

449. 

453. 
1  467. 
,  4G0. 

464. 

468. 


50 
04 
59 
16 
75 
85 
98 
62 
27 
95 
64 
35 


472.08 
475.82 
479.59 
488.37 
487.17 
490.08 
494.82 
498.67 
502.&4 
506.42 
510.3;) 
514.25 


518, 

526! 
530. 
584. 
538 
542. 
546. 
550. 
551 
h58. 
662 


20 
16 
13 
13 
15 
18 
23 
30 
39 
50 
63 
77 


2702.8  \ 

1  2fria.7  \ 


566.94 
571.12 
575.32 
579.54 
583.78 
588.04 
592.32 
596.62 
600.93 
605.^ 


63 


54 


55 


66 


57 


58 


10 
20 
30 
40 
60 

10 
20 
30 
40 
60 

10 
20 
30 
40 
60 

10 
20 
80 
40 
50 

10 
20 
80 
40 
50 

10 
20 
30 
40 
60 


59 


60 


2732.9 
2743.1 
2753.4 
2763.7 
2778.9 
2784.2 
2794.5 
2H04.9 
2815.2 
2825.6 
2835.9 
2846.3 


.7 
.1 
.6 
.0 
.4 
.0 


2856. 

2867. 

2877. 

2888. 

2808. 

2908. 

2919.4 

2929.9 

2940.4 

2951.0 

2961.6 

29ra.l 

2962.7 
2993.3 
3003.9 
3014.5 
3025.2 
3035.8 
3046.6 
3057.2 
3067.9 
3078.7 
:«89.4 
3100.2 

3110.9 
3121.7 
3132.6 


.4 
.2 

.1 
.0 


3148. 

3154. 

3165. 

3176. 

M186.9 

3197.8 

3208.8 

3219.7 

3230.7 


10 
20 
30 
40 
50 

10 
20 


I 


Exter- 
nal. 


I 


3241.7 
3252.7 
3263.7 
3274.8 
3285.8 
32!)6.9 
3308.0 
3310.1  , 
„-  3330.3 


618.39 
622.81 
627.24 
631.69 
636.17 
640.66 
645.17 
649.70 
664.25 
668.88 
663.42 
668.03 

672.66 
677.82 
681.99 
686.68 
691.40 
696.18 
700.80 
706.66 
710.46 
716.28 
720.11 
724.97 

729.85 
784.76 
739.08 
744.62 
749.59 
754.57 
759.58 
764.61 
769.66 
774. TO 
779.88 
784.04 

790.06 
795.24 
800.42 
805.62 
810.85 
816.10 
821.37 
826.66 
831.98 
837.31 
W2.67 
&48.06 

K53.46 
858.89 
864.84 
869.82 
875.32 
880.84 
886.38 
8S)1.95 
897.54  , 


2^ 


TABLE  VL— TANGENTS  AND  EXTERNALS  TO  A  1«»  CURVE. 


3901.2 
3913.4 
3925.6 

3937.9 
10  !  3a50.2 
20  i  3962.5 
80  !  3974.8 
40  I  3987.2 
50  ,  3999.5 
70  4011.9 

10     4(mA 
20  I  4086.8 
30  /  4049.8 
40     4061.8 
50  I  4074.4 


1202.0 
1208.9 
1216.8 

1222.7 

1229.7 

1236.7 

1243.7 

1250.8 

1257.9 

1265.0 

1272.1 

1279.3 

1286.5 

129S.6 

1300.9 


Tan- 

E3rter- 

gent. 

nal. 

T. 

£. 

3375.0 

920.14 

3386.3 

925.85 

3397.6 

931.68 

3408.8 

937.34  i 

3420.1 

943.12  i 

3431.4 

948.92  1 

3442.7 

954.75 

3454.1 

960.60 

3465.4 

966.48 

3476.8 

972.38 

3488.3 

978.31 

3499.7 

984.27 

3511.1 

990.24 

3522.0 

996.24  ! 

3534.1 

1002.3 

3545.6 

1008.3 

3557.2 

1014.4 

3568.7 

1020.5 

3580.3 

1026.6 

3591.9 

1082.8 

3603.5 

1039.0 

3615.1 

1045.2 

3626.8 

1051.4 

3638.5 

1057.7 

3650.2 

1063.9 

3661.9 

1070.2 

3673.7 

1076.6 

36^).  4 

1082.9    1 

3697.2 

1089.3 

3709.0 

1095.7 

3720.9 

1102.2 

3782.7 

1108.6 

3744.6 

1115.1 

3756.5 

1121.7 

3768.5 

1128.2     1 

3780.4 

1134.8    1 

3792.4 

1141.4 

3804.4 

1148.0 

3816.4 

11M.7 

3828.4 

1161.3 

3JU0.5 

1168.1     i 

3852.6 

1174.8    ' 

3864.7 

1181.6    1 

3876.8 

1188.4 

3889.0 

1195.2 

Angle. 


71' 


72 


73 


74 


75 


76 


77 


78 


79 


80 


10' 

20 

30 

40 

50 

10 
20 
30 
40 
50 

10 
20 
30 
40 
50 

10 
20 
90 
40 
50 

10 
20 
30 
40 
50 

10 
20 
30 
40 
50 

10 
20 
30 
40 
50 

10 
20 
30 
40 
50 

10 
20 
30 
40 
50 

10 

20 

80 

40 

50 


Tan- 
gent. 

T. 


4086.9 
4099.5 
4112.1 
4124.8 
4137.4 
4150.1 
4162.8 
4175.6 
4188.5 
4201.2 
4214.0 
4226.8 


4239.7 

4252.6 

4265.6 

4278.5 

4291.5 

4304.6 

4317.6 

4330 

4^43 

4356 

4370 


.7 
.8 
.9 
.1 


4383.3 

4396.5 
4409.8 


.1 
.4 
.7 
,1 
.5 


Exter- 
nal. 


4423. 

4436. 

4449. 

4463. 

4476. 

4489.9 

4503.4 

4516.9 

4580.4 

4544.0 

4557.6 
4571.2 
4584.8 
4598.5 
4612.2 
4626.0 
4639.8 
4653.6 
4667.4 
4681.3 
4695.2 
4709.2 

4723.2 

4737.2 

4751 .2 

4765.3 

4779.4 

4793.6 

4807.7 

4822.0 

4im.2 

48B0.5 

48ft4.« 

1  4W9.2 


1308.2 
1315.6 
1322.9 
1880.3 
1387.7 
1»45.1 
1352.6 
1360.1 
1367.6 
1875.2 
1882.8 
1890.4 

1398.0 
1405.7 
1413.5 
1421.2 
1429.0 
1436.8 
1444.6 
1452.5 
1460.4 
1468.4 
1476.4 
1484.4 

1492.4 
1500.5 
1508.6 
1516.7 
1524.9 
1533.1 
1541.4 
1549.7 
1558.0 
1566.3 
1574.7 
1583.1 

1591.6 
1600.1 
1608.6 
1617.1 
1625.7 
1634.4 


1(>43.0 
1651.7 
1660.5 
1669.2 
1678.1 
1686.9 

1695.8 
1704.7 
1713.7 
1722.7 
1731.7 
1740.8 
1749.9 
1759.0 

\Tn.4 


Angle. 


81< 


82 


83 


84 


85 


86 


87 


88 


89 


90 


lO' 
20 
80 
40 
50 

10 
20 
80 
40 
50 

10 
20 
80 
40 
50 

10 
20 
80 
40 
50 

10 
20 
80 
40 
50 

10 
20 
80 
40 
60 

10 
20 
80 
40 
50 

10 
20 
80 
40 
50 

10 
20 
80 
40 
50 

10 
90 


Tan- 
gent. 

T. 


4893.6 
4908.0 
4922.5 
4937.0 
4951.5 
4966.1 
4980.7 
4995.4 
5010.0 
5024.8 
5039.5 
5054.3 

5069.2 
5084.0 
5099.0 
5113.9 
5128.9 
5148.9 
5159.0 
5174.1 
5189.3 
5204.4 
5219.7 
5234.9 

5250.3 
5265.6 
5281.0 
5296.4 
5311.9 
5327.4 
5348.0 
5358.16 
5374.2 
53b0.9 
5405.6 
5421.4 

5437.2 
5468.1 
5469.0 
5484.9 
5600.9 
5517.0 
5538.1 
5549.2 
5566.4 
6581.6 
5597.8 
5614.2 

5680.5 
5646.9 
6668.4 
5679.9 
5696.4 
5718.0 
6789.7 
5746.8 
8768.1 


Exter- 
nal. 

£. 


1805.3 
1814.7 
1824.1 
1883.6 
1843.1 
1852.6 
1862.2 
1871.8 
1881.5 
1891.2 
1900.0 
1910.7 

1920.5 
1930.4 
1940.8 
1950.8 
1960.2 
1970.8 
1980.4 
1990.6 
2000.6 
2010.8 
2021.1 
2031.4 

2041.7 
2062.1 
2062.5 
2078.0 
2088.5 
2094.1 
2104.7 
2115.3 
2126.0 
2136.7 
2147.5 
2168.4 

2169.8 
2180.2 
2191.1 
2202.2 
2218.2 
2224.8 
2235.5 
2246.7 
2268.0 
2260.8 
2280.6 
2292.0 

28085 
2S16.0 
2826.6 
2888.3 
2849.8 
2861.5 
28788 
2885.1 
2897.0 


291 


TA3LE  VL— TANGENTS  AND  EXTERNALS  TO  A  l*   CURVE. 


A     :    T. 


Ex- 
tenial.      ^°«^«- 


91< 


98 


10' 

20 

80 

40 

50 

10 

ao  ; 

80 
40 
60 


98 


94 


96 


96 


97 


98 


99 


100 


10 
idO 
80 
40 
50 

10 
HO 
80 
40 
60 

10 
'M 
80 
40 
50 

10 
20 
30 
40 
50 

10 
20 
80 
40 
50 

10 
20 
80 
40 
50 

10 
20 
80 
40 
50 


10 
20 

ao 

40 
BO 


5ft80.5 
5t»7.5 
581U.G 
5881.7 
5898.8 
591G.0 
5933.2 
5950.5 
5907. 9 
5985.8 
6002.7 
6020.2 

6037.8 


6055, 
6073. 
6090. 


6108.6 


6126 

6141 

6162 

6180 

6198 

6216.4 

6231.6 


6252.8 
6271.1 
628!).4 
6307.9 
632(S.3 
6341.8 
6363.4 
6382.1 
6400.8 
&419.5 
643S.4 
6457.8 

»476.2 
6495.2 
6514.8 
6533.4 
6552.6 
6571.9 
6591.2 
6610.6 
6630.1 
6649.6 
6669.2 
6688.8 

6708.6 
672S.4 
6748.2 
6768.1 
6788.1 
68as.2 
6828.3 
6848. 5 
686S.8 

eoffj. 


t       unuo.n   I 

'  /  6890.2  I 

60(X).O  I 

I  0980.1^ 


2444. n 

j«5r.i 

24<i9.3 
2481.5 
249Ii.H 
2506.1 
2518.5 
2581.0 
2W;^5 
2550.0 
2568.6 
2581.3 

2594.0 
2606.8 
2619.7 
2632.6 
2645.5 
2658.5 
2671.6 
268-1.7 
2697.9 
2711.2 
2724.5 
2737.9 


101* 


2751.3 
2764.8 
2778.3 
2792.0 
2805.6 
2819.4 
283:^.2 
2847.0 
2861.0 
2875.0 
2889.0 
2903.1 

2917.3 
2931.6 
2945.9 
2960.3 

2974.7  , 
2989.2  ' 
3003.8 
3018.4 
3033.1 
3047.9 

3062.8  I 
3077.7 

8092.7 

8107.7  I 

3122.9 

3138.1 

3153.3 

316S.7 

3181.1 

319J).6 

8215.1 

3:i90.8 

8246.5  I 

3262.8  i 


i| 


102 


108 


104 


105 


106 


107 


108 


109 


110 


Tan- 
gent. 

T. 


Ex- 
ternal. 


Angle. 


K. 


I 


6i)50.6 
6971.3 
6992.0 
7012.7 
7033.6 
7054.5 
7075.5 
705)6.6 
7117.8 
7139.0 
7160.3 
7181.7 

?203.2 
72*4.7 
7246.8 
7268.0 
7289.8 
7311.7 
7333.6 
7855.6 
7377.8 
7399.9 
7422.2 
7444.6 

7467.0 
7489.6 
7512.2 
7584.9 
7557.7 
7580.5 
760:i.5 
7626.6 
7649.7 
76?2.9 
7696.3 
7719.7 


.1 
.1 
.1 
.3 
.5 


n 


•43.2 
7766.8 
7790.5 
7814.3 
7838.1 
7862.1 
7886.2 
7910.4 
7934.6 
7959.0 
798:^.5 
8008.0  • 

8032.7  j 
8057.4  I 
8082.3  ; 
8107.3  : 
8132.3 
8157  5 
8182.8 
8208.2 
«2:».7  \ 
825ti.a^ 
H2d5.0 
i  8aiO.H 


32'.)4. 

;«io. 

3326. 
*^. 
;^i58. 
;«74.9 

;«oi.2 

31(»7.7 
;i421.3 

8457.6 

8174.4 
;i491.3 
3508.2 
3525.2 
;i>42.4 
aV)9.6 
3676.8 
3591.2 
imi.7 
3629.2 
;^646.8 
3664.5 

3682.3 
37JK).2 
3718.2 
:^^6.2 
3754.4 
3772.6 
3791.0 
;«09.4 
3827.9 
3H46.5 
3865.2 
38K4.0 

3902.9 

3921.9 

31M0.9 

35KK). 

39?J. 

3998.7 

4018.2 

4037.8 

4057.4 


.1 
.4 


4077 
4097 
4117 


.1 
.3 
.5 


4137 

4157 

4177 

4197.9 

4218.4 

4239.0 

4259.7 

■1280.5  u 

\  4SMa.<i 


:i2r8.i     111' 


112 


113 


114 


115 


116 


117 


118 


10' 

20 

30 

40 

50 

10 
20 
30 
40 
50 

10 
20 
80 
40 
50 

10 
20 
30 
40 
50 

10 
20 
30 
40 
50 

10 
20 
30 
40 
50 

10 
20 
30 
40 
50 

10 
20 
30 
40 
50 


8:*i().7 

8:^<)2 

KWS 

8415 

8441 

81(W 

8491 

8521.3 

K>48.1 

8575.0 

mo2.i 

8629.3 


119 


120 


10 
20 
30 
40 
50 


10 


8650.6 
8684.0 
8711.5 
8739.2 
8767.0 
875)4.9 
8H22.}) 
8K51 .0 
8875).  3 
8iM)7.7 
85)36.3 
rn'M  0 

80a3.8 
9022.7 
imi.7 
INIHD.O 
9110.3 
9i:W.8 
9169.4 
9I5K).1 
*>229.0 
5>2.V.).0 
5)289.2 
9319.5 

9319.9 
5):JH0.5 
5)411.3 
5)442.2 
9473.2 
5)504.4 
95;i5.7 
9567.2 
9598.9 

mm. 7 

9<M)2.6 
9694.7 

9?27.0 
5)759.4 
5)75)2.0 
5)824.8 
9857.7 
5)85)0.8 
9924.0 


4886.1 
44(r7.6 
4425).  2 
4450.9 
44?2.7 
445)4.6 
4516.6 
4538.8 
4«51.1 
45K;^.4 
4606.0 
4628.6 

'4651.8 
4674.2 
4697.2 
4720.3 
4743.6 
47Wi.9 
4?.K).4 
4814.1 
4837.8 
4861.7 
4885.7 
4909.9 

4934.1 
45)58.6 
45)K^.l 
500r.8 
5032.6 
5057.6 
5082.7 
5107.9 
5133.3 
5158.8 
51H4.5 
5210.3 

5236.2 

5262.3 

5288.6 

5315.0 

5841.6 

5:i68. 

5395. 

5122. 

5419.2 

5176.5 

r>504.0 

5581.7 

5550.4 
5587.4 


.2 

1 

.1 


5<515.5 
564:^.8 
5<)?2.3 
57i;0.9 
5725).  7 
^'X-^.^N    , 

Aft    \v5J5fS^i  XS  ^  ^^^^ 


oao 


TABLE  VIL-LONG  CHORDS. 


Degree 
of 


Actual 

Arc, 

One 


Curve.  ,  Station. 


I 


LoNo  Chords. 


9         i  3  I        4 

Stations.      Stations,   i  Stations. 


10 


100.000 

200.000 

.000 

199.999 

.000 

199.998 

.001 

199.997 

.001 

199.995 

100.001 

199.992 

.002 

199.990 

.002 

199.986 

.003 

199.983 

.003 

199.979 

.004 

199.974 

100.005 

199.970 

.006 

199. 9W 

.007 

199.959 

.008 

199.952 

.009 

199.946 

.010 

199.939 

100.011 

199.931 

.013 

199.9'^ 

.014 

199.915 

.015 

199.90? 

•017 

199.898 

.019 

199.888 

100.020 

199.878 

.022 

199.868 

.0-^4 

199.857 

.020 

199.846 

.028 

199.834 

.im 

199.822 

100.032 

199.810 

.o;« 

199.797 

.0:W 

199.783 

.038 

199.770 

.041 

19{).756 

.043 

199.741 

100.046 

190.  ?26 

.018 

199.710 

.a")l 

199.695 

.054 

199.678 

.056 

199.662 

.059 

199.644 

100.062 

199.627 

.065 

199.609 

.068 

199.591 

.071 

199.572 

.075 

199.55:i 

.078 

199.533 

100.081 

199.513 

.085 

199.492 

.088 

199.471 

.092 

1{)9.450 

.095 

199.428 

.05)9 

199.406 

100.103 

199.  :«3 

.107 

199.360 

.111 

19t).337 

.115 

199.313 

.119 

199.289     1 

.128 

00.127 

199.2W 

199.230    1 

299.999 
299.997 
299.992 
299.986 
299.979 
299.970 
299.959 
299.946 
299.932 
299.915 
299.898 

299.878 
299.857 
299.834 
299.810 
299.783 
299.756 
299.726 
299.695 
299.662 
299.627 
299.591 
299.553 

299.513 
299.471 
299.428 
299.383 
299.337 
299.289 
299.239 
299.187 
299. ia4 
299.079 
299.023 
298.964 

298.904 
298.a43 
298.779 
298.714 
298.648 
298.579 
298.509 
298.438 
298.364 
298.289 
298.212 
298.134 

298.054 
297. 9?2 
297.888 
297.803 
297.716 
297.628 
297.538 
297.446 
297.352 
297.257 


899  998 
899.992 
399.981 
899.966 
899.947 
899.924 
899.896 
899.865 
399.829 
899.789 


744 


5 

Stations. 


899 

899.695 
899.643 
899.686 
899.524 
399.159 
399.389 
899.315 
899.237 
399.154 
399.068 
898.977 
898.88?'. 

898.782 
398.679 
308.671 
398.459 
398.843 
898.228 
898.099 
897.970 
807.837 
897.700 
397.559 
897.413 

897.264 
897.110 
396.952 
896.790 
896.623 
896.453 
896.278 
896.099 
305.916 
895.  ?29 
895.538 
895.342 

895.142 
894.938 
394.781 
894.518 
894.302 
894.082 
803.857 
803.629 
808.396 
393.159 


\ 


499.996 

499.983  - 

409.962 

499.932 

400.894 

490. M8 

499.798 

400.729 

400.657 

400.577 

400.488 

400.891 
499.286 
490. in 
400.049 
408.918 
498.778 
498.630 
498.474 
406.800 
408.186 
407.056 
407.766 

407.666 
407.860 
107.146 
496.021 
406.680 
406.440 
406.201 
406.&44 
406.679 
405. 4D5 
496.128 
404.882 

401.534 
494.227 
408.012 
408. 58B 
408.297 
402.017 
402.568 
402.212 

401.  air 

401.474 
401.096 
400.704 

400.806 
,480.000 
480.486 
480.064 
488.634 
488.106 
487.749 
487.201 
486.88S 
486.861 
486.8HS 


6 

Stations. 


\ 


600.003 
690.9710 
600.038 
600.882 
600.815 
600.788 
699.687 
590.626 
600.401 
600.260 
600.105 

606.081 
506.750 
508.560 
696.886 
696.106 
597.862 
597.604 
597.831 
597.048 
696.740 
596.423 
^96.091 

695.744 
605.883 
605.007 
604.617 
504.212 
608.702 
608.868 
602.009 
602.446 
601.068 
501.476 
600.970 

600.440 
680.013 
580.8&1 
588.800 
586.221 
587.628 
587.021 
686.400 
686.7tG6 
685.116 
684.451 
688.773 

688.061 
688.871} 
581.654 
580.020 
580.172 
579.400 
678.638 
CT7.848 
CT7.080 
676.832 
675.800 


%S^% 


TABLE  Vn,-LONO  OHOBDa 


LONO  Cuo 

BOS. 

I2r 

^ 

s 

9 

10 

11 

la 

SlatloDB. 

eXiMaui. 

StaUDna. 

SULUons. 

■^'S 

889.088 

TOe.Offl 

890  914 

090.9>15 

1008  05 

1108  H 

rao.BBa 

wa 

880 

m 

B88.900 

1090 

I18u!t6 

30 

m.m 

»w 

tw 

773 

1008 

1188.40 

40 

HflBMO 

718 

IDDO 

25 

iioB.oa 

eKI.T04 

Hoe^ias 

1088 

81 

1 

090.574 

360 

m 

988.741 

loa 

33 

10 

600.490 

798 

ISO 

BOf 

757 

998.390 

1087 

30 

eos.sis 

7» 

B83 

997.768 

1I9S:13 

ao 

503 

997. IID 

1091 

33 

40 

oaaiBifl 

807 

998.518 

35 

098.BBT 

7tr7 

808 

831 

005.783 

38 

8 

Bffi.iSS 

888 

loea 

31 

1191.81 

BOB. 000 

805 

8m!ii£ 

icm 

SO 

687.080 

790 

BOS 

133 

993,173 

SB 

607.fflS 

IK 

008 

9B3.1(>5 

40 

450 

883 

118i:57 

BO 

9t»!9IS 

10H( 

80 

3 

(weliea 

881 

788 

888.W9 

98 

118U!49 

10 

BOS. TBI 

m 

BOO 

«4 

Oi 

iiTH.as 

BO 

U9S.271 

oil 

88fl 

48 

1175, W 

30 

004. TST 

9e4!6;T 

58 

40 

m.'m 

887 

883,190 

1077 

no 

063.750 

TOO 

033 

880 

630 

881.630 

1075 

1168:25 

4 

693. IDG 

79E 

883 

33 

893,019 

8U4 

97H:^5 

1071 

iiialH 

so 

694.018 

756 

wo 

883 

)Ba 

970,589 

lOBf 

81 

1159.51 

BO 

691.395 

Tffi 

108 

38 

lieu .37 

eso 

1001 

U 

6 

683:S86 

■m 

877 

m 

968:817 

105* 

BBS. 670 

JH8 

MO 

9aa.7Ha 

DO 

6Sr.»30 

IS? 

OU.UiM 

1138:99 

30 

nrr.ieo 

7«1 

IIW 

01 

40 

688.884 

770 

813 

870 

m 

Kooliao 

Iff 

Il»]:38 

BHS.BTB 

JTS 

SOO 

B57.780 

e 

B55.3G8 

IISIIO 

10 

OBsihffla 

iM 

8(B 

BSa.WO 

1037 

i7 

IllK.KU 

so 

683.016 

77-1 

W3 

863 

r83 

850. ;hs 

lOSl 

77f 

I1I0:05 

40 

681 'l» 

868 

1105.49 

50 

680.351 

455 

8,17 

121 

m'.aai 

103! 

1100.83 

7 

6TO.B5 

761 

014 

855 

174 

038.M3 

10110.08 

878 .ass 

139 

853 

lOOl.lfl 

BO 

o;m^ 

VX 

m_ 

930:7S3 

lOOf 

40 

675.104 

7K 

m 

9^.741 

309 

8 

673.015 

670 

931.474 

895 

831 

1005.34 

10 

871.893 

TO 

990 

810 

aw 

918  .SO 

BOl 

580 

870,748 

39,1 

837 

MS 

914, D68 

1064:32 

660 

8a5 

9I1.IR!3 

IMH.eU 

40 

OSBlsftS 

7ai 

ra3 

833 

m 

8iw,aai 

971 

m 

10*3,81 

SO 

867.183 

rat 

933 

890 

g« 

904,701 

on 

1037.  OG 

9 

Miff 

«m:89T 

T4! 

835 

Hn7!667 

4n 

ao 

003.4a 

745 

m 

445 

HiH.OSS 

il5£ 

■m 

101K:«lh 

BflB.131 

7* 

47B 

8lU 

7U0 

Hfl0.»4S 

lOlSTH 

40 

Bli: 

HHI1.5fl7 

BBSi.VKi 

\     <*S,''«S 

10 

aw.iie 

^ 

.Mil 

mi.ai4 

«re.ffi» 

\    -sw.-so 

TABLE  VIL— LONG  CHORDS. 


Actual 

LoNO  Chords. 

Degree 
of 

Arc, 
One 

Curve. 

StAtion 

9 

3 

4 

5 

6 

Stations. 

Stations. 

Stations. 

Stations. 

Stations. 

.0°10' 

100.000 

200.000 

299.999 

899  998 

409.996 

500.003 

no 

.000 

199.999 

299.997 

899.992 

499.963  - 

609.970 

30 

.000 

199.998 

299.992 

899.981 

409.962 

600.038 

40 

.001 

199.997 

299.986 

899.966 

400.032 

509.882 

60 

.001 

199.995 

299.979 

899.947 

400.804 

500.815 

1 

100.001 

199.992 

299.970 

89{).924 

400.848 

500.788 

10 

.002 

199.990 

299.959 

899.896 

400.708 

600.637 

20 

.002 

199.980 

299.946 

899.805 

400.7^ 

590.526 

ao 

.003 

199.983 

299.932 

399.829 

400.667 

600.401 

40 

.003 

199.979 

299.916 

899.789 

400.677 

600.260 

50 

.004 

199.974 

299.898 

899.744 

400.488 

500.105 

2 

100.005 

199.970 

299.878 

899.695 

400.801 

696.981 

10 

.000 

199. 9W 

299.857 

399.643 

400.285 

596.750 

20 

.007 

199.959 

299.834 

899.686 

400.171 

698.660 

30 

.008 

199.952 

299.810 

899.524 

490.040 

508.886 

40 

.009 

199.  WO 

299.783 

899.159 

408.918 

696.106 

60 

.010 

199.939 

299.7^ 

399.389 

408.778 

697.862 

3 

100.011 

199.931 

299.726 

899.315 

406.630 

697.604 

10 

.013 

199.924 

299.695 

899.237 

408.474 

597.831 

20 

.014 

199.915 

299.662 

899.154 

406.800 

597.048 

30 

.015 

199.90? 

299.627 

399.068 

406.186 

696.740 

40 

•017 

199.898 

299.591 

898.977 

40*/.  955 

696.423 

60 

.019 

199.888 

299.653 

898.88;'. 

407.765 

^96.091 

4 

100.020 

199.878 

299.513 

898.782 

407.666 

695.744 

10 

.022 

199.868 

299.471 

398.679 

407.860 

606.888 

20 

.024 

199.867 

299.428 

308.671 

107.146 

605.007 

30 

.020 

199.840 

299.383 

398.459 

496.021 

604.617 

40 

.028 

199.834 

299.337 

898.343 

406.680 

504.212 

60 

.0:30 

199.822 

299.289 

398.228 

406.440 

508.7S» 

5 

100.032 

199.810 

299.239 

398.099 

406.201 

608.858 

10 

.0*4 

199.797 

299.187 

897.970 

405. &44 

602.009 

20 

.i)m 

199.783 

299. ia4 

807.837 

405.678 

502.446 

30 

.038 

199.770 

299.079 

897.700 

405.405 

601.068 

40 

.041 

199.750 

299.023 

897.559 

406.123 

501.476 

60 

.043 

199.741 

298.964 

897.418 

404.832 

690.970 

6 

100.040 

199.  ?20 

298.904 

897.204 

404.534 

600.440 

10 

.018 

199.710 

298.^43 

897.110 

494.227 

660.013 

30 

.051 

199.095 

298.779 

896.952 

408.012 

580.864 

30 

.or>4 

199.678 

298.714 

3JKJ.790 

498.688 

688.800 

40 

.050 

199.662 

298.W8 

8i)6.623 

408.2^ 

r)88.221 

50 

.059 

199.644 

298.579 

896.453 

408.017 

587.628 

7 

100.002 

199.627 

298.509 

896.278 

402.668 

587.081 

10 

.005 

199.609 

298.438 

896.099 

402.212 

586.400 

20 

.008 

199.591 

298.364 

305.916 

401. a47 

585.7)65 

30 

.071 

199.572 

298.280 

895.729 

401.474 

685.115 

40 

.075 

199.55;i 

298.212 

895.538 

401.003 

684.451 

50 

.078 

199.533 

298.184 

895.342 

400.701 

688.778 

8 

100.081 

199.518 

298.054 

395.142 

400.806 

688.081 

10 

.085 

199.492 

297. 9?2 

804. 9138 

.480.000 

682.8^} 

20 

.088 

199.471 

297.888 

894.781 

480.486 

681.654 

;m 

.092 

199.450 

297.803 

804.618 

480.064 

580.020 

40 

.095 

199.428 

297.716 

894.302 

488.684 

580.172 

50 

.099 

199.400 

297.628 

804.082 

488.106 

670.400 

9 

100.103 

199.383 

297.588 

803.857 

487.749 

6^.638 

10 

.107 

199.360 

297.446 

803.629 

487.201 

677.848 

JO) 

.111 

199.337 

297.352 

808.306 

486.83S 

577.080 

^  / 

.115 

199.313 

29r,'.257 

803.150 

486.861 

676.»2 

^  / 

.119 

199.289 

29ri.lftO 

\    ^i.^\% 

\   4Si&.^»& 

i    676.800 
\  ^\.V& 

n    ^ 

.123 

199. 2tU 

29r?.(»a 

\  waa.^T^ 

\   ^8b.'»8b 

\ 

0          / 

300.127     I 

199.230 

290.Wi 

\    ^2.4*24 

-*- 

^V)d 


TABLE  Vn.-LONG  CHORDS. 


Degree 

^a 

Ciure. 

7 

8 

Stations. 

Stations. 

0*10' 

699.968 

799.982 

20 

690.053 

799.929 

SO 

699.S98 

790.{^ 

40 

600.810 

799  716 

50 

690.701 

799.556 

1 

699.574 

799.360 

10 

690.420 

799.130 

so 

600.212 

798.863 

ao 

600.041 

798.562 

40 

606.816 

798.224 

50 

698.567 

797.852 

2 

686.296 

797.444 

10 

608.000 

797  000 

20 

697.680 

796.522 

30 

607.338 

796.008 

40 

606.9n 

795.459 

50 

696.581 

794.874 

8 

606.168 

794.255 

10 

695. '^^1 

793.600 

20 

605.271 

792.911 

90 

694.787 

792.186 

40 

694.280 

791.427 

50 

693.750 

790.632 

4 

698.190 

789.803 

10 

692.619 

788.939 

20 

692.018 

788.040 

90 

691.395 

787.108 

40 

690.748 

786.140 

50 

600.079 

785.138 

5 

689.386 

784.101 

10 

688.670 

783.030 

20 

687.930 

781.925 

90 

687.169 

780.786 

40 

686.881 

779.612 

50 

686.576 

778.406 

6 

684.745 

777.165 

10 

683.892 

775.890 

20 

688.016 

774.. 582 

90 

6H2.117 

773.240 

40 

681.195 

771.864 

50 

680.251 

770.455 

7 

670.285 

769.014 

10 

678.296 

767.539 

20 

677.284 

766.030 

30 

676.250 

764.490 

40 

675.104 

762.910 

50 

674.116 

761.309 

8 

673.015 

759.670 

10 

671.892 

757.999 

20 

670.748 

75(5.295 

90 

669.581 

754.560 

40 

668.893 

752.792 

50 

667.182 

750.  iK« 

9 

665.  JW) 

749.161 

10 

664.607 

747.299 

20 

663.421 

745.404 

30 

662.121 

743. 47J 

40 

660.806 

74I..')22 

60    , 

fm.4m 

73J)..535 

10 

068.105    1 

ra7.516 

Long  Chords. 


9 

Stations. 


10         I       11 

Stations.     Stations. 


18 

Stations. 


899.974 
899.899 
89}).  772 
899.594 
899.365 
899.066 
898.757 
898.376 
897.945 
897.464 
896.931 

896.^9 
8J»5.716 
895.033 
894.299 
893.515 
892.681 
891.798 
890.864 
889.880 
888.846 
887.763 
886.630 

885.448 
884.217 
882.936 
881.606 
880.228 
878.800 
877.324 
875.800 
874.227 
872.605 
870.936 
869.219 

867.454 
865.642 
863.782 
861.875 
859.922 
857.921 
855.874 
853.780 
851.^0 
849.455 
847.224 
844.947 

842.625 
K40.258 
837.^45 
8a').389 
832.888 
8:30.342 
827.754 
825.121 
822.445 
819.726 
816.965 
814.160 
811.314 


\ 


999.965 
999.860 
999.686 
999.442 
999.128 
996.744 
996.290 
997.768 
997.175 
996.518 
995.782 

904.981 
994.112 
993.  m 
992.165 
991.068 
960.943 
968.729 
967.447 
986.096 
9W.077 
963.190 
981.636 

980.014 
978.325 
976.569 
974.746 
972.856 
970.900 
968.877 
966.788 
904.634 
962.415 
960.130 
957.780 

955.366 
952.888 
950.ai5 
047.739 
945.069 
942.a37 
939.542 
936.684 
933.704 
930.783 
927.741 
924.638 

921 .474 
918.250 
9U.mi 
911.628 
908.221 
904.701 
901.2-12 
897.  (K57 
8J)4.0:« 
890.  *43 
88(J.i>97 


009.95 
099.81 
099.58 
099.25 
098.84 
096.33 
097.72 
097.02 
096.23 
096.35 
094.38 

093.31 
092.15 
090.90 
089.56 
068.12 
086.60 
084.98 
083.28 
061.48 
079.59 
077.61 
075.54 

073.88 
071.14 
068.81 
066.38 
063.87 
061.27 
068.5!) 
055.81 
052.95 
060.01 
046. i)7 
043.86 

040.66 
087.37 
084.01 
030.55 
027.02 
023.40 
019.70 
015.9:3 
012.07 
008.18 
004.11 
000.01 

995.8.^ 
9J)1.580  I 
J)87.250 
982.844  I 
978.:3«2  i 
97:3.  HCMi 
1H)9.175 
JMW.47I 

m)jyM  i 

9.'>4.H44 


1199.94 
1199.76 
1199.46 
1199.08 
1198.49 
1197.82 
1X1^.04 
1196.13 
1105.11 
1193.96 
1192.69 

1191.81 
1189.80 
1188.18 
1186.43 
1184.57 
1182.69 
1180.49 
1178.28 
1175.94 
1178.49 
1170.98 
1168.25 

1165.45 
1162.54 
1159.51 
1156.37 
1158.12 
1149.76 
1146.28 
1142.69 
1138.99 
1135.18 
1181.26 
1127.24 

1123.10 
1118.86 
1114.51 
1110.05 
1105.49 
1100.83 
109(5.06 
1091.19 
108(5.22 
1081.15 
1075.98 
1070.71 

1065.  »4 
1059.88 
1054.82 
1018.66 
1012.91 
10:37.06 
10:31.13 
1025.11 
1018.99 
1012.79 
I0t]tt  .4ft 
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TABLB  VrL-LONQ  CHORDS. 


1 

Degree 

of 
Curve. 

LoKG  Chords.                                              | 

7 

8  . 

9 

10 

11 

1» 

Stations. 

Stations. 

Stations. 

1 
1 

Stations. 

Stations. 

Stations. 

lO^lO 

656.728 

785.467 

806.426 

875.086 

934.741 

967.105 

20 

655.820 

788.387 

605.495 

871.068 

929.542 

980.478 

ao 

658.896 

731.277 

802.524 

867.088 

924.276 

973.760 

40 

632.460 

729.187 

799.612 

662.968 

918.943 

966.967 

so 

650.983 

726.967 

796.468 

858.886 

918.544 

960.098 

11 

640.496 

724.767 

793.864 

854.666 

906.060 

958.141 

10 

647.989 

722.587 

790.230 

860.425 

902.650 

946.112 

ao 

646.460 

720.278 

787.056 

846.140 

896.957 

939.007 

ao 

644.911 

717.990 

783.&43 

841.608 

891.803 

931.626 

40 

648.84a 

715.(K2 

780.690 

887.484 

886.586 

924.575 

60 

641.752 

713.325 

777.298 

832.990 

879.607 

917.260 

12 

640.142 

710.950 

778.968 

828.507 

673.968 

900.654 

10 

638.512 

708.546 

770.600 

823.974 

868.070 

902.860 

ao 

636.862 

706.113 

767.193 

819.394 

862.113 

694.655 

90 

685.191 

703.063 

763.749 

814.766 

656.099 

887.254 

40 

633.501 

701.164 

760.268 

810.092 

650.028 

879.668 

60 

631.792 

698.647 

756.749 

806.870 

643.900 

871.857 

18 

630.062 

696.103 

753.194 

800.602 

837.718 

664.063 

10 

628.313 

693.531 

749.603 

795.790 

681.482 

656.206 

ao 

6a6.544 

690.932 

745.976 

790.932 

825.192 

646.293 

30 

624.756 

688.306 

742.313 

786.030 

818.850 

640.316 

40 

622.919 

685.653 

738.616 

781.085 

812.457 

682.266 

60 

621.123 

688.974 

734.883 

776.096 

806.018 

624.196 

14 

619.278 

680.368 

731.116 

771.066 

799.520 

816.056 

10 

617.413 

677.585 

727.315 

765.998 

792.979 

607.660 

ao 

615.530 

674.777 

723.480 

760.879 

786.889 

799.612 

80 

613.628 

671.993 

719.612 

765.725 

779.753 

791.313 

40 

611.708 

669.183 

715.711 

750.531 

773.072 

782.966 

60 

609.769 

666.348 

711.777 

745.297 

766.345 

774.571 

15 

607.812 

663.488 

707.811 

740.024 

759.575 

766.130 

10 

605.836 

660.603 

703.814 

7S4.714 

752.763 

ao 

603.842 

657.693 

699.785 

729.366 

745.908 

80 

601.831 

654.758 

695.725 

723.982 

739.014 

40 

599.801 

651.799 

691.6."^ 

718.561 

732.078 

50 

597.753 

648.817 

687.513 

713.105 

725.104 

16 

595.688 

645.810 

683.362 

707.614 

718.092 

10 

593.605 

642.780 

679.182 

702.088 

711.043 

ao 

591.506 

639.727 

674.973 

696.529 

703.959 

ao 

589.388 

636.650 

670.735 

690.a38 

40 

587.253 

638.550 

666.469 

685.314 

50 

585.101 

630.428 

602.175 

679.659 

17 

582.933 

627.283 

657.854 

673.972 

10 

580.747 

624.117 

653.506 

668.256 

ao 

578.545 

620.928 

649.131 

662.510 

80 

576.326 

617.717 

644.730 

656.736 

40 

674.091 

614.485 

640.304 

650.933 

50 

571.839 

611.232 

635.  a52 

645.103 

18 

569.571 

607.ft58 

031.375 

639.245 

10 

567.287 

604.664 

626.874 

ao 

564.988 

601.349 

G22.349 

80 

562.673 

598.013 

617.801 

40 

560.^42 

594.  a58 

618.229 

60 

557.996 

591.283 

608.  a35 

19 

5.55.6*4 

587.888 

604.018 

10 

5.53.257 

584.475 

599.379 

ao 

550.864 

581.042 

5M.720 

ao 

548.467 

577.. 591 

590.039 

40 

546.035 

674.121 

585.  a39 

so 

543.599 

570.634 

580.618 

\ 

20 

1 

541.147  1 

667.128    ] 

675.877 
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TABLE  Vn.-LONG  CHORDS. 


Actual 
Arc, 
One 

Station. 

Long  Chords. 

Degree 

of 
Curve. 

9 
Stations. 

3 

Stations. 

• 

4 
Stations. 

5 

Stations. 

6 

Stations. 

21« 
22 
23 
24 
25 
.26 
27 
28 
29 
80 

100.562 
100.617 
100.675 
100.735 
100.798 
100.868 
100.931 
101.008 
101.075 
101.152 

196.651 
196.325 
195.965 
195.680 
195.269 
194.874 
194.474 
194.059 
193.680 
198.186 

286.716 
285.437 
284.101 
282.709 
281.262 
279.759 
278.201 
276.589 
874.924 
878.206 

367.179 
364.060 
360.810 
357.-^ 
858.980 
860.808 
346.566 
342.688 
388.704 
884.607 

486.845 
429.306 
428.038 
416.5»i 
409.819 
402.881 
895.758 
888.428 
880.908 
878.206 

488.981 
478.775 
468.270 
467.433 
446.280 
434.827 
^^.092 
411.092 
396.846 
886.870 

/ 


\ 


OfkO' 


TABLE  Vni-MroDLE  ORDINATES. 


TABLE  Vm. -MIDDLE  OBDINATES. 


of 
Curvo. 

1 

» 

8 

4 

5 

6 

Station. 

Stations. 

Stations. 

Stations. 

Stations. 

Stations. 

0°  10' 

.036 

.145 

.327 

.583 

.909 

1.809 

20 

.073 

.291 

.651 

1.161 

1.818 

2.618 

80 

.109 

.436 

.982 

1.745 

2.727 

3.926 

40 

.145 

.582 

1.309 

2.327 

8.686 

5.385 

50 

.182 

.727 

1.636 

2.909 

4.515 

6.544 

1 

.218 

.873 

1.963 

3.490 

6.458 

7.868 

10 

.255 

1.018 

2.291 

4.072 

6.862 

9.160 

20 

.291 

1.164 

2.618 

4.654 

7.270 

10.468 

30 

.327 

1.309 

2.945 

5.285 

8.170 

11.775 

40 

.3W 

1.4M 

3.272 

5.816 

9.087 

18.063 

50 

.400 

1.600 

3.599 

6.398 

9.994 

14.389 

2 

.436 

1.745 

8.926 

6.979 

10.903 

15.694 

10 

.473 

1.891 

4.253 

7.560 

11.809 

17.000 

20 

.509 

2.036 

4.580 

8.141 

12.716 

1    18.801 

*) 

.545 

2.181 

4.907 

8.?22 

18.623 

19.606 

40 

.582 

2.327 

5.2ai 

o.im 

14.529 

•    20.913 

50 

.618 

2.4?2 

5.561 

9.888 

15.435 

'    33.314 

8 

.654 

2.618 

5.888 

10.464 

16.  ail 

38.516 

10 

.691 

2.763 

6.215 

11.044 

17.216 

34.817 

20 

.?27 

2.908 

6.512 

11.624 

18.151 

36.117 

80 

.763 

3.054 

6.868 

12.204 

19.055 

37.416 

40 

.800 

3.199 

7.195 

12.784 

19.959 

38.714 

50 

.836 

3.345 

7.522 

13.868 

20.863 

30.013 

4 

.872 

8.490 

7.848 

18.948 

81.766 

31.306 

10 

.909 

3.635 

8.175 

14.522 

22.668 

83.603 

20 

.945 

3.781 

8.501 

15.101 

28.570 

83.896 

30 

.982 

3.926 

8.828 

15.680 

31.471 

36.189 

40 

1.018 

4.071 

9.154 

16.258 

25.872 

86.480 

50 

i.or>4 

4.217 

9.480 

16.887 

26.272 

37.770 

5 

1.091 

4.363 

9.807 

17.415 

27.171 

39.069 

10 

1.127 

4.507 

10.133 

17.992 

28.070 

40.316 

20 

1.164 

4.653 

10.459 

18.570 

28.968 

41.631 

m 

1.200 

4.798 

10.785 

19.147 

29.866 

43.916 

40 

1.237 

4.943 

11.111 

19.?24 

80.763 

44.196 

50 

1.273 

5.088 

11.436 

20.301 

81.658 

46.479 

6 

1.309 

5.284 

11.762 

20.877 

82.553 

46.750 

10 

i.ai6 

5.379 

12.088 

21.453 

88.448 

48.087 

20 

1.382 

5.SM 

12.413 

22.029 

ai.841 

49.318 

30 

1.418 

5.669 

12.739 

22.601 

85.284 

60.687 

40 

1.455 

5.814 

18.064 

23.179 

86.126 

51.660 

50 

1.491 

5.960 

13.389 

23.751 

87.017 

63.180 

7 

1.528 

6.105 

13.  n5 

»1.828 

87.907 

51.399 

10 

1.564 

6.250 

14.040 

5M.902 

88.796 

66.666 

20 

1.600 

6.395 

14.365 

25.476 

89.684 

66.981 

30 

l.<>37 

6.540 

14.689 

26.049 

40.571 

66.198 

40 

1.67;i 

6.6S5 

15.014 

26.622 

41.458 

69.464 

50 

1.710 

6.831 

15.339 

27.195 

42.843 

60.713 

8 

1.746 

6.976 

15.663 

27.767 

43.227 

61.969 

10 

1.7t2 

7.121 

15.988 

28.388 

44.110 

68.:^ 

20 

1.819 

7.266 

16.312 

28.910 

41.993 

61.475 

30 

1.855 

7.411 

16.636 

29.481 

45.873 

66.7^ 

40 

1.892 

7.556 

16.t)00 

30.051 

46.758 

66.972 

50 

1.928 

7.701 

17.281 

30.621 

47.682 

68.316 

9 

1.965 

7.846 

17.608 

81.190 

48.610 

69.459 

10 

2.001 

7.991 

17.932 

31.759 

49.886 

70.699 

20 

2.o;^7 

8.136 

18.255 

82.828 

60.261 

71.986 

/             SO    J 

2.074 

8.281 

18.578 

82.896 

61.186 

78.171 

4fJ    / 

2.110 

8.426 

18.902 

33.464 

63.006 

74.408 

,^     ^    / 

2. 147      \ 

H.nn 

19.225 

M.Oai 

^   75.688 

JO        1 

2.183      / 

8.716 

19.518 

1      at.SOT 

298 


TABLE  Vm.— MIDDLE  ORDINATBS. 


Degree 
of 

7 

8 

9 

Curve. 

Stations. 

Stations. 

Stations. 

0**  lo' 

1.782 

2.827 

2.945 

ao 

8.568 

4.654 

5.890 

ao 

5.&I5 

6.981 

8.835 

40 

7.126 

9.807 

11.778 

GO 

8.907 

11.682 

14.721 

1 

10.687 

18.957 

17.663 

10 

12.467 

16.281 

20.603 

20 

14.246 

18.604 

23.541 

80 

16.024 

20.925 

26.477 

40 

17.802 

23.246 

29.411 

50 

19.579 

25.5&4 

32.343 

8 

21.356 

27.881 

35.2?2 

10 

23.180 

30.197 

38.198 

ao 

24.908 

32.510 

41.121 

ao 

26.676 

»4.821 

44.040 

40 

28.447 

37.130 

46.956 

60 

80.216 

39.436 

49.868 

8 

81.9&1 

41.740 

52.776 

10 

88.751 

44.041 

55.079 

ao 

85.516 

46.339 

58.577 

80 

87.279 

48.634 

61.471 

40 

89.040 

50.926 

04.360 

60 

40.800 

53.215 

67.243 

4 

42.557 

55.500 

70.121 

10 

44.312 

57.781 

72.992 

ao 

46.065 

00.059 

75.858 

80 

47.816 

62.  das 

78.717 

40 

49.564 

64.002 

81.570 

50 

51.310 

66.868 

&4.416 

6 

53.053 

69.129 

87.255 

10 

54. 7W 

71.386 

90.087 

ao 

56.532 

73.638 

92.911 

80 

58.267 

75.885 

95.728 

40 

50.999 

78.127 

98.530 

50 

Ql.T^ 

80.364 

101.387 

6 

63.455 

82.590 

104.129 

10 

05.178 

a4.822 

10(5.912 

20 

C6.898 

87.043 

109.080 

80 

68.015 

89.258 

112.452 

40 

70.328 

91.408 

115.208 

50 

72.037 

as. 671 

117.954 

7 

71^.7-W 

95.868 

120.691 

10 

75.446 

98.059 

123.417 

20 

77.145 

100.244 

126.  m 

80 

78.a40 

102.422 

128. WO 

40 

80.531 

104.594 

131.535 

50 

83.218 

106.758 

184.219 

8 

83.901 

108.916 

136.893 

10 

85.580 

111. 0(57 

139.555 

IS 

87.254 

113.210 

142.205 

88.924 

115. a46 

144.844 

40 

90.590 

117.475 

147.470 

60 

92.252 

119.596 

150.085 

9 

93.909 

121.709 

152.687 

10 

95.561 

123.814 

155.277 

20 

97.208 

125.911 

157.854 

80 

98.851 

128.000 

160.417 

40 

100.489 

130.081 

162.968 

50 

102.122 

182.158 

165.505 

10 

108.750    , 

m.217 

ieiLo2«_ 

lO 

stations. 


8.636 
7.272 
10.907 
14.540 
18.173 
21.803 
25.431 
29.057 
82.079 
36.298 
39.914 

43.525 
47.181 
50.783 
54.330 


57 

61 


921 
506 


65.084 
68.656 
72.221 
75.778 
79.328 
82.809 

86.402 

89.925 

93.440 

96.J)45 

100.439 

103.924 

107.397 

110.800 

114.311 

117.751 

121.178 

124.593 

127.995 
131.384 
134.759 
138.120 
141.468 
144.800 
148.118 
151.421 
154.708 
157.979 
161.234 
164.473 

167.695 

170.899 

174.086 

177.255 

180.407 

183.539 

186.653 

189.748 

192.824 

195.880 

198.916 
11 -«    I 


■J^ 


11 

Stations. 


4.400 
8.799 
13.197 
17.593 
21.987 
26.378 
80.766 
85.150 
89.530 
43.905 
48.274 

52.637 
56.993 
61.343 
65.684 
70.018 
74.a42 
78.657 
82.903 
87.258 
91.542 
95.814 
100.075 

104.323 
108.558 
112.779 
110.980 
121.178 
125.^50 
129.517 
133.003 
137.791 
141.903 
145.997 
150.072 

154.129 
158.100 
102.184 
106.182 
170.159 
174.114 
178.048 
181.960 
185.850 
189.716 
193.559 
197.377 

201.171 
204.941 
208.685 
212.403 
210.0{)5 
219.700 
228.398 
227.008 
230.591 

.^^^ 

^sw.ero 

5^1.167 


12 

Stations. 


6.236 
10.471 
15.704 
20.aS6 
20.164 
31.388 
36.607 
41.821 
47.028 
52.229 
57.422 

62.606 

07.780 

72.945 

78.098 

83.240 

88.370 

98.486 

98.588 

103.675 

108.747 

113.803 

118.841 

128.862 
128.864 
133.847 
138.810 
143.753 
148.674 
153.572 
158.448 
103. 3U0 
168.128 
1?2.931 
177.708 

182.459 
187.182 
191.878 
196.545 
201.183 
205.792 
210.870 
214.916 
219.431 
223.914 
228.303 
232.779 

237.100 
241.507 
245.818 
250.093 

254.  asi 

258.531 

2;??-9tJ.89 

'Mao-  I 

210. 0(U 
274.049 

^.<m    ( 


TABLE  Vin.— MIDDLE  ORDINATES. 


Degree 

of 
Curve. 


10**  10' 

20 


1 
Station. 


fO 


a.  110 

2.147 
8.183 


2.219 
2.256 
2.293 
329 
865 
402 
438 
475 
511 
547 


2.5&1 

2.620 
2.657 
2.693 
2.730 
2.766 
.803 
.839 
.876 
.912 
2.949 
2.985 
3.022 


2. 
2. 
2. 
2. 


3.058 
3.095 
3.131 
8.168 
3.201 
3.241 
8.277 
3.314 
850 
387 
423 
460 


3.496 
3.533 
3.569 
3.606 
3.W3 
3.679 
3.716 
3.752 
3.789 
3.825 
3.862 
.899 


%  3 

Stations.    Stations. 


8.860 

9.005 

9.150 

9.295 

9.440 

9.585 

9.729 

9.874 

10.019 

10.164 

10.308 

10.453 
10.597 
10.742 
10.887 
11.031 
.176 
.320 
11.465 
11.609 
754 
.898 


11 
11 


11, 
11, 
12.043 

12.187 
12.331 
12.476 
12.620 
12.764 
12.908 
13.053 
13.197 
13.841 
13.485 
13.629 
13.773 

13.917 
14.061 
14.205 
14.349 
14.493 
14.637 
14.781 
14.925 
15.069 
15.212 
15.356 
15.500 


15.643 
15.787 
15.931 
16.074 
16  218 
16.361 
16.505 
16.648 
16.792 
16  935 
17.078 

8.716 ''T^ 


19.870 
20.193 
20.516 
20.838 
21.160 
21.483 
21.804 
22.126 
22.448 
22.769 
23.090 

23.412 
23.732 
24.053 
^.874 
^.694 
25.014 
25.834 
25.654 
25.974 
26.293 
26.612 
26.931 

27.250 
27.569 
27.887 
28.206 
28.524 
28.841 
29.159 
29.476 
29.794 
30.111 
30.427 
30.744 

81.060 
31.376 
81.692 
32.008 
32.323 
32.638 
32.953 
33.267 
83.582 
33.896 
34.210 
34.523 

84.837 
35.150 
35.463 
35.775 
86.088 
86.400 
36.712 
37.023 

sr.sai 

37.645 
37.956 
38.266 
88.576 


4 
Stations. 


6  6 

Stations.    Stations. 


35.164 
85.729 
86.294 
86.859 
87.423 
37.986 
88.549 
89.111 
89.673 
40.284 
40.795 

41.355 
41.914 
42.473 
43.031 
48.588 
44.145 
44.701 
45.256 
45.811 
46.865 
46.919 
47.472 

48.024 
48.575 
49.126 
49.676 
50.225 
50.773 
51.821 
51.868 
52.414 
52.959 
53.504 
&4.048 

54.691 
55.133 
65.675 
56.215 
66.755 
57.294 
57.882 
58.369 
58.906 
59.441 
59.976 
60.510 

61.042 
61.574 
62.106 
62.636 
63.165 
63.693 
61.221 
64.747 
65.273 
65.797 
66.321 


\ 


54.619 
55.486 
56.358 
57.218 
58.061 
68.948 
69.mi 
60.663 
61.521 
62.877 
68.232 

64.085 
64.987 
65.787 
66.636 
67.488 
68.828 
69.171 
70.018 
70.854 
71.692 
72.529 
78.864 

74.197 
75.089 
75.859 
76.687 
77.518 
78.887 
79.159 
79.979 
80.798 
81.614 
82.429 
83.241 

84.052 
84.861 
85.667 
86.471 
87.274 
88.074 
88.872 
89.668 
90.462 
91.254 
98.048 
92.880 

98.616 
94.898 
95.179 
95.957 
96.788 
97.506 
98. STB 
99.047 
99.818 
100.577 
101.889 


78.088 
79.805 
80.528 
81.789 
82.951 
84.161 
85.868 
86.671 
87.Tr2 
88.969 
90.164 

91.865 
92.542 
93.727 
94.906 
96.066 
97.260 
96.481 
99.598 


100. 
101. 


768 
928 


\ 


103.079 
104.838 

105.881 
106.627 
107.669 
106.807 
109.941 
111.071 
118.197 
118.819 
114.488 
115.568 
116.668 
117.768 

118.870 
119.967 
121.061 
122.150 
128.235 
124.816 
125.891 
186.468 
127.580 
128.698 
129.661 
180.704 

181.768 
182.797 
188.887 
184.878 
186.908 
186.988 
187.9i8 
188.964 
189.975 
140.881 
141.882 
142.8I!8 


2^ 


'^0 


..\^ 


TABLE  IX.— UNEAR  DEFLECTION  TABLE. 


Deflec- 
tion. 


100.       200. 


800. 


400. 


2 
8 


80' 

o 

80 
80 
80 


6 


8 
9 

10 
11 
12 
18 
14 

16 
16 
17 
18 
19 

20 
21 
22 
23 
24 

25 
26 
27 


30 
80 
80 
80 


0.87 


1. 
2. 


75 
62 


3.49 


80 


80 
80  I 
30 
80 
30 


30 
80 
30 
30 
80 

30 
30 
80 
30 
80 


4.36 
5.24 
6.11 
6.98 

7.85 

8.73 
9.60 
10.47^ 
11.34 
12.21 
13.081 
13.951 
14.83 
15.69 
16.56 

I7.43I 

18.30' 

19.17; 

20.01: 

20.91 

21.77 

22.&1, 

2:3.51 ; 

24.37, 

25.241 


1.75 

3.49 

5.24 

6.98- 

8.72 

10.47. 

12.22 

13.96 

15.70 

17.45 
19.19 
20.93 
22.68 
24.42 
26.16 
27.90 
29.iU 
31.38 
33.12 

34.86 
36.60 
38.34: 

40.as 

41.81. 

4:3.55! 

45.23 

47.01 

48.75 

50.48 


2.62 
5.24 
7.85 
10.47 
18.09 
15.71 
18.32! 
20.94' 
23.56; 

26.17J 

28.79' 

31.40 

84.02 

36.63 

30.24 

41.85 

44.47 

47.0s 

49.63^ 

52.231 
54.90 


51; 

11 

72 


f  90 


80 
30 
80 

ao 
ao 


52 
53 


26.11 

26.97 

27.a3'  55 

28.70    57 

29.56 

30.42 

31.29 

32.15 

83.01 

33.87 


.21 
.94 
.67 

.40 


59 
60 
62 
64 
66 
67 


57 

60 

62 

65.32 

or. 92 

70.52 

73.12 

75 


8.49 
6.98 
10.47 
13.96 
17.45 
20.94 
24.43 
27.92 
31.41 

a4.89 
38. 3M 
41.87 
45.  a") 
48. W 
52.32 
55.80 
59.29 
62.77 
66.25 

69.78 
73.20 
76, 
80. 


68 
15 
83.62 
87.0*) 
90.5() 
94.03 
97.50 
100.96 


78, 
80, 
83, 
8(5, 


34.73 

35.59 

36.45: 

37.30; 

38.16, 

39.021 

89.87: 

40.731 

41.58 

42.44 


69 
71 
72 

74 
76 
78 
79 
81 
83 
84 


/ 


43.29 
44.14 
44.99 
45.84 
46.69 
47.54 
48.38 
49.23 
60.06 
30.99/101 
61.761108 


86 
83 
89 
91 
93 
95 
96 
98 
100 


.12  83 
.85  91 
.57  93 
.30  9(5 
.021  99 
.74  101. 

46  104. 

18  106. 

89  109. 
.61  111. 
.32  114. 
.04. 117. 
.75 '119. 
.46  122. 
.16  124. 
.87  127. 

.53-120, 
.28  132 
.98  134 
.(58  137 
.38  140 
.07  142 
.77  146 
.46  147 
.15:150 
.841152. 
631155. 


72 


32  104. 

91  107. 

50  111. 

10  114. 

09  118. 
.27  121. 
.86  125. 
.45  128. 
.03  132. 
.611135. 

19  138. 

77  142. 
:34:i45. 
91 i 149. 

49  152. 

05  156. 

(52  159. 

10  162. 
75  lt56, 
31  169, 


42 

88 
34 
79 
25 
70 
15 
59 
04 
48 

92 
.35 
79 

65 
07 
49 
91 
3:3 
74 


.80 

.42, 

.97' 

.52 

.07 

.61 

.15 

.69 

.23 

.76 


173. 

176. 

179. 

183, 

186, 

100, 

193 

196 

200 

2o;3 


15 

5(5 
90 


500. 


4.86 
8.73 
13.09 
17.45 
21.81 
26.18 
30. &4 
34.90 
39.26 

43.62 
47.98 
52.  a4 
56.67 
61.05 
65.40 
69.76 
74.11 
78.46 
82.81 

87.10 
91.50 
95.85 
100.19 
104. 5:J 
106.87 
113.20 
117.54 
121.87 
126.20 

130.53 
134.  a5 
139.17 
143.49 
147.81 
152.12 
15(5.43 
1(50.74 
1(55.05 
169.35 

17:3.65 
177.94 
182.24 
18(5.52 
190.81 
195. 0{) 
199.37 
203.  (U 
207.01 
212.18 


000. 


5.JM 

10.47 

15. n 
20.94 

26.18 
31.41 
36.65; 


j 
700.    !    800. 


900.    i  1000. 


41 
47 


,88 
,11 


52.34 
57.57 
62.80 
68.03 
73.26 
78.48 
813.71 
88.93 
94.15 
99.37 

104.59 
11)9.80 
115.01 
120.23 
125.43 
180.W 
135.64 
141.04 
146.  JM 
151.44 

156.63 
161.82 
167.01 
172.19 
177.37 
182.55 
187.  ?2 
1 5)2.89 
198.0(5 
2(«.22 

208.38 
213.5:3 
218.(58 
22:3.6-3 
228.97 
234.11 
239.24 
244.37 
249.49 
25^1.61 


6.11 
12.22 
18.38 
24.43 
80.54 
36.(55 
42.75 
48.86 
54.96 

61.07 

67.17 

r3.27 

79.37 

85.47 

91.56 

97.66 

103.75 

109.64 

115.93 

122.02 
128.10 
1.34.18 
140.26 
146.^4 
152.41 
158.46 
164.55 
170.62 
176.68 

182.74 

188.79 

194.64 

200.69 

20(5.  {« 

212.97 

1219.01 

,225.01 

12:31.07 

1237.09 

243.11 
;5M9.12 
255.13 
261.13 
267.13 
273.13 
279.12 
2«5.10 
291.08 
297 


6.98 
13.96 
20.94 
27.92 
^4.90 
41.88 
46.86 
55.64 
62.62 

69.79 
76.76 
83.74 


7 


71 
66 


291207 


216. 

220. 

2-24. 
36  2-29. 
76 1 23:3. 
15; 237. 
51 
92 
;30 
(58 
06 


4-t 
70 


,  o 


11, 

246, 
250, 
254 

258 


259.73 
2(51.8-1 
ft5  2(59.91 
20  275.01 
45  2*^).14' 
(59  235.22 
92  290.31 
15  2{)5.33 
38  800.. \li 
(iO  305. 5'^ 
82  810.59 


.05 

303.02 
308.98 
314.93 


90 

97 
104.64 
111.61 
116.57 
125.53 
182.49 

139.45 
146.40 
153.35 
160.30 
167.25 
174.19 
161.13 
168.06 
194.99 
201.92 

206.84 
215.76 
222.68 
229. r9 
2:36.50 
243.40 
250.30 
257.19 
204.08 
270.96 

277.64 
264.71 
291.58 
2JW..14 
805. 2<) 
312.14 
818.99 
325.6:3 
8:32.60 
8:39.18 

364.80 
:i53.12 
359.92 


820.86  3(5(5.72 
326. P2  373.51 


.85 
15.711 
23.56 i 
81.41 
39.27 
47.12; 
54.97 
66.62 
70.67 

78.51 
86.36 
94.20 
102.05 
109.89 
117.73 
125.66 
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TABLE  n.— TURNOUTS    AND   SWITCHES    FROM   A   STRAIGHT 

TRACK.    SS180,  181,  182. 
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Gauge,  8  Feet.    Throw,  4  Inches  =  0.333. 
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Angle  and  Distance  op  Middle  Frog,  F' 
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TABLE  XIV.-GRADES  AND  GRADE  ANGLES. 


Feet 

Feet 

Feet 
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Sta- 
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TABLE  XIV.— GRADES  AiTO  GRADE  AN\5LES. 


Feet' 

Feet 

1 

Feet 

per  ; 

Fe^t  per 

Inclina- 

per 

Feet  per 

Inclina- 

per 

Sta- 

Feet per 

Inclina- 

Sta- i 

Mile. 

tion. 

Sta- 

Mile. 

tion. 

Mile. 

tion. 

tion.  : 

1 

tion. 

tion. 

1 
1 

o      /      • 

}    o      /      » 

o      /      • 

1.51 

79.728 

51  54 

2.05 

108. M)  ,  1  10  28 

5.10 

269.280 

2  55  10 

1.52 

80.256 

52  15 

2.10 

110.880     1  12  It  1 

5.20 

274.560 

268  86 

1.58 

80.784 

52  36 

2.15 

113.520 

1  13  64 

5.80 

279.840 

3  02  09 

1.54 

81.312 

52  56 

2.20 

116.160 

1  15  37 

5.40 

285.120 

3  05  27 

1.55 

81.840 

53  17 

2.25 

118.800 

1  17  20 

6.50 

290.400 

808  58 

1.56 

82.368 

53  37 

2.80 

121.440 

1  19  03 

6.60 

295.680 

8  12  19 

1.57 

82.896 

53  58 

2.85 

124.080 

1  20  46 

6.70 

800.960 

8  16  44 

1.58 

83.424 

54  19 

2.40 

1^6.720     1  22  29 

6.80 

806.240 

8  19  10 

1.59 

83.952 

54.39 

2.45 

129.860     1  24  12 

6.90 

811.520 

322  86 

1.60 

84.480 

55  00  : 

2.50 

132.000 

1  25  66 

6.00 

816.800 

826  01 

1.61 

85.008 

65  31 

2.55 

134.640 

1  27  89 

6.10 

322.080 

3  29  27 

1.62 

85.536 

65  41 

2.60 

137.280 

1  29  22 

6.20 

827.860 

382  62 

1.63 

86.064 

66  02 

2.65 

139.920  :  1  81  05 

6.30 

882. C40 

8  36  18 

1.64 

86.592 

66  22 

2.70 

142.560  I  1  32  48 

6.40 

887.920 

3  39  43 

1.65 

87.120 

66  43 

2.75 

145.200      1  34  31 

6.50 

843.200 

3  43  08 

1.66 

87.648 

57  04 

2.80 

147.840      1  36  14 

6.60 

848.480 

346  84 

1.67 

88.176 

57  24 

2.85 

150.480 

1  37  67 

6.70 

858.760 

3  49  59 

1.68 

88.704 

57  45 

2.90- 

153.120 

1  39  40 

6.F0 

359.010 

353  24 

1.69 

89.232 

68  06  : 

2.95 

155.760 

1  41  23 

o.to 

864.820 

856  50 

1.70 

89.760 

58  26 

3.00 

158.400 

1  43  06 

7.C0 

869.600 

4  00  15 

1.71 

90.288 

68  47 

3.05 

161.040 

1  44  49 

7.10 

874.880  :  4  03  40 

1.72 

90.816 

69  07 

8.10 

163.680 

1  46  32 

7.£0 

860.160  :  4  07  06 

1.78 

91.844 

59  28 

8.15 

166.320 

1  48  15 

7.30 

385.440     4  10  81 

1.74 

91.872 

69  49 

8.20 

11*8.960 

1  49  58 

7.40 

8t0.720  ;  4  18  56 

1.75 

92.400 

1  00  09 

8.25 

171. COO 

1  51  41 

7.50 

8f6.C0O 

4  17  21 

1.76 

92.928 

1  00  30 

8.30 

174.240  i  1  53  24 

7.60 

401.280 

4  20  46 

1.77 

93.456 

1  00  51 

8.35 

176.880     1  £5  07 

7.70 

4C6.560 

4  24  11 

1.78 

93.984 

1  01  11 

8.40 

179.520     1  .^6  £0 

7.80 

411.840 

4  27  36 

1.79 

94.512 

1  01  32  1 

8.45 

182.160      1  £8  £3 

7.90 

417.120 

4  81  01 

1.80 

95.040 

1  01  52 

8.50 

184.800 

2  CO  16 

8. CO 

422.400 

484  26 

1.81 

95.568 

1  02  13 

8.55 

187.440 

2  01  59 

8.10 

427.680 

4  37  51 

1.8a 

96.096 

1  02  34 

3.60 

190.080     2  03  42 

8.20 

432. 9C0  i  4  41  16 

1.88 

96.624 

1  02  54 

3.65 

192.720     2  05  25 

8.30 

438.240     4  44  41 

1.84 

97.152 

1  03  15 

3.70 

195.360     2  07  08 

8.40 

443.5^0 

4  48  06 

1.85 

97.680 

1  o;^  35 

3.75 

198.000     2  08  51 

8.50 

448. HCO 

4  51  30 

1.86 

98.208 

1  03  56 

3.80 

200.640 

2  10  34 

'  8.60 

454.  ffO 

4  54  55 

1.87 

98.736 

1  04  17 

3.85 

20:^.280 

2  12  17 

'  8.70 

459.iiC0  1  4  58  20 

1.88 

99.264 

1  04  37 

3.90 

;     205.920 

2  14  00 

:  8.80 

i     464. (.'40     5  01  44 

1.89 

99.792 

1  04  5S 

3.95 

208.560 

2  15  43 

8.90 

4C9.820     5  05  10 

1.90 

100.320 

1  05  19 

4.00 

211.200 

2  17  26 

9.00 

j     475.i:C0     5  08  34 

1.91 

100.848 

1  05  .30 

i  4.10 

216.480     2  20  .')2 

9.10 

480. 4F0  '  5  11  59 

1.02 

101.370 

1  0(5  00 

1  4.20 

221.760     2  24  18 

9.20 

485.700  !  5  15  23 

1.93 

101.904 

1  m  20 

4.30 

:     227.040  '  2  27  44 

1  9  m 

491.040 

5  18  48 

1.94 

102.432 

1  0()  41 

4.40 

2:«.320     2  81  10 

9.40 

496.  .'<20 

5  22  12 

1.95 

102.960 

1  07  02 

;  4.50 

2:^7.000     2  ?.i  36 

9  50 

501.  COO  i  5  25  37 

1.96 

103.488 

1  07  22 

4.60 

242.880 

2  38  01 

9.60 

506. K80 

5  29  01 

l.»7 

104.016 

1  07  43 

4.70 

2^18.160 

2  41  27 

9.70 

512.160 

5  82  25 

1.96 

104.544 

1  08  04 

4.80 

253.440 

2  44  58 

9.80 

517.440 

5  35  50 

1.99 

105.072 

1  08  24 

4.90 

258.720 

2  4ft  1^ 

\    Ti^^a.^^Si  \'^^'?5^\^ 

r-'^i 

105.600  1 

1  0845 

1 

6.00 

1     2(>4.000  \  'i  51  45 

\    tis».^»JS 

30e 
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TABLE  XV.-FOR  OBTAINING  BAROMETaiC  HEIOHId  IN  FEEr. 


Barom- 
eter. 
Inches 
*   ;=:h. 


/ 


0.00 


16832 
16970 
17107 
17*^43 
17379 
17514 
17648 

irrsi 

17914 
18046 

18178 
18308 
18438 
18668 
18697 
18825 
18953 
19080 
19206 
19332 

19457 
19582 
19706 
19829 
19952 
20074 
20196 
20317 
204:« 
20558 

20877 
20798 
20914 
2iai2 
21150 
21286 
21383 
21498 
21614 
21728 

21813 
21ft57 
23070 
22183 
2^295 
22407 
22518 
22829 
22739 
22819 

22959 
2.W<'>8 
2:^178 
23if.5 
28K)2 
J2a>00 

2S(m 

2S71S 
2SH19 
239-M 


0.02 


16860 
16997 
17134 
17270 
17406 
17540 
17674 
17808 
17940 
18072 

18204 
18334 
18464 
18594 
18723 
18851 
18978 
19105 
19231 
19357 

19482 
19806 
19780 
19854 
19976 
20098 
20220 

2a;i4i 

20462 
20581 

20701 
20820 
20938 
21058 
21173 
21290 
21408 
21522 
21637 
21751 

21866 
21979 
221)1.2 
22205 
22317 
22429 
22543 
22(i51 
22781 
22871 

22981 
23090 
2:U98 
2:*J06 
2:W14 
23521 
J2»fc» 
aSTU 

28V  ir, 


0.04 

0.06 

0.08 

16888 

16915 

16948 

17025 

17052 

170H0 

17162 

17189 

17216 

17298 

17325 

17852 

17483 

17460 

17487 

17567 

17594 

17621 

17701 

17728 

17755 

17834 

17861 

17887 

17967 

17998 

18020 

18099 

18125 

18151 

18280 

18256 

18282 

18860 

18386 

18418 

18490 

18516 

18542 

18620 

18645 

18671 

18748 

18774 

18799 

18S76 

18902 

18927 

19004 

19029 

19054 

19180 

19156 

19181 

19256 

19282 

19807 

19382 

19407 

19482 

19507 

19582 

19557 

19631 

19656 

19681 

19755 

19780 

19604 

19878 

19903 

19927 

20001 

20025 

a0050 

20128 

20147 

20ira 

20244 

20269 

20293 

20365 

20389 

20413 

20186 

20510 

20584 

20605 

20629 

20653 

20725 

20748 

aorra 

20843 

20867 

20891 

2'J932 

20985 

21009 

21079 

21103 

21126 

21196 

21220 

21248 

21818 

21886 

21359 

21429 

21452 

21475 

21^5 

21568 

21591 

21660 

21688 

21706 

21774 

21797 

21820 

21888 

21911 

21984 

22002 

22025 

22C47 

22115 

22188 

22160 

22228 

22250 

222?2 

22340 

22362 

22384 

22451 

22474 

22496 

22582 

22585 

22807 

22673 

2^m 

22717 

22783 

22805 

22827 

22893 

22915 

22987 

23003 

23024 

23046 

2:^111 

23133 

28155 

2:i!J20 

23:M1 

23263 

2:«28 

23849 

23871 

284:i) 

23457 

28478 

23542 

23564 

23585 

23(V49 

23670 

28692 

23755 

\  aanft 

[     83788 

28861 

\  Cessna 

23960 

Diff.  per 
.002  m. 


2.8 
2.8 
2.7 
2.7 
2.7 
2.7 
2.7 
2.7 
2.7 
2.6 

2.6 
2.6 
2.6 


2. 
2. 
2. 
2. 


2.5 
2.5 
2.5 

2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.4 
2.4 
2.4 
2.4 


2. 
2. 
2. 
2, 
2 
2. 
2. 


2.8 
2.8 

2.8 

2.8 
2.8 
2.3 
2.2 
2.2 
2.8 


8 
2 
3 


\ 


2.2 

2.2 
2.2 
2.2 
2.2 
2.2 
2.1 
2.1 
2.1 
^.\ 
'5^\ 
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TABLE  XY.— FOR  OBTAINXNG  BAROMETRIC  HHQHTS  IN  FEET. 


Barom- 
eter. 

Inches 
=  h. 


25' 


26* 


27* 


28< 


29< 


80 


/ 


••0 

.1 

.2 

.8 
.4 
.5 
.6 
.7 
.8 
.9 

.0 
.1 
.8 
.3 
.4 
.5 
.6 
.7 
.8 
.9 

».0 
.1 
.2 
.8 
.4 
.5 
.6 
.7 
.8 
.9 

.0 
.1 
.2 
.3 
.4 
.5 
.6 
.7 
.8 
.9 

.0 

.1 
.2 
.3 
.4 
.5 
.6 
.7 
.8 
.9 

.0 
.1 
.2 
.3 
.4 
.5 
.6 
.7 
.5 


0.00 


/ 


21029 
24134 
24238 
24:^2 
24446 
24549 
24651 
24754 
24855 
24957 

25058 
25159 
25259 
25a59 
25458 
25557 
2.5056 
25755 
238.'>3 
25950 

26048 
26145 
26241 
26337 
264.33 
26529 
26624 
26719 
26813 
26908 

27001 
27095 
27188 
27281 
27373 
27466 
27.557 
27649 
27740 
27S31 

27922 
28012 
28102 
28192 
28281 
28:)70 
2^^50 
2a'>47 
28035 
28723 

28811 
28808 
28985 
29072 
29158 
295m 
2a330 
294J0 
2fmi 

29rm 


COS 


24050 
241.55 
24259 
24363 
24466 
24569 
24672 
24774 
24876 
24977 

25078 
25179 
25279 
25379 
25478 
25577 
25676 
25774 
25872 
25970 

26067 
261(U 
26260 
26357 
20452 

mm 

26643 
26738 
268.32 
26926 

27020 
27114 
27207 
27299 
27392 
27481 
27576 
27(}67 
2775H 
27819 

27940 
28<Ki() 
2H12() 
28209 
28299 
28.388 
28176 
2H.'j{)5 
28<):>3 
28711 

28828 
28915 
29002 
29089 
29175 
29261 
29;i47 

29518 
29<!03 


0.04 

0.06 

0.06 

Diff.  per 
.00;$  in. 

»4071 

24092 

24113 

2.1 

24176 

24197 

24217 

2.1 

24280 

24301 

^1321 

2.1 

24aS4 

24404 

24425 

2.1 

24487 

24508 

^4528 

2.1 

24590 

^610 

24631 

2.1 

24692 

24713 

24733 

2.0 

^794 

24815 

248a5 

2.0 

24896 

24916 

24937 

2.0 

24997 

25018 

25038 

2.0 

25098 

25118 

25188 

2.0 

25199 

25219 

25289 

2.0 

25299 

25:319 

2.5339 

2.0 

25399 

2.5419 

26438 

2.0 

25498 

25518 

255.38 

2.0 

2.5597 

25617 

256.37 

2.0 

2.5696 

25715 

25785 

2.0 

25794 

2.5813 

25838 

2.0 

25892 

2.5911 

25931 

2.0 

25989 

26009 

28028 

2.0 

26086 

26106 

26125 

1.9 

26183 

26203 

26222 

1.9 

26280 

2(5299 

26318 

1.9 

26376 

26;W5 

26414 

1.9 

2(>472 

26491 

26510 

1-9 

26.5()7 

2&586 

26605 

1.9 

26662 

26681 

26700 

1.9 

26757 

26776 

26795 

1.9 

26Sr)l 

2.870 

26889 

1.9 

26945 

269W 

26983 

1.9 

27039 

27058 

27076 

1.9 

271.32 

27151 

27169 

1.9 

27225 

27244 

27262 

1.9 

27:^18 

27.336 

273.55 

1.8 

27410 

27429 

27447 

1.8 

27.502 

27521 

27.5.39 

1.8 

275W 

27612 

27631 

1.8 

270H5 

277(4 

277^22 

1.8 

27777 

27795 

27813 

1.8 

27867 

27885 

27904 

1.8 

27958 

27976 

27994 

1.8 

28(V1H 

28(KW) 

28084 

1.8 

28i:-J8 

281.56 

281  ?'4 

1.8 

2*^227 

28215 

28263 

1.8 

2S;il7 

28:*i4 

28:352 

1.8 

2H4<r> 

2812:3 

2H441 

1.8 

28194 

28512 

28529 

1.8 

28582 

28fJ00 

28618 

1.8 

2H<>70 

28(}88 

28706 

1.8 

287.58 

28776 

28793 

1.8 

28816 

28863 

28881 

1.8 

289:i3 

289.50 

289(58 

1.8 

2<)020 

290:37 

290.54 

1.7 

29106 

29124 

29141 

1.7 

2.-)  192 

29210 

29227 

1.7 

29278 

292<)6 

29313 

1.7 

293<>4 

29381 

293{« 

1.7 

2<.>450 

^Kmi 

I   %>A{^V 

\   w 

29ri.%'S 

\   'KH^T-^^i 

\  -)J^';^cl^ 

\    \"v 

^%20 

\  ^iscwi 

\  "-ajK^A 

B08 


TABLE  XVI.-COEFFHnENT  OF  CORRECrnOEf  FOE  TEHFEEATUBBl 


IlOO  I 


',  ssool  .009  Ijaseoi 


4000     .31»  \!fl(«\  .512         B      3 

ll4aoo\  .s«a\\&«»\  -waW  to  \ 


i.WV 


TABLE  XVm.— GOES^CIENT  FOB  BEDUCINa  INCLINED  STADIA 
MEASX7RBMENTS  TO  THE  HOBIZONTAL.    |  294. 


a 

O' 

lO' 

20' 

ay 

4ff 

BO' 

o» 

1.000000 

.999992 

.999967 

.999924 

.999865 

.999789 

1 

.999696 

.999586 

.999459 

.999315 

.999154 

.998977 

2 

.998782 

.998571 

.VWcSMo 

.998098 

.997886 

.997557 

8 

.99^61 

•  .996949 

.996619 

.996273 

.995910 

.995531 

4 

.995134 

.994721 

.994291 

.993844 

.998381 

.992901 

5 

.992401 

.991891 

.991360 

.990814 

.990250 

.989670 

G 

.989074 

,988161 

.987831 

.987185 

.986522 

.985843 

7 

.985148 

.984436 

.983708 

.982963 

.982202 

.981424 

8 

.980631 

^979821 

.978995 

.978152 

.977294 

.976419 

9 

.975628 

,974621 

.973698 

.972';69 

.971804 

.970838 

10 

.969816 

.968843 

.967824 

.966790 

.965739 

.961673 

11° 

.963591 

,962191 

.961380 

.960^2 

.959107 

.957918 

13 

.956772 

.955581 

.954375 

.953153 

.951916 

.950661 

18 

.949396 

,948113 

.946815 

.945502 

.944174 

.942831 

14 

.941478 

!  940100 

.938711 

.937309 

.935891 

.934459 

15 

.933011 

.931550 

.930073 

.928582 

.927077 

.925557 

16 

.924022 

.922474 

.920911 

.919334 

.917742 

.916137 

17 

.914517 

1912883 

.911236 

.909574 

.907899 

.906209 

18 

.904507 

;902790 

.901060 

.899316 

.897558 

.895787 

19 

.891008 

.892206 

.890395 

.888571 

.886733 

.884883 

20 

.883020 

;881143 

.879254 

.877852 

.875437 

.873610 

210 

.871569 

.869617 

.867652 

.865674 

.863684 

.861681 

32 

.859667 

.857640 

.855601 

.853550 

.851487 

.849412 

23 

.847326 

1845227 

.843117 

.840996 

.838862 

.836718 

21 

.834561 

.832391 

.830215 

.828025 

.825825 

.823613 

2S 

.821390 

.819156 

.816911 

.814656 

.812890 

.810113 

26 

.807826 

.805529 

.803221 

.800903 

.798575 

.796236 

27 

.79;}888 

,791529 

.789161 

.786783 

.784396 

.781998 

28 

.779591 

.777175 

.774749 

.772314 

.769870 

.767416 

20 

.764954 

.762483 

.760002 

.757513 

.755015 

.752509 

80 

.749994 

.747471 

.744939 

.742399 

.789850 

.787294 

81° 

.784729 

.732157 

.729577 

.726969 

.724898 

721790 

82 

.719179 

.716561 

.713935 

.7iia[)2 

.708662 

.706015 

83 

.703361 

.700700 

.698033 

.695358 

.692677 

.689990 

34 

.687296 

.681595 

.081889 

.679176 

.676457 

.673733 

85 

.671002 

.668266 

.665524 

.662776 

.660023 

.657264 

86 

.654500 

.651731 

.648a57 

.646177 

.643393 

.640604 

37 

.637810 

.633011 

.632208 

.629401 

.626588 

.623772 

88 

.620952 

.618127 

.615299 

.612466 

.609630 

.606790 

89 

.603946 

.601099 

.598248 

.595395 

.592537 

.589677 

40 

.586814 

.583948 

.581079 

.578207 

.575332 

.572455 

41° 

.56a576 

.566694 

.563810 

.660924 

.558036 

.555145 

42 

.552253 

.549.359 

.5464(U 

.543567 

.540068 

.537768 

43 

.534867 

.5319&1 

.529061 

.526156 

.523251 

.520JW5 

44 

.517438 

.514530 

.511622 

.508714 

.505805 

.502897 

45 

.499988 

.497079 

.494170 

.491261 

.488353 

.485445 

/ 


TABLE  XIX. -LOGARITHM    OF    COEFBIOIBNT    FOR    REDUdKO    IN- 
CUNED  STADIA  MEASUREMENTS  TO  THE  HORIZONTAL.    |2M. 


a 

C 

lO' 

20' 

80' 

40' 

W 

Of* 

0.000000 

9.999996 

9.999985 

9.999967 

9.999941 

9.999906 

1 

9.999668 

.999820 

.999765 

.989702 

.999688 

.999566 

2 

.999471 

.999379 

.999280 

.999178 

.999060 

.996938 

8 

.998809 

.998673 

.998529 

.998879  ^ 

.998220 

.996055 

4 

.997882 

.997701 

.997514 

.997318 

.997116 

.996906 

5 

.996689 

.99&4«^ 

.99628!^ 

.996092 

.996745 

.996491 

6» 

9.995229 

9.994959 

9.994683 

9.994899 

9.994107 

9.998806 

7 

.993501 

.993187 

.992866 

.992587 

.992201 

.991867 

8 

.991506 

.991147 

.990780 

.990406 

.990025 

.989686 

9 

.989240 

.988836 

.988424 

.968005 

.987579 

.98n44 

10 

.986703 

.986253 

.985797 

.985332 

.964860 

.964880 

11° 

9.983893 

9.983898 

9.982895 

9.982385 

9.961867 

9.961842 

12 

QSTMna 

.980268 

.979719 

.979168 

.978699 

.978027 

13 

.977447 

.976860 

.976265 

.975668 

.975052 

.974484 

14 

.978808 

.973174 

.972582 

.971888 

.971225 

.970660 

15 

.969887 

.969206 

.968517 

.967820 

.967116 

.966408 

16° 

9.965683 

9.964954 

9.9&1218 

9.968478 

9.962721 

9.961960 

17 

.961192 

.960415 

.959631 

.958888 

.968037 

.957229 

18 

.956412 

.955587 

.954753 

.953912 

.968068 

.952205 

19 

.951339 

.960465 

.949588 

.948692 

.947798 

.946666 

20 

.945970 

.946047 

.944114 

.943174 

.942225 

.941266 

21° 

9.940302 

9.939828 

9.938^5 

9.987364 

9.986855 

9.985847 

22 

.934330 

.933306 

.982271 

.981229 

.980178 

.929119 

23 

.928050 

.926974 

.925888 

.924794 

.928691 

.922579 

24 

.921458 

.920329 

.919191 

.918044 

.916888 

.915728 

25 

.914549 

.918366 

.912176 

.910974 

.909764 

.906646 

26° 

9.907318 

9.906081 

9.904835 

9.903680 

9.902816 

9.901042 

27 

.899759 

.898467 

.89n66 

.896865 

.894585 

.898206 

28 

.891867 

.890519 

.889161 

.887794 

.886417 

.885031 

29 

.888635 

.882230 

.880816 

.879390 

.877956 

.876512 

30 

.875058 

.878594 

.872121 

.870687 

.869144 

.867641 

31° 

9.866127 

9.864604 

9.868071 

9.861528 

9.859974 

9.868411 

32 

.8568:^7 

.855253 

.853669 

.862054 

.850489 

.848814 

33 

.847178 

.815532 

.848876 

.812209 

.840681 

.888848 

34 

.83n44 

.835484 

.833714 

.881982 

.880240 

.828488 

35 

.826724 

.824949 

.823163 

.821867 

.819559 

.817740 

36° 

9.815910 

9.814068 

9.812216 

9.810852 

9.808476 

9.806680 

87 

.804691 

.802781 

.800860 

.798927 

.796982 

.795026 

38 

.793058 

.791078 

.789086 

.787082 

.785066 

.788088 

39 

.780998 

.rr8946 

.776883 

.774805 

.772716 

.770614 

40 

.768500 

.766374 

.764235 

.762063 

.769919 

.757742 

41° 

9.755552 

9.753849 

9.751133 

9.748904 

9.746662 

9.744407 

42 

.742138 

.739857 

.737561 

.735263 

.782931 

.780595 

43 

.728246 

.725883 

.723506 

.721115 

.718710 

.716291 

44 

.713858 

.711411 

.708950 

.706474 

.703988 

.701479 

45 

9.698959 

9.696425 

9.693876 

9.691818 

9.688784 

9.666140 

• 

* 

1 

t 

1 

A 


Q11 


TABLE  ZZ.— LENQTHS  OF  CIBCULAB  ARCS ;  RADIUS  =  1. 


! 

Sec. 

Length. 

Min. 

Len^h. 

Deg. 

Length. 

Deg. 

Length. 

1 

.0000048 

1 

.0002909 

1 

.0174583 

61  1 

1.0646508 

2 

.0000097 

2 

.0005818 

2 

.0349066 

62  1 

1.0821041 

3 

.0000145 

3 

.0008727 

3 

.0523599 

63 

1.0995674 

4 

.0000194 

4 

.0011636 

4 

.0698132 

64 

1.1170107 

5 

.0000242 

5 

.0014544 

5 

.0872665 

65 

1.1344640 

6 

.0000291 

6 

.0017453 

6 

.1047198 

66 

1.1519173 

7 

.0000339 

7 

.0020862 

7 

.1221780 

67 

1.1698706 

8 

.0000388 

8 

.0023271 

8 

.1896268 

68 

1.1868239 

9 

-  .0000436 

9 

.0026180 

9 

.1570796 

69 

1.2042772 

10 

.0000485 

10 

.0029089 

10 

.1745829 

70 

1.2217806 

11 

.0000583 

11 

.0031998 

11 

.1919862 

71 

1.2391888 

12 

.0000582 

12 

.0034907 

12 

.2094395 

72 

1.2566371 

13 

.0000630 

18 

.0087815 

13 

.2268928 

73 

1:2740904 

14 

.0000679 

14 

.0040724 

14 

.2443461 

74 

1.2915436  - 

15 

.0000727 

15 

.0(M3633 

15 

.2617994 

76 

1.8089969 

16 

.0000776 

16 

.0046542 

16 

.2792527 

76 

1.8264502 

17 

.0000624 

17 

.0049451 

17 

.2967060 

77 

1.8439085 

18 

.0000873 

18 

.0052860 

18 

.3141593 

78 

1.3613568 

19 

.0000921 

19 

.0055269 

19 

.3316126 

79 

1.3788101 

SO 

.0000970 

20 

.0058178 

20 

.3490659 

80 

1.8962634 

21 

.0001018 

21 

.0061087 

21 

.3665191 

81 

1.4137167 

22 

.0001067 

22 

.0068995 

22 

.8889724 

82 

1.4311700 

23 

.0001115 

23 

.0066904 

23 

.4014257 

83 

1.4486233 

24 

.0001164 

24 

.0069813 

24 

.4188790 

84 

1.4660766 

25 

.0001212 

25 

.0072722 

25 

.4368323 

85 

1.4835299 

26 

.0001261 

26 

.0075631 

26 

.4537856 

86 

1.5009832 

27 

.0001309 

27 

.007&540 

27 

.4712389 

87 

1.5184364 

28 

.0001357 

28 

.0081449 

28 

.4886922 

88 

1.5358897 

29 

.0001406 

29 

.0064358 

29 

.5061455 

89 

1.5533480 

30 

.0001454 

80 

.0087266 

80 

.5285988 

90 

1.5707863 

31 

.0001503 

31 

.0090175 

31 

.5410521 

91 

1.5882496 

32 

.0001551 

32 

.0093084 

32 

.5585054 

92 

1.6057029 

33 

.0001600 

33 

.0095993 

83 

.5759587 

93 

1.6231562 

34 

.0001648 

34 

.0098902 

34 

.5934119 

94 

1.C406095 

35 

.0001697 

35 

.0101811 

35 

.6108(552 

;  95 

1.6580628 

36 

.0001745 

36 

.0104720 

36 

.6283185 

96 

1.6755161 

37 

.0001794 

87 

.0107629 

:  37 

.6457718 

97 

1.6929694 

38 

.0001842 

88 

.0110588 

;  38 

.6632251 

98 

1.7104227 

39 

.0001891 

39 

.0113446 

39 

.6806784 

99 

1.7278760 

40 

.0001939 

40 

.0116355 

40 

.6981817 

100 

1.7453293 

41 

.0001988 

41 

.0119264 

1  41 

.715r:850 

i  101 

1.7627825 

42 

.0002036 

42 

.0122173 

42 

.73803^3 

102 

1.7802858 

43 

.0002085 

43 

.0125082 

43 

.7504916 

103 

1.797C891 

44 

.0002133 

44 

.0127991 

44 

.7679449 

104 

1.8151424 

45 

.0002182 

45 

.0130900 

1  45 

.7H589H2 

105 

1.8825957 

46 

.0002230 

46 

.0133809 

46 

.8028515 

:  106 

1.8500490 

47 

.0002279 

47 

.0136717 

47 

.i^20H047 

1  107 

1  1.8,675023 

48 

.0002327 

48 

.0139626 

48 

.^^377580 

103 

1.8849556 

49 

.0002376 

49 

.0142535 

49 

.8552113 

109 

:  1.9024089 

50 

.0002424 

50 

.0145444 

50 

.8726046 

i  110 

1.9198622 

51 

.0002473 

51 

.0148353 

i  51 

.8901179 

111 

1.9373155 

52 

.0002521 

52 

.0151262 

52 

.9075712 

112 

,  l.{)547()88 

53 

.0002570 

53 

.0154171 

1  53 

.9250245 

,  113 

;  1  9722221 

54 

.0002(J18 

54 

.0157080 

i  54 

. 9424778 

114 

1.989675;^ 

55 

.0002666 

55 

.0159989 

1  55 

.9599311 

115 

2.0071286 

56 

.0002715 

56 

.0162897 

56 

.9773844 

116 

;  2.0245819 

57 

.0002768 

57 

.0165806 

57 

.9(M8377 

1  117 

:  2.042aS52  i 

58 

.0002812 

58 

.0168715 

'  58 

1.0122910 

lift 

*i..v:Si^^?^  ^ 

59 

.0002860 

;  59 

.0171624 

'  59 

\\  Vi^ 

SL.'^^^SlifiCft. 

/      60    , 

.0002909    1 

/  60 

.0174533 

1  60 

\     s  SL.VSifi^^X 

81^ 


TABLE  XXI. -MINUTES  IN  DECIMALS  OF  A  DEOREB.    - 


0- 


10" 


.00000 
.01007 
.03*33 

.a->;)oo 

.001367 
.08333 
.10000 
.11667 
.1*^33 
.15000 
.16667 

.18333 
.20000 
.21(567 

.25000 
.20()67 
.28333 
.31K)00 
.31067 
.3:3333 

.35000 
.36067 
.38333 
.40000 
.41(567 
.4:3333 
.45(X)0 
.4(5067 
.48:333 
.50000 

.51667 
.5:3:333 
.55000 
.50(567 
.58:33:3 
.60000 
.61667 
.(5333:3 
.05000 
.0(5067 

.6a^33 
.71)000 
.71(567 
.7:33:33 
.75000 
.7(5«507 
.78:3:33 
.80000 
.81(507 
.8.5:3:3:3 

.avxK) 

.S- if  507 
.8.s:5:3-3 
.90000 
.91(5(57 
.aT33:3 
.95000 

.  mm 

o'    ; 


«  ' 


00278 
.01iM4 
.0:3011 
.05278 
.00944 
.08011 
.10278 
.11944 
.1:3011 
.15278 
.10944 

.18611 
.20278 
.21{>44 
.2:3(511 
.25278 
.201W4 
.28611 
.:30278 
.31944 
.{3:3011 

.35278 
.30944 
.38011 
.40278 
.41914 
.43(511 
.45278 
.40J)44 
.48611 
.50278 

.51944 
.5:3011 
.55278 
.50944 
.58011 
.(50278 
.01944 

.mm 

.05278 
.00944 

.08011 
.70278 
.71944 
.7:3(511 
.75278 
.7(59U 
.78;311 
.80278 
.819^44 
.8:U511 

.a-)278 
.8(5944 
.88(511 
.{Kh>r8 
.91941 
.9:5(511 
.95278 

.muu 


15' 


20" 


00417 
02083 
03750 
05417 
07083 
08750 
10417 
12083 
13750 
15417 
17083 

18750 
20417 
22083 
23750 
25417 
27083 
28750 
30417 
32083 
33750 

35417 
37083 
38750 
40417 
42033 
43750 
45417 
47083 
48750 
50417 

52083 
5:3750 
55417 
57083 
58750 
60417 
6208:3 
6:3750 
05417 
07083 

68750 
70417 
7208:3 
73750 
75417 
77083 
78750 
80417 
8208:3 
83750 

a5417 
87(H3 
88750 
JK)I17 
9208:3 
93750 
95417 
97083 
06750 


'  V, 


.00556 
.02222 
.03889 

05556 
.07222 
.08889 
.10556 

V2222 
.1:3889 
.15556 

.18889 
.20556 

.23889 
.25556 
.27222 
.28889 
.30556 
.32222 
.33889 

.35556 
.37222 
.38889 
.40556 
.42222 
.43889 
.45550 
.47222 
.48:389 
.5.J556 

.52222 

.5;38S9 
.55556 
.57222 
.588S9 
.60556 
.62222 
.63889 
.65.556 
.6?222 

.68889 
70556 

.73889 
.75556 
.77222 
.78K^9 
.80556 
.82222 
.83889 

.«)556 
.87222 
.88889 
.1K)556 
.9222'> 
.9:JS89 
.95550 
.97222 
.98889 


30" 


ur    \    15- 


20' 


.00833 
.02500 
.04167 
.05833 
.07500 
.09167 
.10833 
.12500 
.14167 
.15833 
.17500 

.19167 
.20833 
.22500 
.24167 
.25833 
.27500 
.25)167 
.30833 
.32500 
.34167 

.85833 
.37500 
.39167 
.40833 
.42500 
.44167 
.45833 
.47500 
.49167 
.50833 

.52503 
.54167 
.55833 
.57500 
.69167 
.60833 
.62500 
.64167 
.65833 
.67500 

.69167 
.708a3 
.72500 
.74167 
.75833 
.77500 
.79167 
.80833 
.82500 
.&4167 

.85833 
.87500 
.89107 
.90833 
.925(X) 
.941(57 
.l>58:i3 
.97500 
.\W107 


40" 

1 
1 

45" 

1 

.01111 

.01250 

: 02778 

.02917  1 

.04444 

.04583 

.00111 

.0(5250 

.07778 

.07917 

.0W44 

.09583 

.11111 

.11250 

.12778 

.12917 

.14444 

.14583 

.10111 

.16250 

.17778 

.17917 

19444 

.19583 

.21111 

.21250 

»  .22778 

.22917 

.jm44 

.24583 

.2(5111 

.26250 

.27778 

.^7917 

.29444 

.29583 

.31111 

.81250 

.32778 

.82917 

.34444 

.84583 

.30111 

.36250 

.37778 

.87917 

.39444 

.30588 

.41111 

.41250 

.42778 

.42917 

.44444 

.44588 

.40111 

.46250 

.47778 

.47917 

.4W44 

.40583 

.51111 

.51250 

.52778 

.t2917 

.54444 

.51588 

.50111 

.56250 

.57778 

.57917 

.59444 

.60583 

.61111 

.61250 

.62778 

.62917 

.64144 

.64583 

.(50111 

.66250 

.67778 

.67917 

.00414 

.60583 

.71111 

.71250 

.727773 

.7^2017 

.74444 

.74588 

.70111 

.76250 

.77778 

.77917 

.70444 

.79583 

.81111 

.81250 

.82778 

.82917  1 

.84444 

.84583  1 

8(5111 

.86250  1 

.  8'(  '<  1 8 

.87917  1 

.89444 

.80588 

.91111 

.912.^.0 

.92778 

.92917 

.944+4 

.04583 

.JM5111 

.96250 

.5)7778 

.97917 

.9W44 

.99588 

60" 


.01880 

0 

.08055 

1 

.04722 

2 

.06389 

3 

.08056 

4 

.09722 

5 

.11389 

6 

.18056 

7 

.14722 

8 

.16880 

0 

.18056 

10 

.19722 

11 

.21880 

12 

.28056 

18 

.»4722 

14 

.26880 

15 

.28056 

16 

.207^ 

17 

.81880 

18 

.88056 

10 

.U7i& 

20 

.86380 

21 

.88056 

22 

.897^22 

23 

.41880 

24 

.48056 

25 

.44722 

26 

.46880 

27 

.48056 

28 

.497^22 

29 

.61880 

80 

.58056 

81 

.54722 

32 

.56389 

88 

.68056 

a4 

.597^22 

85 

.61880 

36 

.63a56 

37 

.W7T22 

88 

.6(5880 

39 

.68056 

40 

.69722 

41 

.71389 
.73056 
.74722 
.7(5389 
.7«a56 
.79722 
.81389 
.83056 
.»47^22 

.86389 
.88056 
.89?22 
.91380 

.oia-yj 

.01722 
.9(5389 
.08a')6 
.007^ 


4";i' 


AS?  \ 


W 


^lo 


TABLR  XZn.-INCEES  IN  DEOIHALS  0 


.[.j,l.[,l.l. 

.        1  .     .     ,.  1  „    . 

1-as 

t| 
B 

8-8 

IB-K 

1U 

lB-8!. 

1  -S. 

9- in 

if. 

23-3E 

3-1 

ia-1 
s-sa 

-S 

s 

080 

06!C 
06- 

owr 

(K*'!    1  II 

JS^   $U9   4113 
.55-    13«    41 
JSTt    flil      4.4 
-601    iiasi   -1 
Jl(.)(     J4»4    4 
X9a    !UOD    4)^ 

fiooo  seaa  CM"  7500  saaa  bibt 

Si    T,       tj             1          J.      H.J5            J.           t. 

0 

■  i  ■  1  '  1  *  1  ■  1  ■  1  '  1  '  1  ■  1  "  1  "  1 

TABLE  XXin.-SQUARE3,  CUBES,  SQUARE  ROOTS. 


No. 

Squares. 

Cubes. 

Square 
Roots. 

CubeRootR. 

Reciprocals. 

1 

1 

1 

1.0000000 

1.0000000 

1.000000000 

2 

4 

8 

1.4142136 

1.2599210 

.500000000 

3 

9 

27 

1.7320508 

1.4422496 

.388333833 

4 

16 

64 

2.0000000 

1.5874011 

.250000000 

5 

25 

125 

2.2360680 

1.7099759 

.200000000 

6 

36 

216 

2  4494897 

1.8171206 

.166666667 

7 

49 

343 

2.6457518 

1.9128312 

.142857143 

8 

64 

512 

2.8284271 

2.0000000 

.125000000 

9 

81 

729 

3.0000000 

2.CSJ0637 

.111111111 

10 

100 

1000 

8.1622777 

2.1544347 

.100000000 

11 

121 

1331 

8.3166218 

2.2239801 

.090909091 

12 

144 

1728 

8.4641016 

2.2894286 

.063833333 

13 

169 

2197 

8.6055513 

2.3513847 

.076928077 

14 

196 

2744 

8.7416574 

S. 4101422 

.071428571 

15 

225 

3375 

8.8729833 

2.4662121 

.066666667 

16 

256 

4096 

4.0000000 

2.5198421 

.062500000 

17 

289 

4913 

4.1231056 

2.5712816 

.058823529 

18 

324 

5832 

4.2426407 

8.6207414 

.055655556 

19 

361 

6859 

4.3588989 

2.6684016 

.052631679 

20 

400 

8000 

4.4721360 

2.7144177 

.050000000 

21 

441 

9261 

4.5825757 

2.7589243 

.047619048 

22 

484 

10648 

4.6904158 

2.8020393 

.045454545 

23 

529 

12167 

4.7958315 

2.8488670 

.043478261 

2i 

576 

13824 

4.8989795 

2.8844991 

.0416666OT 

25 

625 

15625 

5.0000000 

2.9240177 

.040000000 

26 

676 

17576 

5.0990195 

2.9624960 

.088461688 

27 

729 

19683 

5.1961524 

8.0000000 

.087037037 

28 

784 

21952 

5.29^6026 

.8.0365889 

.085714286 

29 

&il 

24389 

5. 3851048 

8.0723168 

.084482769 

SO 

900 

27000 

5. 47-^256 

8.1072825 

.088838833 

31 

961 

29791 

5.5677644 

8.1413806 

.082258066 

32 

1034 

82768 

5.65685^2 

8.1748021 

.081250000 

33 

1089 

35937 

5.7445626 

8.2075343 

.080303080 

34 

1156 

39304 

5.8309519 

8.2396118 

.029411765 

35 

1225 

42875 

5.9160798 

8.2710668 

.028671429 

36 

1296 

46656 

6.0000000 

8.3019272 

.027777778 

37 

1369 

50653 

6.0827625 

8.3322218 

.027027027 

38 

1444 

54872 

6.1044140 

8.3619754 

.026815789 

39 

1521 

59319 

0.2449980 

8.3912114 

.025641026 

40 

1600 

WOOO 

6.3245553 

8.4199519 

.025000000 

41 

1681 

68921 

6.4C«1242 

3.4482172 

.024890244 

42 

17(>4 

74088 

6.4807407 

8.4760266 

.028809624 

43 

1849 

79507 

6.5574385 

3.5033981 

.023256814 

44 

1986 

85184 

6.  (5332496 

3.5303483 

.022727278 

45 

2025 

91125 

6.7082039 

3.5568933 

.082222222 

40 

2116 

97;i36 

6.7823300 

3.5830479 

.021789130 

47 

2209 

ia3823 

6.8556546 

3.6088261 

.021276600 

48 

2304 

110502 

6.9282032 

3.6*42411 

.020838838 

49 

2401 

117&49 

7.0000000 

3.6593057 

.020408168 

50 

2500 

125000 

7.0710078 

3.6840314 

.020000000 

51 

2601 

132651 

7.1414284 

3.7084298 

.019607848 

52 

2704 

110608 

7.2111026 

3.7325111 

.019230769 

53 

2809 

148877 

7.2801099 

3.7562858 

.018867925 

54 

2t)10 

157404 

7.34H4692 

3.7797631 

.018518.519 

55 

3025 

166375 

7.4101985 

3.8029525 

.018181818 

56 

313() 

175616 

7.48a3148 

3.8258624 

.017857148 

57 

3iM0 

ia5193 

7.549a^44 

8.8485011 

.017543860      ; 

58 

3304 

195112 

7.0157731 

3.8708766 

.017241879      , 

59 

3481 

205379 

7.(W11457 

3.8929965 

.016949158 

60 

3000 
3721 

216000 

7.74596ftT 

,      8.9148676 

n-itmaanp'f 

.UlOODOtio? 

61 

226981 

7.8\oa4ftr? 

\     %.^^AWa 

V    .QiL<Qa9ai48 

6JJ      / 

38-i4 

2S832S 

7.87400r?9 

\    ^.^'wai^ 

\       .^^VSSiMSL 
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CUBE  ROOTS,  AND  RECIPROCALS. 


No. 

Squares. 

• 

Cubes. 

Square 
Roots. 

Cube  Roots. 

Reciprocals. 

68 

3969 

250047 

7.9872639 

3.9790571 

.015878016 

M 

4096 

262144 

8.0000000 

4.0000000 

.015625000 

65 

4225 

274625 

8.0622577 

4.0207256 

.015384615 

66 

4356 

287496 

8.1240384 

4.0412401 

.015151515 

67 

4489 

300763 

8.185:3528 

4.0615480 

.014925878 

68 

4624 

314432 

8. 2^62113 

4.0816551 

.014705882 

69 

4761 

328509 

8.3066239 

4.1015661 

.014492754 

70 

4900 

343000 

8.3666003 

4.1212853 

.014285714 

71 

5041 

3»r911 

8.4261498 

4.1408178 

.014064507 

72 

5184 

373248 

8.4852814 

4.1601676 

.018888889 

73 

5:329 

889017 

8.5440037 

4.1798390 

.013696680 

74 

5476 

405224 

8.6023^3 

4.1963364 

.013518514 

?i 

5625 

421875 

8.660«J40 

4.2171633 

.018338888 

5776 

438976 

8.7177979 

4.2358236 

.013157895 

77 

5929 

456533 

8.7749644 

4.2543210 

.012087013 

78 

6084 

474552 

8.8317609 

4.2726586 

.012820513 

79 

6241 

493039 

8.8881944 

4.2908404 

.012658228 

80 

6400 

B12000 

8.9442719 

4.8088695 

.012500000 

81 

6561 

531441 

9.0000000 

4.8267487 

.012346679 

82 

6724 

•       551368 

9.0553851 

4.8444815 

.012196122 

83 

6889 

571787 

9.1104336 

4.8620707 

.012048193 

84 

7056 

592704 

9.1651514 

4.8795191 

.011904762 

85 

7225 

614125 

9.2195445 

4.8968296 

.011764706 

86 

7396 

636056 

9.2736185 

4.4140049 

.011627907 

87 

7569 

658503 

9.3273791 

4.4310476 

.011494263 

88 

7744 

681472 

9.3808315 

4.4479602 

.011368686 

89 

7921 

704969 

9.4339811 

4.4647451 

.011235955 

90 

8100 

729000 

9.4868830 

4.4814047 

.011111111 

91 

8281 

75:1571 

9.5393920 

4.4979414 

.010989011 

92 

8464" 

778088 

9.5916630 

4.5143574 

.010869565 

93 

8649 

804357 

9.6436508 

4.5306549 

.010752688 

94 

8836 

830584 

9.6953597 

4.5468&59 

.010638298 

95 

9025 

857375 

9.7467948 

4.5629026 

.010526816 

96 

9216 

884786 

9.7979590 

4.57«8570 

.010416667 

97 

9409 

912673 

9.8488578 

4.5947009 

.010309278 

98 

9604 

941192 

9.891)4949 

4.6104363 

.010204082 

99 

9801 

970299 

9.9498744 

4.6260650 

.010101010 

100 

10000 

1000000 

10.0000000 

4.6415888 

.010000000 

101 

10201 

1030:301 

10.0498756 

4.6570095 

.009900990 

102 

10404 

1061208 

10.0995049 

4.6723287 

.009808922 

103 

10609 

1092?27 

10.1488916 

4.6875482 

.009708788 

104 

10816 

1124864 

10.1980390 

4.7026694 

.00961588.) 

106 

11025 

1157625 

10.2469508 

4.7176940 

.009523810 

106 

11236 

1191016 

10.2950:301 

4.7326235 

.001W33962 

107 

11449 

1225043 

10.3440804 

4.7474594 

.009345794 

108 

11664 

1259712 

10.3923048 

4.7622032 

.00>2.59259 

109 

11881 

1295029 

10.4403065 

4.77(i8562 

.009174312 

110 

12100 

1331000 

10.4880885 

4.7914199 

.009090900 

111 

12:i21 

1367631 

10.5356538 

4.8a)8955 

.009009009 

112 

12.-544 

1404928 

10.5vS:30052 

4.8202845 

.0089285,1 

118 

12769 

1442897 

10.G301458 

4.S34.J881 

.008849558 

114 

12996 

1481544 

10.C770783 

4.8188076 

.0087719:30 

115 

13225 

1520875 

10.72:38053 

4.8()2:)442 

.008Cy.50.V2 

116 

i;U")6 

15()0S<J6 

10.7703296 

4.H7mm 

.008()20(;{K) 

117 

13(W9 

1601613 

10.M16653S 

4.8!M)97:32 

.008547009 

118 

13021 

l()i:m32 

10.W)278a5 

4.9.')-18G81 

.008474576 

119 

14161 

1GS5159 

10.9087121 

4.9186847 

.008403361 

120 

14400 

1?28000 

10.9544512 

4.9324242 

.0083.33333 

m 

11641 

1771561 

11.00  OOOO 

4.5)4(50874 

.0(XS2i»44(W 

102 

148H4 

IH 15848 

11.04,53610 

4.955KJ757 

128 

15J29 

immi 

11.0{K)53tt5 

\      4.^TMW.VA 
\      4.WWKi\Q 

UM    1 

vMum 

11.1355287 

310 


TABLE  XXin.~SQUARES,  CUBES,  SQUARE  ROOTS. 


No. 

Squares. 

Cubes. 

Square 
Hoots. 

Cube  Roots. 

RAciprocals. 

125 

15625 

1953125 

11.1803399 

6.0000000 

.006000000 

126 

15876 

2000376 

11.2249722 

5.0182979 

.007936506 

127 

16129 

2048383 

11.2694277 

6.0265257 

.007874016 

128 

16;^ 

2097152 

11.3137085 

6.0896842 

.007812500 

129 

16641 

2146089 

11.3578167 

6.0527743 

.007751088 

130 

16900 

2197000 

11.4017543 

5.0667970 

.007692306 

131 

17161 

2*.^48091 

11.4455231 

5.0787531 

.007638588 

132 

174;M 

2299968 

11.4891253 

5.0916434 

.007575758 

13:3 

17689 

2352637 

11.5325620 

5.1044687 

.007518797 

15U 

17956 

2400104 

11.5758369 

5.1172299 

.007462687 

135 

18225 

2460375 

11.6189500 

5.1299278 

.007407407 

13G 

18496 

2515456 

11.6619038 

5.1425682 

.007352941 

137 

18769 

257ia')3 

11.7046999 

5.1551867 

.007290270 

138 

19044 

2628072 

11.7473401 

5.1676498 

.007246377 

139 

19321 

2685619 

11.7898261 

6.1801015 

.007194245 

140 

19600 

2744000 

11.8821596 

5.1924941 

.007142867 

141 

19881 

2803221 

11.8743421 

5.2048279 

.007T)92199 

142 

20164 

2863288 

11.9163753 

6.2171084 

.007042254 

148 

20449 

2924207 

11.9582607 

6.2298215 

.006998007 

144 

20736 

2985984 

12.0000000 

5.2414828 

.006944444 

145 

21025 

8048625 

12.0415946 

5.2585879 

.006896558 

146 

21316 

3112136 

12.0830460 

6.2866874 

.006849815 

147 

21609 

3170523 

12.124a557 

6.2776821 

.006802721 

148 

21904 

3:iW1792 

12.1655251 

5.2895725 

.006756757 

149 

22201 

330;'949 

12.2065556 

«.d014592 

.006ni400 

150 

22500 

3375000 

12.2474487 

5.8132928 

.006666667 

151 

22801 

3442951 

12.2882057 

5.8250740 

.006622517 

152 

23104 

8511808 

12.3288280 

5.8368083 

.006578947 

153 

23409 

8581577 

12.86931()9 

5.8484812 

.006585948 

154 

23716 

8652264 

12.4096736 

6.8601084 

.006493606 

155 

24025 

8723875 

12.4498996 

5.8716854 

.006451618 

156 

24336 

8796416 

12.4899960 

5.8882126 

.006410256 

157 

24649 

8869893 

12.5299641 

5  8946907 

.006869427 

158 

24964 

3944:312 

12.5698051 

5.4061202 

.006829114 

159 

25281 

4019679 

12.6095202 

5.4176015 

.006289806 

160 

25600 

4090000 

12.6491106 

6.4288852 

.006250000 

161 

25921 

4173281 

12.0885775 

5.4401218 

.C06211180 

162 

26244 

4251528 

12.7279221 

5.4513618 

.006172810 

168 

26569 

43:30747 

12.7671453 

5.4625556 

.0061&4969 

164 

26896 

4410944 

12.8002485 

5.4787037 

.006097561 

165 

27225 

4492125 

12.8452326 

5.4848066 

.006060606 

166 

27556 

4574296 

12.8840987 

6.4958647 

.006024096 

167 

27889 

4657463 

12.9228480 

5.5068784 

.005968024 

168 

28224 

4741(W2 

12.9614814 

6.5178484 

.005952881 

169 

28561 

4826809 

13.0000000 

5.5287748 

.005917160 

170 

28900 

4913000 

13.03S4048 

5.5396583 

.006882853 

171 

29241 

5000211 

13.0766968 

5.5504991 

.005847958 

172 

295H4 

508KW8 

13.1148770 

6.5612978 

•    .005813963 

173 

29929 

5177717 

13.1529464 

5.5'?2a546 

.005780847 

174 

30276 

52(58024 

13.190J)060 

5.5827702 

.005747126 

175 

3(H)25 

5359375 

13.2287566 

5.5984447 

.005714286 

176 

3()<)7() 

5451776 

13.2(5649{>2 

5.6040787 

.006681818 

177 

31329 

5M5233 

13.3041347 

6.6146724 

.006649718 

178 

316H4 

5639752 

13.3416(J41 

5.6252263 

.005617978 

179 

32041 

57:35:339 

13.3790882 

5.6357408 

.005586862 

180 

32400 

.5832000 

13.4164079 

5.6462162 

.006555666 

181 

327'61 

5925)741 

13.45:36240 

5.(>566528 

.006624868 

182 

331:;^4 

6028.568 

18.4907376 

6.6670611 

.006494606 

JS3    1 

83489 

612K487 

13.5277493 

5  6774114 

.005464481 

IHi 

33856 

6229504 

13.5646600 

5.6877340 

.00548(788 

im 

84225    / 

6331625 

13.6014705 

\      5.«?fi>ft\«l 

\      .WtMOMOS 

IHO    j 

34596    1 

64^4856 

lS.6881Rn 

\      fe.'jaSJfiflTk 

\      JtaKHSmWA     \ 
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CUBE  BOOTS,  AND  BECIPBOCALS. 


No. 

Squares. 

Cubes. 

Square 
Boots. 

Cube  Boots. 

Beciprocals. 

187 

84969 

6539203 

13.6747943 

5.7184791 

.005347594 

188 

35344 

6644672 

18.7113092 

6.7286543 

.005819149 

189 

35721 

6751269 

18.7477271 

6.7387936 

.005291006 

190 

86100 

6859000 

13.7840488 

6.7488971 

.005263158 

191 

86481 

6967871 

13.8202760 

5.7689652 

.005236602 

192 

86864 

7077888 

13.8664065 

5.7689982 

.005208338 

193 

37249 

7189057 

18.8924440 

5.7789966 

.005181847 

194 

37636 

7301884 

13.9283883 

5.7889604 

.005154689 

195 

88025 

7414875 

13.9642400 

5.7988900 

.005128205 

19(5 

88416 

7629536 

14.0000000 

5.8087857 

.005102041 

197 

88809 

7645873 

14.0356688 

5.8186479 

.005076142 

198 

89204 

7762392 

14.0712478 

6.8284767 

.005050506 

199 

89601 

7880599 

14.1067360 

6.8382725 

.005025126 

200 

40000 

8000000 

14.1421356 

5.8480366 

.005000000 

201 

40401 

8120601 

14.1774469 

5.8577660 

.004975124 

202 

40804 

8242406 

14.2126704 

5.8674643 

.004950495 

208 

41209 

8365427 

14.2478068 

5.8771307 

.004926108 

204 

41616 

8489664 

14.2828569 

6.8867053 

.004901961 

205 

42025 

8615125 

14.8178211 

6.8963685 

.004878049 

206 

42436 

8741816 

14.8527001 

5.9059406 

.004854869 

207 

42849 

8869743 

14.3874946 

5.9154817 

.004830918 

208 

43264 

8998912 

14.4222051 

6.9249921 

.004807692 

209 

43681 

9129329 

14.4568823 

5.9344721 

.004784689 

210 

44100 

9261000 

14.4913767 

5.9489220 

.004761905 

211 

44521 

9393931 

14.5258390 

6.9633418 

.004739886 

212 

44944 

9528128 

14.5602198 

6.9627820 

.004716981 

213 

45369 

9663597 

14.6945195 

5.9720926 

.004694886 

214 

45796 

9600844 

14.6287388 

6.9814240 

.004672897 

215 

46225 

9938375 

14.6628783 

5.9907264 

.004651168 

216 

46656 

10G77696 

14.6969385 

6.0000000 

.004629680 

217 

47089 

10218313 

14.7309199 

6.0092450 

.004608295  . 

218 

47524 

10360232 

14.7648231 

6.0184617 

.004587156 

219 

m 

47901 

10503459 

14.7986486 

6.0276502 

.004666210 

220 

48400 

10048000 

14.8323970 

6.0868107 

.004545466 

221 

48841 

10793861 

14.8660687 

6.C459435 

.C04524887 

222 

492H4 

10941048 

14.8996644 

6.C5E0489 

.004504505 

223 

49729 

11089567 

14.9331845 

6.0641210 

.004484305 

2^4 

50176 

11239424 

14.9666295 

6.0731719 

.004464286 

225 

50625 

11390625 

15.C000000 

6.C8S:2020 

.004444444 

226 

51076 

11543176 

15.08321)64 

6.C911994 

.004424779 

227 

51529 

11697083 

15.0665192 

6.1C01102 

.004405286 

228 

51984 

11852352 

15.0996689 

6.1091147 

.004885965 

229 

52441 

12008989 

16.13S74C0 

6. 1160832 

.0048C6812 

230 

52900 

12167000 

15.1657509 

6.12C9257 

.004347826 

231 

53361 

12326391 

15.1980842 

6.1857924 

.C04S£e004 

232 

53824 

12487168 

15.2315402 

6.1446337 

.004310345 

233 

64289 

12649337 

15.2643375 

6.1534495 

. 004291845 

234 

54756 

12812904 

15.297a')85 

6.1622401 

.  00427  3P.04 

235 

55225 

12977875 

15.3297097 

6.1710058 

.0042SC319 

236 

55696 

13144256 

15. 3622015 

6.1797466 

.004)^87288 

237 

66169 

13312053 

15.3948043 

6.1884628 

.004219409 

238 

56644 

13481272 

15.4272486 

6.1971544 

.004201681 

239 

57121 

13651919 

15.4596248 

6.2058218 

.004184100 

2i0 

57600 

18824000 

15.4919334 

6.2144650 

.0O41C6607 

241 

58081 

18997521 

15.5241747 

6.2280843 

.CC4149378 

242 

58564 

14172488 

15.. '5563492 

6.2316797 

.0(M1 32231 

243 

59049 

14348907 

15.5884573 

6.2402515 

.004115226 

244 

59536 

14526784 

15.6204994 

6.2487998 

.004098361 

245 

60025 

14706125 

15.6524758 

6.2573248 

.004081683 

246 

60516 

14886936 

15.6843871 

6.2658266 

247 

61009 

16069223 

15.7162336 

;0stf  / 

61504 

16252992 

'   15.7480157 

ai8 


TABLE  XXm.— SQUARES,  CUBES,  SQUARE  ROOTS, 


No. 


219 

250 
251 
232 
253 
254 
255 
253 
257 
25d 
259 

260 
261 
262 
263 
264 
265 
266 
267 
268 
269 

270 
271 
272 
273 
274 
275 
276 
277 
278 
279 

280 
281 
282 
283 

284 
285 

286 
287 
288 
289 

290 
291 
292 
293 
294 
295 
296 
2<)7 
21W 
299 

300 
3()1 
;102 
303 
301 
8a5 
306 
SOT 
308 

809 

810 


Squares. 


/ 
/ 


G2001 

62500 
63001 
63604 
64009 
64516 
65025 
65536 
66049 
66564 
67081 

67600 
68121 
68644 
69169 
69696 
70225 
70756 
71289 
71824 
72361 

72900 
73441 
73984 
7452.) 
75076 
75625 
76176 
76729 
77284 
77841 

78400 
78961 
79524 
80089 
80656 
81225 
81796 
82309 
82944 
83521 

84100 
841)81 
avi64 
85849 
8ti4.>3 
87025 
8761 G 
88209 
88S04 
89401 

90000 
90U01 
91204 
91809 
9iU6 
93025 

94249 

U54S1 
90100 


Cubes. 


15438249 

15625000 
15813251 
16008008 
16194277 
16387064 
16581375 
16777216 
16974593 
17173512 
17378979 

17576000 
17779581 
17984728 
18191447 
18:399744 
18609625 
18821096 
19034163 
19248832 
19465109 

19683000 
19902511 
20123648 
20346417 
20570824 
20796875 
21024576 
21253933 
21484ir>2 
21717639 

21952000 
22188041 
22425768 
22665187 
22906:)04 
23149125 
23393656 
23639iK)3 
23887872 
24187509 

24389000 
24«J42171 
24S97088 
25153757 
25412184 
25()?2375 
259:i4*}6 
26198073 
2(»4«J3:>{)2 
26730899 

27000000 
27270901 
27543008 
27S18127 
2809 i4r4 
28:372()25 
28652616 
28931443 
2J)218112 
2J>5<«629 
297U1000 


Square 
Roots. 


15.7797338 

15.8113883 
15.8429795 
15.8745079 
15.9050737 
15.9373775 
15.9687194 
16.0000000 
16.a)12195 
16.0623784 
16.0934769 

16.1245155 
16.1554944 
16.1864141 
16.2172747 
16.^480768 
16.2788206 
16.8095064 
16.3401346 
16.8707055 
16.4012195 

16.4316767 
16.4620776 
16.4924225 
16.5227116 
16.5529454 
16.6831240 
16.6132477 
16.0433170 
16.6738320 
16.7032931 

16.7332005 
16.7630546 
16.7928556 
16.8226038 
16.8522995 
16.8819430 
16.9115345 
16.9410743 
16.9705627 
17.0000000 

17.0293864 
17.0587221 
17.0880075 
17.11?2428 
17.1464282 
17.1755640 
17.2046505 
17.2336879 
17.2()2(5765 
17.2910165 

17.3205081 

17..'M9;3516 

17.3781472 

17.40680.52 

17.4:355958 

17.4642492 

17.4928557 

17.5214155 

17.5499288 

17.57«aMS!A 

17.606ave» 


Cube  Roots. 


6.2911946 

6.2996053 
6.8079935 
6.8163596 
6.8247035 
6.8830256 
6.9418257 
6.8486042 
6.3578611 
6.8660968 
6.3748111 

6.8826043 
6.3906765 
6.8988279 
6.4069585 
6.4150687 
6.4281588 
6.4812276 
6.4892767 
6.4479057 
6.4558148 

6.4688(^ 
6.4712786 
6.4792236 
6.4871541 
6.4960653 
6.5029572 
6.5108300 
6.5186839 
6.5265189 
6.5348351 

6.5421826 
6.5499116 
6.5576722 
6.5654144 
6.5731885 
6.5808443 
6.5885828 
6.5962023 
6.6088545 
6.6114890 

6.6191060 
6.6267054 
6.6342874 
6.6418522 
6.6498998 
6.6569302 
6.6644487 
6.6719403 
6.6794200 
0.6868831 

6.6943295 
6.7017593 
0.7091729 
6.7166700 
6.7239508 
6.7313155 
6.7886641 
6.7459967 
6.7588184 


Reciprocals. 


\ 


.004016064 

.004000000 
.008984064 
.003968254 
.003952660 
.0039371906 
.003921569 
.003906250 
.003891051 
.003875969 
.003861004 

.Q038461M 
.008881418 
.003816794 
.003802281 
.003787879 
.003778585 
.003750896 
.003745818 
.008731848 
.008n7478 

.003703704 
.003690087 
.003676471 
.003668004 
.003049635 
.008686864 
.003623188 
.003610108 
.003597122 
.003584229 

.003571429 
.003558719 
.003546099 
.003538569 
.003521127 
.003508772 
.603496508 
.003484321 
.003472222 
.003460208 

.003148276 
.003486426 
.003424668 
.003412960 
.003401361 
.003389881 
.003378378 
.003367008 
.003355705 
.003{»44»i 

.003383338 
.003322259 
.003311258 
.003300380 
.003289474 
.003278660 
.008267074 
.008257820 
.006246758 


i 


CUBE  ROOTS,  AND  REdPBOOALa 


No. 

Squares. 

Cubes. 

Square 
liiuots. 

Cube  Boots. 

Reciprocals. 

311 

96rai 

30080231 

17.6351921 

6.7751690 

.003215484 

312 

97344 

80371328 

17.6035217 

6.7824229 

.003205128 

313 

97909 

30604297 

17.0918000 

6.7896613 

.003194888 

314 

98596 

80959144 

17.7200451 

6.7908844 

.003184718 

315 

99225 

31255875 

17.7482393 

6.8040921 

.003174603 

316 

99856 

81554490 

17.7703888 

6.8112847 

.0031&4557 

317 

100489 

81855018 

17.80449:38 

6.8184020 

.003154574 

81« 

101124 

321574:32 

17.8325545 

6.8256242 

.003144054 

319 

101761 

32461759 

17.8605711 

0.8327714 

.003134796 

320 

lOsMOO 

82768000 

17.8885438 

6.8399037 

.003123000 

321 

103041 

33076161 

17.9164729 

6.&470213 

.003115265 

322 

10;3684 

33386248 

17.W43584 

6.8541240 

.OU3105590 

32^3 

104329 

33698267 

17.9?22008 

6.8612120 

.003095975 

324 

104976 

a4012224 

18.000(XKJ0 

0.8682855 

.003086420 

323 

105625 

a4328125 

18.0277564 

6.875344:3 

.00:3076923 

32G 

106276 

34W5976 

18.0554701 

6.8823888 

.00:3007485 

a27 

100929 

34965783 

18.0831413 

6.8894188 

.00:3058104 

328 

1075H4 

a5287552 

18.1107703 

6.89W345 

.003048780 

32U 

108241 

35011289 

18.1383571 

6.9034359 

.003039514 

830 

108900 

35937000 

18.ia59021 

6.9104232 

.0a3030808 

ail 

109501 

36264091 

18.1934054 

6.91?3964 

.00:3021148 

3:i2 

110224 

80594308 

18.22086?2 

6.9243556 

.00:3012048 

333 

110889 

30.;20037 

18.2482876 

6.9813008 

.003003008 

3:34 

111556 

37259704 

18.2756669 

6.9382321 

.002994012 

335 

112225 

37595375 

18.3030052 

6.94514{)0 

.002985075 

330 

112896 

137933056 

18.3303028 

6.9520533 

.002970190 

337 

113509 

38272753 

18.3575598 

6.9589434 

.002907359 

338 

114244 

38614472 

18.3847763 

6.9658198 

.002958580 

339 

114921 

88958219 

18.4119526 

6.9726826 

.002^49853 

340 

115000 

39304000 

18.4390889 

0.9795321 

.002041176 

ail 

110281 

39t>51821 

18.4661853 

6.986:3081 

.002932551 

ai2 

116904 

40001088 

18.4932420 

6.9931906 

.00292:3977 

3W 

117649 

40:35:3007 

18.5202592 

7.0000000 

.002915458 

344 

118a30 

407075H4 

18.5472370 

7.0007902 

.002900977 

345 

lliH>25 

41063625 

18.5741756 

7  0ia5791 

.002898551 

340 

lli)710 

41421730 

18.6010752 

7.020:3490 

.002890173 

347 

12a40J> 

41781923 

18.6279:360 

7.0271058 

.0028811^ 

a48 

121104 

421-44192 

18.6547581 

7.03:3^497 

.002873568 

349 

121801 

42508549 

18.6815417 

7.0405800 

.002865330 

350 

122500 

42875000 

18.7082809 

7.04'>2987 

.002857143 

a5i 

12:3201 

4324*551 

18.7:^49940 

7.0540041 

.002849003 

352 

12:3904 

43014208 

18.70100:30 

7.0606967 

.002H40909 

a-i3 

124609 

43986977 

18.7882942 

7.0673767 

.0028:32861 

354 

125:310 

44361864 

18.814887? 

7.0740440 

.002824859 

a55 

120025 

44738875 

18.84144:37 

7.0806988 

.002810901 

a56 

126736 

45118016 

18.8079023 

7.0873411 

.002808989 

357 

127449 

45499293 

18.8944436 

7.0939709 

.002801120 

358 

1281(>4 

45882712 

18.9208879 

7.1005885 

.00279:3290 

359 

128881 

40208279 

18.9472953 

7.1071937 

.002785515 

360 

129600 

46656000 

18.9736660 

7.1137866 

.002777778 

•  361 

130321 

47045881 

19.0000000 

7.1203074 

.002770083 

862 

1:31044 

47437928 

19.0262976 

7.1269:360 

.002702431 

863 

131769 

47832147 

19.0525589 

7.13a4925 

.002754821 

864 

132490 

48228544 

19.0787H40 

7.1400370 

.002747253 

365 

133225 

48627125 

19.1049732 

7.1465095 

.0027:397^26 

366 

1:3:3950 

49027896 

19.1311265 

7.15130901 

.002732240 

867 

i:i4689 

4J)430863 

19.157^^1 

7.1595988 

.002724796 

868 

1:35424 

49836032 

19.183:3261 

7.1660957 

.002717:391 

869 

136161 

5024a409 

19.2093727 

7.1725809 

.002710027 

870 

136900 

50653000 

19.2353a41 

i      T.\T»«A?^ 

\     .<5Rfrv^:RClSSJ» 

371 

13764J    , 

51004811 

19.261?*m 

\      T  .\^«^\<if2. 

z 

87S     1 

istmi 

51478848 

19.287^15 

\      T  .VaV^^Si 

\    .^>fiftki^«^r«. 

oc^fv 


<^  -y^  •  ik^f 

No. 

Squares. 

Cubes. 

Square 
Hoots. 

Cube  Roots. 

Reciprocals. 

189129 

51895117 

19.3132079 

7.19&4050 

.002680965 

374 

139876 

623i;i624 

19.3390796 

7.2048322 

.002673797 

375 

140625 

527*4375 

19.3649167 

7.2112479 

.002666667 

376 

141376 

53157376 

19.3907194 

7.2176522 

.002659574 

377 

142129 

53582633 

19.4164878 

7.2240450 

.002652520 

378 

142884 

54010152 

19.4422221 

7.2304268 

.002645503 

379 

143641 

54439939 

19.4679^223 

7.28679?2 

.002638522 

380 

144400 

54872000 

19.4935887 

7.2431565 

.002631579 

381 

145161 

55306341 

19.5192213 

7.2495045 

.002624672 

S&i 

145924 

55742968 

19.5448203 

7.2558415 

.002617801 

383 

146689 

56181887 

19.5703858 

7.2621675 

.002610966 

881 

147456 

5662:^104 

19.5959179 

7.2684824 

.002604167 

385 

148225 

57066625 

19.6214169 

7.2747864 

.002597408 

386 

148996 

57512456 

19.6468827 

7.2810794 

.002590674 

387 

149769 

57960603 

19.6?23156 

7.2873617 

.002583979 

388 

150544 

5W11072 

19.6977156 

7.2936380 

.002577320 

389 

151321 

58863869 

19.7880829 

7.2998986 

.002570694 

390 

152100 

59319000 

19.7484177 

7.3061486 

.002564108 

391 

152881 

59776471 

19.7737199 

7.3123828 

.006!557545 

im 

1536W 

60236288 

19.7989899 

7.3186114 

.002551020 

393 

154449 

60698457 

19.8242276 

7.3248295 

.002544529 

394 

155236 

61162984 

19.8494832 

7.8310869 

.002538071 

895 

156025 

61629875 

19.8746069 

7.3372839 

.002581W6 

396 

156816 

62099136 

19.8997487 

7.3434205 

.(KK525258 

397 

157609 

62570773 

19.9248588 

7.8495966 

.002518892 

:i98 

158404 

63044792 

19.9499373 

7.3557624 

.C02512563 

399 

159201 

68521199 

19.9749844 

7.3619178 

.002506266 

400 

160000 

64000000 

20.0000000 

7.8680630 

.002500000 

401 

160801 

64481201 

20.0249844 

7.3741979 

.002493766 

402 

161(504 

64964808 

20.0499377 

7.3803227 

.008487562 

403 

162409 

65450827 

20.0748599 

7.3864378 

.002481390 

401 

16:^16 

65939264 

20.0997512 

7.S925418 

.002475^8 

405 

164025 

66430125 

20.1246118 

7.8986368 

.002469136 

406 

164836 

66923416 

20.1494417 

7.4047206 

.002463054 

407 

165649 

67419143 

20.1742410 

7.4107950 

.002457002 

408 

166464 

679ir312 

20.1990099 

7.4168595 

.002450980 

409 

16?281 

6&417929 

20.2237484 

7.4229142 

.002444988 

410 

168100 

68921000 

20.2484567 

7.4289589 

.002439024 

411 

168921 

69426531 

20.2731*49 

7.4349938 

.002483090 

412 

169744 

69934528 

20.2977831 

7.4410189 

.002427184 

413 

170569 

70444997 

20.3224014 

7.4470342 

.002421806 

414 

1713J)6 

70957W4 

20.3469899 

7.4530399 

.002415459 

415 

172225 

714731^75 

20.3715488 

7.4590359 

.002409689 

416 

173056 

71991296 

20.3960781 

7.4650223 

.002403846 

417 

17:^889 

72511713 

20.4205779 

7.4709991 

.002398062 

418 

17475M 

730a46;i2 

20.4450483 

7.4769664 

.002892341 

419 

175561 

73560059 

20.4694895 

7.4829242 

.002886686 

420 

176400 

74088000 

20.4939015 

7.4888724 

.002880952 

421 

177241 

74618461 

20.5182^5 

7.4948113 

.002875897 

422 

178084 

75151448 

20.5426386 

7.5007406 

.002869668 

423 

178929 

•75686967 

20.5669638 

7.5066607 

.002864066* 

424 

179776 

;62250'-M 

20  5912603 

7.5125715    • 

.002868491 

425 

180625 

76765625 

20.6155281 

7.5184730 

.002352941 

426 

181476 

77308776 

20.6397674 

7.5243652 

.002347418 

427 

182329 

77a'>4483 

20.6639783 

7.5302482 

.002341820 

428 

1831W 

78402752 

20.6881609 

7.5361221 

.002896449 

429 

184041 

78953589 

20.7123152 

7.5419867 

.0Q23310QS 

430 

184900 

79507000 

20.7364414 

7.5478423 

.002325581 

4S1    / 
4,^    1 

185761 

80062991 

20.7605395 

7.5536888 

.002320186 

186624 

80621568 

a0.784iJW7 

\      7.5595263 
\      7  .r^^?«bAft 

.002314815 

4S3    1 

187489 

811827:^7 

a0.B0Wi5"J» 

48^1     ! 

188:i50    1 

81746504 

20.8aattfift7 

\      1  .^WYi^ 

\ 
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CUBE  ROOTS,  AND  RECIPROCALS. 


rf:<i 


No. 

Squares. 

Cubes. 

Square 
Icoots. 

1 

Cube  Boots. 

— 1 
Reciprocals. 

435 

189225 

82312875 

20.8566536 

7.5769849 

.002298851 

436 

190096 

82881856 

20.8806130 

7.5827865 

.002293578 

437 

190969 

8345345:i 

20.9045450 

•7.5885793 

.0022S8330 

438 

191844 

840276?2 

20.9284495 

7.5943633 

.00-iJ83103 

439 

192?21 

84604519 

20.95232U8 

7.6001385 

.OJ2277904 

440 

193600 

85184000 

20.9761770 

7.6059049 

.002272?27 

441 

194481 

85766121 

21.0000000 

7.0116620 

.002267574 

!       442 

105364 

86350888 

21.0237960 

7.6174116 

.002262443 

443 

196249 

86938307 

21.0475652 

7.6231519 

.002257336 

444 

197136 

87528384 

21.0713075 

7.6288837 

.002252252 

445 

198025 

88121125 

21.0950231 

7.6346007 

.002247191 

446 

198916 

88716536 

21.1187121 

7.6403213 

.002212152 

447 

199809 

89314623 

21.1423745 

7.6460272 

.002237136 

448 

200704 

89915392 

,     21.166010) 

7.6517247 

.002232143 

449 

201601 

90518849 

21.1896201 

7.657413  J 

.002227171 

450 

202500 

91125000 

21.2132034 
21.2367606 

7.6630943 

.002822282 

451 

203401 

9173aS51 

7.6687665 

.002217295 

452 

204304 

92345408 

21.2802916 

7.6744303 

.002212389 

453 

205209 

92939077 

21.2837967 

7.6800857 

.002207506 

454 

206116 

93576664 

21.3072758 

7.6857328 

.002202643 

455 

207025 

94196375 

21.8307290 

7.6913717 

.002197808 

456 

207936 

94818816 

21.3541565 

7.69700^ 

.0021il2988 

457 

208849 

9544399:3 

21.3775583 

7.7026246 

.002188184 

458 

209764 

96071912 

21 .4009316 

7.7082388 

.002183406 

459 

210681 

96702579 

21.4242853 

7.7138448 

.002178649 

460 

211600 

97336000 

21.4476106 

7.7194426 

.002173913 

461 

212521 

97972181 

21.470yi0() 

7.7250325 

.002169197 

462 

21.^444 

98611128 

21.494185:3 

7.7306141 

.002164508 

463 

214369 

99252847 

21.5174348 

7. '7361877 

.002159827 

464 

215296 

99897344 

21.5406592 

7.7417532 

.002155172 

465    < 

216225 

100W4025 

21.5638587 

7.74?3109 

.002150538 

466 

217156 

101194696 

21.5870331 

7.7528606 

.00214592:3 

467 

218089 

101847563 

21.6101828 

7.758402:i 

.002141328 

468 

219024 

102503232 

21.6333077 

7.7639361 

.002136752 

469 

219981 

103161709 

21.6564078 

7.7694620 

.002132190 

470 

220900 

103823000 

21.6794834 

7.7749801 

.002127660 

471 

221841 

104487111 

21.702534^4 

7.7804904 

.002123148 

472 

222784 

105154(M8 

21.7255610 

7.7859928 

.002118644 

473 

223?29 

105823817   ■ 

21.748o0;32 

7.7914875 

.002114165 

474 

224676 

106496424 

21.7715411 

7.79()9745 

.002109703 

475 

225625 

107171875 

21.7944947 

7.8024538 

.002105263 

476 

226576 

107850176 

21.8174242 

7.8079254 

.002100640 

477 

227529 

108531333 

21.8403297 

7.8133892 

.002096436 

478 

228484 

109215352 

21  8632111 

7.8188456 

.00205)2050 

479 

229441 

109902289 

21.8860686 

7.8242942 

.002087683 

480 

230400 

110592000 

21.9089023 

7.8297353 

.002088333 

481 

231361 

111284641 

21.9317122 

7.8351688 

.002079002 

482 

232324 

111980168 

21.9544984 

7.8405949 

.002074689 

483 

233239 

112678587 

21.9772610 

7.8460134 

.002070393 

484 

234256 

113379904 

22.0000000 

7.8514244 

.002066116 

48") 

235225 

.  114084125 

22.0227155 

7.8568281 

.  0020(51850 

486 

236196 

114791256 

22.0454077 

7.8622-^42 

.0O2lV>7013 

487 

237109 

115501303 

22.0680765 

7.8676130 

.00205:3:383 

488 

2;S8144 

1162142?2 

22.0907220 

7.8?29944 

.002019180 

489 

239121 

116930169 

22.1133444 

7  8783684 

.002014990 

490 

240100 

117649000 

22.ia59436 

7.8837*352 

.002040S16 

491 

241081 

118370771 

22.1585198 

7.8890940 

.0(>2(>:3()C>()0 

492 

242064 

119095488 

22.1810730 

7.8014465 

.002032520 

493 

S^3049 

119823157 

22.2036033 

7.8997917 

.002(>2S:39vS 

\ 

494 

244036 

190568784 

22.2261108 

\       .W^J:>^^i:^^^      ^ 

495 

21^025 

131387875 

22.24851^5 

1      496    ! 

tMoma  1 

139008986 

22.27\as75 
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TABLE  XXm—SQUABCES,  CUBES,  SQUARE  ROOTS. 


No. 

Squares. 

Cubes. 

Square 
Roots. 

Cube  Roots. 

Reciprocals. 

■ 

407 

247009 

122763473 

22.2934968 

7.9210994 

.003012072 

498 

21H004 

123505992 

22.3159136 

7.9264085 

.0020080:32 

4D9 

249001 

124251499 

22.3:383079 

7.9317104 

.002004008 

•  500 

250000 

125000000 

22.3606798 

7.9370053 

.002000000 

501 

251001 

125751501 

22.3830293 

7.9122931 

.001996008 

mi 

252)04 

126506008 

22.4053565 

7.9475739 

.001992032 

503 

253009 

127263527 

22.4276615 

7.952&4rr 

.00198807^^ 

fi04 

25401 G 

128021084 

22.4499+43 

7.9581144 

.0019W15J7 

505 

255025 

128787625 

22.4?22051 

7.9633743 

.001980198 

506 

236036 

129554216 

22.4944438 

7.9686271 

.001976285 

507 

257049 

130323843 

22.5160605 

7.9738731 

.001972387 

508 

258064 

131090512 

22.5388553 

7.9791122 

.001968.504 

509 

259081 

1318?2229 

22.5610283 

7.9a4»444 

.001964637 

510 

260100 

182651000 

22.5831796   " 

7.9895697 

.0019G07«4 

511 

261121 

133432831 

22.6053091 

7.9947883 

.00195(59-17 

512 

26'il41 

134217728 

22.6274170 

8.0000000 

.00195:3125 

513 

263169 

135005697 

22.6495033 

8.0052049 

.001949318 

514 

264196 

135796744 

22.6715681 

8.0104032 

.001945525 

615 

265225 

136590875 

22.6936114 

8.0155946 

.001941748 

516 

266256 

137388096 

22.7156:334 

8.0207794 

.0019:37984 

617 

267289 

138188413 

22.737(5340 

8.025W74 

.0019:34236 

518 

268.^24 

138991832 

22.7596134 

8.0311287 

.001930502 

519 

269361 

189798359 

22.7815715 

8.0362935 

.001926782 

6S0 

271)100 

140008000 

22.8a35085 

8.0414515 

.00192:3077 

521 

271441 

141420761 

22.8254:^4 

8.04660:30 

.001919386 

522 

2724H4 

1422:^6(548 

22.Wr3193 

8.a517479 

.001915709 

523 

273529 

143055667 

22.869193:3 

8.0568862 

.001912046 

521 

271576 

1438778!^ 

22.8910463 

8.0620180 

.00190835)7 

625 

275625 

144703125 

22.9128785 

8.06714:32 

.001904762 

526 

276676 

1455:-)1576 

22.9346899 

8.0722620 

.0019(»n41 

527 

2'r;V29 

1463(5:^1K} 

22.9564806 

8.0773743 

.0018975.33 

528 

278781 

1471975)52 

22.9782506 

8.0824800 

.00185)3939 

629 

279811 

148035889 

23.0000000 

8.0875794 

.001890359 

530 

2H0900 

148877000 

23.0217289 

8.09267^ 

.001886792 

5:n 

2.-<1961 

14972121)1 

23.04:34372 

8.0977.'589 

.001883239 

r)*j 

28JJ024 

1505(58768 

2:3.(XJ51252 

8.1028890 

.001879t»99 

533 

2:U089 

151419437 

23.0867928 

8.1079128 

.00187617:3 

5:U 

2Mr)156 

15227;i3(V4 

23.1084400 

8.1120803 

.001872654) 

535 

28(5225 

15:^130:375 

23.1300670 

8.1180414 

.0018(59159 

5;J6 

2S721MJ 

153J)9()656 

23.151(5738 

8.1230962 

.001H().5672 

m7 

2MS3f59 

15185415:3 

23.1732(505 

8.1281447 

.0018(;2197 

538 

2M)JU 

155720872 

23.1948270 

8.1.331870 

.0018.58736 

W9 

2^M>521 

156590819 

23.2163735 

8.1382230 

.001855888 

540 

'i^.mm 

1574640IX) 

23.2379001 

8.1432529 

.001851852 

541 

2IW5S1 

158:i404-.'l 

23.2594067 

8.1182765 

.001848429 

nw 

25)3764 

15922()0S8 

23.28089:35 

8.1.532939 

.001845018 

5« 

294H49 

16v  lftS007 

2:3.:3023(504 

8.158:3051 

.001841621 

544 

2959.36 

1(50989184 

23.32:38076 

8.1(5:33102 

.00188ft^ 

5-15 

297025 

161878(525 

23.:3452351 

8.1683092 

.001834862 

516 

2iW116 

162771  :«G 

23.3666429 

8.173:3020 

.001831505 

5-17 

2tK)20:) 

1(53(567:323 

2:3.388a311 

8.1782888 

.001828154 

518 

300:^)1 

164r)(5(5592 

2:3.405)3998 

8.1832695 

.001824818 

&19 

301101 

165169149 

23.4307490 

8.1882441 

.0018214U4 

550 

SOS.'iOO 

106375000 

23.4520788 

8.19.32127 

.001818182 

551 

303(k)l 

16728-1151 

23.4733892 

8.1981758 

.001814882 

552 

3(V1704 

168196(50f{ 

23.4946802 

8.2031319 

.001811694 

55:^ 

30.5809 

169112377 

2:3.5159520 

8.2080825 

.001806818 

554 

»H5916 

1700311(11 

23.5372046 

8.2130271 

.001806054 

fiS5    1 

308025 

17095:e8T) 

23.55H4380 

8.2179657 

.001801802 

550    / 

SIWISG 

17187961(5 

23.57'.)652a 

8.2228985 

.001796661 

5.'i7 

aiojio 

J7;^n^;9:3 

23.CrfX»474 

558    1 

311304     I 

iTdrnm 

23.0iJ0236 

\ 
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CUBE  ROOTS,  AND  RECIPROCALS. 


No. 

S.iuares. 

Cubes. 

559 

312481 

174676879 

560 

313600 

175616000 

561 

314721 

17656W81 

562 

315844 

177504328 

563 

316969 

17845:i547 

564 

318096 

179406144 

565 

319225 

180362125 

566 

320356 

181321496 

567 

321489 

182284263 

568 

322624 

183250432 

569 

323761 

1842200U0 

570 

324900 

185193000 

571 

326041 

186169411 

572 

827184 

187149^48 

573 

828329 

188132517 

574 

82JM76 

189119224 

575 

330625 

190109375 

576 

331776 

191102976 

577 

332929 

192100033 

578 

3340H1 

193100552 

579 

835241 

194104539. 

680 

33&100 

195112000 

581 

337561 

196122941 

582 

3387^ 

197137368 

588 

a39889 

198155287 

584 

341056 

199176704 

585 

342225 

200201625 

586 

313396 

201230056 

587 

344569 

202262003 

588 

345744 

203297472 

589 

346921 

204336469 

590 

348100 

205379000 

591 

349281 

206425071 

592 

350464 

207474688 

593 

351649 

208527857 

5&1 

352836 

2095*4584 

595 

354025 

210G44875 

596 

35521b 

211708736 

597 

356409 

212776173 

598 

&57604 

213847192 

599 

358801 

214921'!  99 

600 

360000 

216000000 

601 

801201 

217081801 

602 

362404 

218167208 

603 

363609 

219256227 

604 

364816 

220348864 

605 

366025 

221445125 

606 

867236 

222545016 

607 

368449 

228648543 

608 

3696W 

224755712 

609 

370881 

225866529 

010 

872100 

226981000 

Oil 

373821 

228099131 

612 

374544 

229220928 

613 

375709 

230346397 

614 

876996 

231475544 

615 

878225 

232608375 

616 

379456 

283744896 

617 

380689 

284885113 

618 

381924 

286029082 

619 

883161 

287176659 

B20    1 

ssmo 

288328000 

Square 
Hoots. 


23.6431808 

23.6643191 
23.6854386 
23.7065392 
23.7276210 
23.7486842 
23.7697886 
28.7907545 
28.8117618 
23.8327506 
X»j.853?.i09 

23.8746728 
28.8956063 
23.9165215 
23.9374184 
23.9582971 
23.9791576 
24.0000000 
»4. 0208243 
24.0416306 
24.0624188 

24.0831891 
24.1039416 
»4. 1:^6762 
24.1453929 
24.1660919 
24.1867732 
24.2074869 
24.2280829 
24.2487113 
24.2693222 

24.2890156 
24.3104916 
24.3310501 
24.3515913 
24.3721152 
24.3926218 
24.4131112 
24.43;358;« 
24.4540:^ 
24.4744765 

24.4948974 
24.51.53013 
24.5a56883 
24.5560583 
24.5764115 
24.5967478 
24.6170673 
24.6373,00 
24.65T6560 
24.6779254 

24.6981781 
24.7184142 
&4. 73863.38 
»4. 7588368 
i^4. 7790234 
^4. 7991935 
24.8193473 
24.8394847 
24.8596058 
24.8797106 
24.899799a 


Cube  Roots. 


\ 


8.2876614 

8.2425706 
8.2474740 
8.2528715 
8.2572633 
8.2621492 
8.2670294 
8.2719039 
8.2767726 
8.2816855 
8.;<ib64928 

8.2913444 
8.2961908 
8.8010804 
8.8058651 
8.3106941 
8.3155176 
8.8203358 
8.8251475 
8.8299542 
8.S847558 

8.8895509 
8.8443410 
8.3491256 
8.3589047 
8.8586784 
8.8684466 
8.8682096 
8.3729668 
8.3777188 
8.3824653 

8.3872065 
8.8919428 
8. £966729 
8.4013981 
8.4061180 
8.4108826 
8.4155419 
8.4S02460 
8.4249448 
8.4296883 

8.4848267 
8.4890098 
8.4436877 
8.4488605 
8.4580281 
8.4576906 
8.4C28479 
8.4670601 
8.47164n 
8.4702892 

8.4809261 
8.4855579 
8.4901848 
8.4948005 
8.4994233 
8.5(Mm50 
8.5080417 
8.5132435 
8.5178403 


Reciprocals. 


001788909 

.001785714 
.001782581 
.001779859 
.001776199 
.001778060 
,001769912 
.001766784 
.001768668 
.001760563 
.001757469 

.001754886 
.001751818 
.001748252 
.001746301 
.001742160 
.001739180 
.001736111 
.001738108 
.001730104 

.eoi72ni6 

.001724188 
.001721170 
.001718218 
.001715266 
.001713829 
.00170W08 
.001706485 
.001708678 
.001700680 
.001697793 

.001694916 
.001692047 
.001689189 
.001686841 
.001688502 
.001680672 
.001677862 
.001675042 
.001672241 
.001669449 

.001666667 
.001663894 
.0016611.30 
.001658876 
.001C55629 
.001652893 
.0U1650165 
.001647446 
.001644737 
.001642036 

.001639344 
.0(»1()36(;61 
.001(^3987 
.(K)  1631321 
.001628664 
.001626016 
.001(523377 
.001620746 
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TABLE  XXm.-SQUARES,  CUBES,  SQUARE  ROOTS, 


No.      Squares. '      Cubes. 


Square 
Huots. 


Cube  Roots.  '  Reciprocals. 


C21 
6ti 
GiJ 
0.>4 
025 
6:^ 
637 
63S 
6;^ 

630 
G31 
632 
6a3 
GU 
635 
636 
ft37 
698 
639 


385611 
3863St 
3881.W 
88U37U 
3906:25 
301876 
393129 
3943S4 
395641 

896900 
398161 
399424 
4'>06S9 
401956 
403225 
404496 
405769 
407044 
408321 

409600 
410881 
412164 
413449 
414736 
416023 

4irai6 

418609 
41i)904 
421201 

422500 
42:W01 
425104 
426409 
427716 
429025 
430336 
431649 
432964 
4^^281 

435600 
486921 
438244 
439569 
440896 
442225 
443556 
444889 
44<>224 
447561 

!  448900 
•  450241 
;  451584 
.     452929 

454276 

4')5625 
I     45(5970 

458:V2i) 
I     45«)684 

401041 

4(01400 
4(i376i 
405124 


2:394a'50Gl 
240641848 
241804367 
S^42^70624 
2441406i-> 
245314370 
24649188?i 
247673152 
248858189 

250047000 
251239591 
25^435968 
253636137 
254H40104 
256047875 
257259456 
258474853 
259694072 
260917119 

262144000 
203374721 
26460J288 
265847707 
267089984 
2683;JJi25 
26958(n36 
27084002J 
272097792 
273359449 

274625003 
275894451 
277167803 
278445077 
27972'J264 
2S1011375 
282300416 
28359)393 
284890312 
286191179 

28749<i000 
288804781 
290117528 
291434)247 
292754944 
29407JHJ25 
29540K296 
2JH)7409()3 
29S0776:« 
299418:J09 

300763000 
302111711 
303464448 
304821217 
306182024 
;i0754fi87r> 
308915776 
31()2S87:« 
3116(15752 
3i;3a4<)8:« 

314432000 
.SI5S21241 
317514568 


JW. 9198716 
24.9399278 
24.9599679 
24.9799920 
25.0000000 
25.0199920 
25.0399681 
25.0599:^82 
25.0798724 

25.0998008 
25.1197134 
25.1396102  ' 
25.1594913 
25.1793566 

25.2190404 
25.2388589 
25.2586619 
25.2784193 

25.2982213 
25.317{r778 
25.3377189 
25.3574447 
25.3771551 
25.3968502 
25.4165301 
25.4361947 
25.4558441 
25.4754784 

25.4950976 
25.6147016 
25.5342907 
25.5538647 
25.5734237 
25.5921KJ78 
25.61:^969 
25.6320112 
25.6515107 
25.6709953 

25.6904652 
25.70{»9203 
25.?25)3607 
25.7487864 
25.7681975 
25.7875939 
25.8069758 
25.8263431 
25.R456960 
25.86.50343 

25.8843582 
25.<K)36677 
25.9225)628 
25.94224:^5 
25.9<)15100 
25.9807621 
2(5.0000000 
2(5.01922:^ 
2(}.0:iK4331 
!.  6.0576284 

26.0TG8(»6 
2li.0959rr(y? 
20.115129rr 


8.5816009 
8.5361780 
8.5407501 
8.5453173 
8.5498797 
8.';544872 
8.5589899 
8.5635377 
8.5680807 

8.5726189 
8.5771523 
8.5816809 
8.5862047 
8.5907238 
8.5932380 
8.5997476 
8.6042523 
8.6087526 
8.6132480 

8.6177888 
8.6222248 
8.6267063 
8.G311880 
8.C356651 
8.6401226 
8.6445865 
8.M90187 
8.6584974 
8.6579465 

8.6623011 
8.6668810 
8.6n2665 
8.6756974 
8.6801287 
8.6845156 
8.6880680 
8.6933759 
8.6977843 
8.7021882 

8.7065877 
8.7109827 
8.7153734 
8.7197596 
8.7241414 
8.^285187 
8.7328918 
8.7372604 
8.7416*46 
8.7459846 


8.7503401 
8.7546913 
8.7590:«3 
8.7633809 
8.7677192 
8.7720532 
8.7763880 
8.7807084 
8.7850296 
8.7898466 


.001610306 
.001607717 
.001605136 
.001602564 
.001600000 
.001697444 
.001594896 
.001592357 
.001589823 

.001587302 
.001581780 
.001582278 
.001579779 
.001577287 
.001574803 
.0015?2327 
.001569859 
.001567398 
.001501945 

.001562500 
.001560062 
.001557632 
.001555210 
.001552795 
.001550388 
.001547988 
.001M5595 
.001513210 
.001540832 

.001538462 
.001536096 
.001533742 
.001531894 
.001529052 
.001526718 
.001521890 
.001522070 
.001519757 
.001517451 

.001515152 
.001612850 
.001510674 
.001608296 
.001500021 
.001508750 
.0015015(tt 
.001490260 
.001497000 
.0014M768 

.00149S537 
.001490813 
.001488005 
.001485884 
.001489680 
.001481481 
.001479290 
.00147n05 
.001474926 
.OOUr^TM 

.001470568 


\ 
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CUBE  ROOTS,  AND  RECIPROCALS. 


No. 

1 

Squares. 

Cubes. 

Square 
Boots. 

Cube  Roots. 

Reciprocals. 

1 

G83 

466489 

318611987 

28.1*42667 

8.8065722 

.001464129 

esi 

467856 

320013504 

26.1533937 

8.8108681 

.001461988 

685 

4692:^ 

321419125 

28.1'«T;J5047 

8.8151598 

.001459864 

686 

470596 

322828856 

26.1916017 

8.8194474 

.001457726 

687 

471969 

824^2703 

26.2106848 

8.8237307 

,001455604 

688 

473:W4 

325660672 

26.2297541 

8.828009'J 

.00145*488 

089 

474?^1 

327082769 

26.2488095 

8.8322850 

.001451379 

'        C90 

476100 

328509000 

26.2678511 

8.8365559 

.001449275 

;        091 

477481 

829989371 

26.2868789 

8.840882r 

.001447178 

i        G92 

4788W 

881373888 

26.3058929 

8.8450854 

.001445087 

G93 

480249 

332812557 

26.3248932 

8.8493440 

.001443001 

G94 

481636 

8a4256384 

26.a438797 

8.8535985 

.001440922 

695 

483023 

835702375 

26.3628527 

8.8578489 

.001438849 

696 

4H4416 

887153536 

26.3818119 

8.8620952 

.001436782 

1        697 

485809 

838608873 

26.4007576 

8.86(i3375 

.0014*4720 

G98 

487204 

S40068392 

26.4196896 

8.8705757 

.001432665 

099 

488601 

341532099 

26.4386081 

8.8748099 

.001430615 

TOO 

490000 

843000000 

26.4575131 

8.8790400 

.001428571 

TOl 

491401 

a44472101 

26.4764046 

8.8832661 

.001426584 

rosj 

402804 

345948408 

26.4952826 

8.8874882 

.0014U4501 

703 

494209 

»47428927 

26.51414?2 

8.8917063 

.001422475 

i        704 

4iK)616 

348913664 

20.5329983 

8.8959204 

.001420455 

1        705 

497025 

3504026;^> 

26.5518361 

8.9001304 

.001418440 

706 

49^436 

351895816 

26.5706605 

8.9043366 

.001416431 

707 

499849 

853393243 

26.5894716 

8.9085387 

.001414427 

708 

501264 

354894912 

26.6082694 

8.91273(i9 

.001412429 

;       709 

502681 

356400829 

26  6270539 

8.9169311 

.001410437 

710 

sonoo 

857911000 

26.6458252 

8.9211214 

.001408461 

711 

505521 

859425431 

26.6645833 

8.9253078 

.001406470 

712 

506944 

360944128 

26.6883281 

8.9294902 

.00140445)4 

713 

508369 

862467097 

26.7020598 

8.9336687 

.001402525 

7!4 

509796 

8639»4a44 

26.7207784 

8.9378433 

.001400660 

715 

511225 

365525875 

26.7894839 

8.»420140 

.001398601 

716 

512656 

867061696 

26.7581763 

8.9461809 

.001396648 

717 

514089 

868601813 

26.7768557 

8.9503438 

.001394700 

718 

515524 

870146232 

26.7955220 

8.9515029 

.00i:i9275e 

j       719  . 

516961 

3716&4959 

26.8141754 

8.9586581 

.001390621 

720 

518400 

373248000 

26.8328157 

8.9628095 

.001388889 

721 

519841 

874805361 

26.8514432 

8.9669570 

.1^1386968 

Tin 

521284 

876367048 

28.8700577 

8.9711007 

.001385042 

728 

522729 

877983067 

26.8886593 

8.975:^406 

.001883126 

?24 

5^176 

379503424 

28.9072481 

8.9793766 

.001381215 

!        725 

525625 

381078125 

26.9258240 

8.9635089 

.001379310 

726 

527076 

382657176 

26.9443872 

8.9876373 

.001377410 

727 

528529 

884240583 

26.9629375 

8.9917620 

.001375516 

728 

529984 

38682ft358 

26.9814751 

8.9958829 

.001373626 

729 

531441 

387420489 

27.0000000 

9.0000000 

.001371742 

780 

532900 

389017000 

27.01&5122 

9.00411*4 

.001369808 

731 

634361 

390617«91 

27.0370117 

9.0082229 

.001367989 

782 

535824 

392223168 

27.0554{)85 

9.0123288 

.001366120 

733 

58?i89 

393839837 

27.0739727 

9.0164809 

.001364256 

734 

538756 

895446904 

27.0924844 

9.0205293 

.001:362398 

735 

&40225 

397065375 

27.11088*4 

9.0246239 

.001360544 

rm 

541696 

398688256 

27.129;dl99 

9.0287149 

.001*58696 

787 

543169 

40081.5553 

27.14774:^9 

9.0328021 

.001:356852 

738 

544644 

401W7272 

27.1061554 

9.0368857 

.001*55014 

f        739 

546121 

403583419 

27.1845544 

9.0409655 

.001353180 

740 

647600 

405224000 

27.2029410 

9.0450419 

.001351&-)1 

741 

649081 

406869021 

27.2213152 

9.0491142 

.001:349528 

742 

650564 

408518488 

27.23967ttft 

SfcYJXrc^Rs 

T43 

6520i9 

41017TM07 

27.?a«0(i»a 

/     rM  i 

Kmae 

4118807B4 

27.2i»eaii»v 

\      ^.Qfe\?«!fife 

B2Q 


"T       —  — •                 ~» 

No. 

Squares. 

Cubes. 

Square 
Roots. 

Cube  Roots. 

Reciprocals. 

745 

555025 

41349:3025 

27.2946881 

9.0653077 

.001342282 

746 

556516 

415100936 

27.3130000 

9.0694220 

.001:^0483 

747 

558009 

410832723 

27.3313007 

9.07*4720 

.001:3:38088 

748 

559504 

418508992 

27.3495887 

9.0775197 

.001836898 

749 

561001 

420189749 

27.3078044 

9.0815631 

.001336113 

750 

562500 

421875000 

27.3861279 

9.0866030 

.001333383 

751 

564001 

423504751 

27.4043792 

9.0890392 

.0(1:331558 

752 

565504 

425259008 

27.4220184 

9.0936719 

.001:329787 

. 

753 

507009 

42095VVV/ 

27.4408455 

9.0977010 

.001328021 

754 

568516 

428061064 

27.4590(504 

9.1017265 

.001326260 

755 

570025 

430308875 

27.4772033 

9.1067485 

.001324503 

756 

571536 

432081210 

27.4954542 

9.1097669 

.001322751 

757 

575^049 

433798093 

27.5136330 

9.11S7818 

.001321004 

758 

674504 

435519512 

27.5317998 

9.1177931 

.001319261 

759 

576081 

43?i45479 

27.5499540 

9.1218010 

.001317523 

780 

577000 

438970000 

27.5680975 

9.1258053 

.001315789 

761 

579121 

440711081 

27.5862284 

9.1298061 

.001314060 

762 

580044 

442450728 

27.6043475 

9.1388034 

.001312836 

763 

582109 

444194947 

27.62^4546 

9.18779n 

.001810616 

7W 

58:^96 

445948744 

27.6405499 

9.1417874 

.001308901 

765 

585225 

447097125 

27.6586334 

9.1467742 

.001307190 

766 

586756 

449455096 

27.6767050 

9.1497576 

.001305483 

707 

588289 

451217063 

27.6947648 

9.1687375 

.001803781 

768 

589824 

452984832 

27.7128129 

9.1677189 

.001302088 

769 

591361 

4M750009 

27.7308492 

9.1616869 

.001800390 

770 

592900 

45e5a3000 

27.7488739 

9.1666666 

.001298701 

771 

594441 

458314011 

27.7068808 

9.1696226 

.001297017 

772 

595984 

460099048 

27.7848880 

9.1785852 

.001296837 

7?3 

597529 

461889917 

27.8028775 

9.1775446 

.001293661 

774 

509076 

403081824 

27.8208555 

9.1815003 

.001291990 

775 

000625 

465484375 

27.8388218 

9.1864527 

.001290323 

776 

002170 

407288570 

27.8567700 

9.1894018 

.001288660 

777 

003729 

409097433 

27.8747197 

9.1983474 

.001287001 

778 

005281 

470910952 

27.8926514 

9.1972897 

.001285847 

779 

600841 

472?29139 

27.9105715 

9.2012286 

.001283697 

780 

608400 

474552000 

27.9284801 

9.2051641 

.001282051 

781 

609901 

47037'9541 

27.9463772 

9.2090962 

.001280410 

782 

611524 

478211768 

27.9042629 

9.2130250 

.001278772 

783 

613089 

480048087 

27.9821372 

9.2109505 

.001277189 

784 

614656 

481890304 

28.0000000 

,9,2206726 

.001275610 

785 

610225 

483730025 

28.0178515 

9.2247914 

.001278885 

786 

617796 

485587056 

28.0356915 

9.2287068 

.001272265 

787 

619309 

48744a4C3 

28.0586208 

9.2826189 

.001270648 

788 

620944 

48*303872 

28.07iaS7r 

9.2865277 

.001269086 

789 

022521 

491109009 

28.0891438 

9.24C4338 

.001267427 

790 

624100 

49:3039000 

28.1069380 

9.2448865 

.0012658S3 

791 

C25()81 

494913071 

28.1247222 

9.2482344 

.001264228 

792 

02?^>(>4 

490793088 

28.1424940 

9.2521300 

.001262626 

793 

C28H49 

498077257 

28.10025.57 

9.2560224 

.001261084 

•• 

794 

{mms 

500500181 

28.1780050 

9.2699114 

.001269446 

795 

032025 

502459875 

28.1957444 

9. 21=37973 

.001257862 

rm 

03;^il0 

504358:i30 

28.2134720 

9.2076798 

.001256281 

797 

0;i520'.> 

50(^30157:3 

28.2311884 

9.2715592 

.001264706 

TM 

mnn- 

5081(51)592 

28.2488938 

9.2754352 

.001258183 

799 

038101 

510082399 

28.2005881 

9.2798081 

.0012516W 

800 

6J00OO 

512000000 

28.2842712 

9.2831777 

.001260000 

801 

641001 

513922401 

28.WVMU 

9.2870440 

.001248489 

803 

O4;i204 

515W9(>08 

28.:3190045 

9.2909072 

.001246883 

/       803     1 

a44my,)  , 

617781027 

28.3372640 

9.2947671 

.001246830 

/      S^ 

t>4(UW 

Rummyi 

28.354«a^ 

^ssismm 

I     .001JM8T81 

SS 

amyjT)    \ 

521000125 

28.^725-^^^ 

\    ^.^sswnt* 

'        800      1 

049086     / 

62:3606010 

28.a9013a\ 

\    ^.?«Kaf» 
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CUBE  ROOTS,  AND  RECIPROCALS. 


No. 

Squares. 

Cubes. 

.  Square 
Roots. 

Cube  Roots. 

Reciprocals. 

807 

651219 

525557943 

28.4077454 

9.3101750 

.001239157 

808 

652864 

527514112 

28.4253408 

9.3140190 

.0012:37624 

809 

654481 

529475129 

28.4429253 

9.3178599 

.001236094 

810 

656100 

531441000 

28.4604989 

9.3216975 

.001234568 

811 

657721 

533411731 

28.4780617  • 

9.3255320 

.00123:3046 

812 

659344 

535387328 

28.4956137 

9.3293634 

.001231527 

813 

660969 

537367797 

28.5131549 

9.3331916 

.001230012 

814 

662596 

539353144 

28.5306852 

9.3370167 

.001228501 

815 

661225 

541343375 

28.5482048 

9.3408386 

.001226994 

816 

665856 

&43338496 

28.5657137 

9.3446575 

.001225490 

817 

667489 

545338513 

28.5832119 

9.3484731 

.001223990 

818 

669124 

547343432 

28.6006993 

9.3522857 

.001222494 

819 

670761 

549353259 

28.6181760 

9.3C60352 

.001221001 

820 

672400 

551368000 

28.6356421 

9.3599016 

.001219512 

821 

674041 

553:387661 

28.6530076 

9.3637049 

.001218027 

822 

675684 

555412248 

28.670W24 

9.3675051 

.001216545 

823 

677329 

557441767 

28.6879766 

9.3713022 

.001215067 

824 

678976 

559476224 

28.7054002 

9.3750963 

.001218592 

sua 

680625 

561515625 

28.7228132 

9.3788873 

.001212121 

826 

682276 

563559976 

28.7402157 

9.3826752 

.001210654 

827 

683929 

565609283 

28.7576077 

9.3864600 

.001209190 

828 

685584 

567663552 

28.7749891 

9.3902419 

.001207729 

829 

68?241 

569732789 

23.7923601 

9.3940206 

.001206273 

830 

688900 

571787000 

28.8097206 

9.3977964 

.001204819 

831 

690561 

573a56191 

28.8270706 

9.4015691 

.001203369 

832 

692224 

575930368 

28.8444102 

9.4053387 

.001201923 

833 

693889 

578009537 

28.8617394 

9.4091054 

.001200480 

834 

695556 

580093704 

28.8790582 

9.4128690 

.001199041 

835 

697225 

582182875 

28.8963666 

9.4166297 

.001197605 

836 

698896 

5^1277056 

28.9130646 

9.4203873 

.001196172 

837 

700569 

586376253 

28.9309523 

9.4241420 

.001194743 

833 

702244 

58^480472 

28.9482297 

9.4278936 

.001193317 

839 

703921 

590589719 

28.9654967 

9.4316423 

.001191895 

840 

705600 

592704000 

28.9827535 

9.4353880 

.001190476 

841 

707281 

594823321 

29.0000000 

9.4391307 

.001189061 

842 

708964 

596947688 

29.0172363 

9.4428704 

.001187648 

843 

710649 

599077107 

29.0344(523 

9.4466072 

.001186240 

844 

712336 

601211584 

29.0510781 

9.4503410 

.001184834 

815 

714025 

603351125 

29.0688837 

9.4540719 

.001183432 

846 

715716 

605495736 

29.0860791 

9.457r999 

.001182033 

847" 

717409 

607645423 

29.1032644 

9.4015249 

.001180638 

848 

719104 

609800192 

29.1204396 

9.4652470 

.001179245 

849 

720801 

611960049 

29.1376046 

9.4689661 

.001177856 

850 

722500 

614125000 

29.1547595 

9.4726824 

.001176471 

851 

724201 

616295051 

29.1719043 

9.4763957 

.001175088 

852 

725904 

618470208 

29.1890390 

9.4801061 

.001173709 

853 

727609 

620850477 

29.2(>ol637 

9.4838136 

.001172333 

a54 

729316 

622835864 

29.2232784 

9.4875182 

.001170960 

855 

731025 

625026375 

29.24a3830 

9.4912200 

.001169591 

856 

732736 

627222016 

29.2574777 

9.4949188 

.001168224 

857 

734449 

62(M22793 

29.2745623 

9.4986147 

.001166861 

858 

736164 

631628712 

29.2016370 

9.5023078 

.001165501 

859 

737881 

6338397:9 

29.3087018 

9.5059980 

.001164144 

860 

739600 

636056000 

29.3257566 

9.5096a54 

.001162791 

861 

7411321 

638277:381 

29.3428015 

9.5ia3699 

.001161440 

862 

743044 

640503928 

29.3598365 

9.5170515 

.0011G0093 

863 

744769 

642735647 

29.3768616 

9.5207303 

.001158749 

864 

746496 

644972544 

29.3938769 

9.5244063 

.001157407 

865 

748225 

647214625 

29.4108823 

9.5280794 

.001156069 

866 

749956 

649461896 

29.4278779 

^  9.5avt4^ 

867 
868     1 

751689 

651714363 

29.44^^1 

\   'i.^^CAVK. 

7d34»i 

6^72032 

I  29.46\8aW 

\  'i.^'&«ei\& 

^^s 


TABLE  XXm.-SQUARES,  CUBES,  SQUARE  ROOTS. 


No. 


Squares,  i       Cubes.       ;      ^"^ 


Cube  Roots.    Reciprocals. 


869 

755161 

870 

756900 

871 

758641 

872 

-  760:iiU 

873 

76215J9 

874 

768876 

875 

765625 

876 

767376 

87? 

769129 

878 

770884 

879 

772641 

880 

774400 

881 

776161 

882 

777924 

883 

779689 

886 
886 
887 
888 
889 

890 
891 
892 
893 
894 


896 
897 
898 
899 

900 
901 
902 
903 
904 
906 
906 
907 
908 
909 

910 
911 
912 
913 
914 
915 
916 
917 
918 
919 


783225 

784996 
786769 
788544 
790321 

792100 
79;«81 
795664 
797449 
799236 
801025 
802816 
804609 
806404 
808201 

810000 
811801 
813604 
815409 
817218 
819025 
820836 
822649 
824464 
826281 

828100 
829921 
831744 
833569 
8a'>396 
83?^25 
839056 
&40889 
W27:W 
»44.J61 

ft46400 
848241 
850084 
851029 
858776 
855(525 
a57476 
H'>9a29 

863041 
864900 


656231900 

658503000 
660776311 
663054^^ 
665338617 
667627624 
669921875 
672221376 
674526133 
676836152 
679151439 

681472000 
683797841 
686128968 
688465387 
690807104 
693154125 
695506456 
69:8(^103 
700227072 
702595369 

704969000 
707**47971 
709732288 
712121957 
714516984 
716917375 
719323136 
7217*4273 
724150792 
7265?^99 

729000000 
731432701 
733870808 
736314327 
788763284 
741217625 
743677416 
746142643 
748613312 
751089429 

753571000 
756058031 
75855a528 
76104H497 
76:i-)51944 
76«0tK)875 
768r)75296 
771095213 
77:^20632 
770151559 

778688000 
781229961 
7Ki7r7448 
786*30467 
7H8KH9024 
791  r)3125 
794022776 
796597983 
709178752 
801765089 
804357000 


29.4788059 

29.4957624 
2t).  5127091 
29.5206461 
29.54657:34 
29.56*4010 
20.5803989 
29.5072072 
29.6141858 
29.6310648 
29.6479342 

29.6647939 
29.6816442 
29.69ft4i^ 
20.7153159 
29.7321375 
29.7489496 
29.7657521 
29.7825452 
29.7993289 
29.8161030 

29.8328678 
29.8496231 
29.8663690 
29.8831056 
29.8998328 
29.9165506 
29.9332591 
29.9499583 
29.9666481 
29.9833287 

30.0000000 
30.0166620 
30.0333148 
30.0499584 
30.0665928 
30.0832179 
30.0998339 
30.1164407 
30.1330383 
30.1496269 

30.1662063 
30.1827765 
30.1993377 
30.2158899 
30.2324329 
30.^489669 
30.2654019 
30.2820079 
30.29&5148 
30.3150128 

30.3315018 

30.3479818 

30.3644529 

30.380i)151 

30.S073()83 

30.4138127 

30.4802481 

80.4466747 

30.46309^ 

80.4795)01^ 

80.49590U 

~829 


9.i>427437 

9.5464027 
9.5500589 
9.5537123 
9.5573630 
9.5610108 
9.5646559 
9.5682982 
9.5719377 
9.5755745 
9.5792086 

9.5828397 
9.5864682 
9.5900989 
9.5937169 
9.5973378 
9.6009548 
9.6045698 
9.6081817 
9.6117911 
9.61589T7 

9.6190017 
9.6226080 
9.6262018 
9.6297975 
9.6333907 
9.6369812 
9.6405690 
9.6441542 
9.6477387 
9.6513168 

0.6548938 
9.6584684 
9.6620408 
9.6656098 
9.6691782 
9.6727408 
9.6788017 
9.6798604 
9.6834188 
9.6869701 

9.6905211 
9.6940694 
9.6976151 
9.7011588 
9.7046969 
9.7082380 
9.71irr28 
9.7153051 
9.7188864 
9.7223681 

9.7258883 
9.7294109 
9.7329309 
9.7*<W484 
9.7399634 
9.7434758 
9.74(i9867 
9.7504960 
9.7539079 


\ 


\ 


.001150748 

.001149425 
.001148106 
.0011467«9 
.001145475 
.001144105 
.001142867 
.001141558 
.001140251 
.001138952 
.001137056 

.001138384 
.001133074 
.001138787 
.001132503 
.001131222 
.001129944 
.001128888 
.001127898 
.001126128 
.001124859 

.001123508 
.001122384 
.001121078 
.001119821 
.001118568 
.001117318 
.001116071 
.001114827 
.001118586 
.001112847 

.001111111 
.001109878 
.001106&47 
.001107420 
.001108105 
.001104072 
.001108758 
.001108588 
.001101882 
.001100110 

.001098001 
.001007696 
.001008401 
.001006800 
.001004008 
.001008808 
.001001706 
.001090513 
.001089895 
.001088180 

.001066967 
.001085778 
.001084500 
.001068483 
.001068851 
.001061061 
.001070914 
.001076740 
.001077568 

ssfsmym 
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CUBE  ROOTS,  AND  RECIPROCALS. 


1 

;  Squares. 

1 

1 

Cubes. 

Square 
Hoots. 

Cube  Roots. 

Reciprocals. 

931 

860761 

806954491 

30.5122926 

9.7644974 

.001074114 

932 

868624 

809557568 

30.5286750 

9.7679922 

.001072961 

933 

870489 

812166237 

30.6450487 

9.7714845 

.001071811 

934 

872356 

814780504 

80.5614186 

9.7749748 

.001070664 

935 

874225 

817400375 

30.5777697 

9.7784616 

.001069519 

936 

876096 

820025856 

30.5941171 

9.7819466 

.001068876 

937 

877969 

822656953 

30.6104557 

9.7854288 

.001067286 

938 

879844 

825293672 

30.6267857 

9.7889087 

.001066098 

939 

881721 

827936019 

80.6431069 

9.7928861 

.001064963 

I   940 

883600 

830584000 

80.6594194 

9.7958611 

.001063830 

•941 

885481 

833237621 

30.6757288 

9.7993336 

.001062699 

942 

887364 

835896888 

80.6920185 

9.8028036 

.001061571 

943 

889249 

838561807 

80.7088051 

9.8062711 

.001060445 

944 

891136 

841232384 

5:0.7245880 

9.8097362 

.001059322 

945 

893025 

843908625 

80.7408528 

9.8131989 

.001058201 

946 

894916 

846590536 

80.7571130 

9.8166591 

.001057082 

947 

896809 

849278123 

80.7733651 

9.8201169 

.001055966 

948 

898704 

851971392 

80.7896086 

9.8235723 

.001054852 

949 

900601 

854670S49 

80.8058486 

!   9.8270252 

.001053741 

950 

902500 

857375000 

80.8220700 

9.8804757 

.001052632 

951 

904401 

860085851 

80.8382879 

9.8339288 

.001051625 

952 

906304 

862801408 

30.8544972 

9.8378695 

.001050420 

i   953 

908209 

865528177 

80.8706981 

'   9.8408127 

.001049818 

^ 

910116 

868250664 

80.8868904 

9.8442C86 

.001048218 

955 

912025 

870983875 

80.9080748 

9.8476920 

.001047120 

956 

913936 

873722816 

80.9192497 

9.8511280 

.001046025 

957 

.915849 

876467493 

80.9854166 

9.8545617 

.001044932 

958 

917764 

879217912 

30.9515751 

i   9.8579929 

.001043841 

959 

919681 

881974079 

30.9677251 

■   9.8614218 

.C01042753 

960 

921600 

884736000 

80.9888668 

i   9.8648483 

.001041667 

961 

923521 

887503681 

81.0(!0OC0O 

9.8C82724 

.C01040583 

902 

925444 

890277128 

81.0161248 

9.871G941 

.001039501 

963 

927,369 

893056347 

81.0S22413 

9.8751ia5 

.001038422 

964 

929296 

895841844 

81.0483494 

9.  K 85305 

.001037344 

965 

931225 

898682125 

31.0644491 

:   9.8819451 

.001036269 

966 

933156 

901428696 

31.0805405 

9.8853574 

.001035197 

967 

935089 

904231063 

81.0966236 

9.8887673 

.001034126 

968 

937024 

907039232 

81.1126984 

9.8921749 

.001038058 

969 

938961 

909853209 

81.1287648 

9.8955801 

.001081992 

970 

940900 

912673000 

81.1448280 

i   9.8969830 

.001030928 

971 

942841 

915498611 

81.1608720 

'   9.CC23885 

.001029866 

972 

944784 

918330048 

81.17C9145 

9. £057817 

.001028807 

973 

946^9 

921167317 

81.1929479 

9.9091776 

.001027749 

974 

948676 

924010424 

81.2089731 

9.9125712 

.001026694 

975 

950625 

926859375 

31.2249900 

9.9159624 

.001025641 

976 

'  952576 

929714176 

81.2409987 

9.9193513 

.001024590 

977 

954529 

932574833 

81.2569992 

9.9227379 

.001023541 

978 

956484 

935441852 

81.2729915 

9.9261222 

.001022495 

979 

958441 

938318789 

81.2889757 

9.9295042 

.C01021450 

980 

960400 

941192000 

31.8049517 

9.9828889 

.001020408 

981 

962361 

944070141 

31.3209195 

9.9862618 

.001019368 

982 

9G4324 

946966168 

31.8368792 

9.9396368 

.001018830 

983 

966289 

949862087 

31.3528308 

9.9480092 

.001017294 

984 

968256 

952768904 

81.3687743 

9.9463797 

.001016260 

985 

970225 

955671625 

81.3W7097 

9.9497479 

.001015228 

986 

972196 

958585256 

81.4006369 

9.9531138 

.001014199 

987 

974169 

961504803 

81.4165561 

9.9564775 

.001013171 

988 

976144 

964430272 

81.4824673 

9.9598389 

.001012146 

989 

978121 

967361669 

81.4483704 

9.9631981 

.001011122 

990 
991 
990     1 

980100 

970299000 

81.4642654 

«.QQeS5A«k 

V  .^\<5>SSSSSSV 

982081 

973242271 

81 .48015^ 

\   'J^.'dfe'JftKJKRi 

984064    1 

976191488 

Bl  .4^&(m^ 

\   'i.SXX^SfcVi 

\  .<5RJV^«5^S**» 

d30 


TABLE  XXm.— SQUARES,  CUBES,  ETC. 


No. 

Squares. 

Cubes. 

Square 
Roots. 

Cube  RootA. 

Reciprocals. 

993 

986049 

979146657 

31.5119025 

9.9766120 

.0010071049 

994 

988036 

982107784 

31.5277655 

9.9799599 

.0010060:36 

995 

990025 

985074875 

81.5430200 

9.9838055 

.001005025 

996  , 

992016 

988047936 

81.5594077 

9.9866488 

.001004016 

9D7 

994009 

991026973 

31.5753008 

9.9899900 

.001003009 

998 

998004 

994011992 

31.5911380 

9.9938289 

.001002004 

999 

998001 

997002999 

31 .6009013 

9.9966656 

.001001001 

1000 

lOOOOOO 

1000000000 

31.62^7706 

10.0000000 

.001000000 

1001 

1002001 

1003003001 

31.6385840 

10.0033322 

.0009990010 

1002 

10.34004 

1006012008 

31.6543836 

10.0066622 

.0009980040 

1093 

100G009 

1009027027 

31.6701752 

10.0099899 

.0009970090 

1004 

1(KXH016 

1012  43064 

31.6859590 

10.0133155 

.0009960159 

1005 

1010025 

1015075125 

31.7017349 

10.0166889 

.0009950249 

1006 

10120:36 

1018103216 

31.7175030 

10.0199601 

.0009940358 

1007 

1014049 

1021147843 

31.7332633 

10.0232791 

.0009930487 

1003 

1016084 

1024192512  1 

31.7490157 

10.0265958 

.0009920635 

1009 

1018081 

1027243729  I 

31.7647603 

10.0299104 

.0009910808 

1010 

1020100 

iaS}301000 

31.7804972 

10.0332228 

.0009900990 

1011 

10^121 

1033364331  \ 

31.7962262 

10.0365830 

.0009891197 

1012 

1024144 

103a4:i3?23 

31.8119474 

10.0396410 

.0009881423 

1013 

1026169 

103950.)197 

31.8276609 

10.0431469 

.0009871668 

1014 

1028196 

1042590744 

31.8433066 

10.0464506 

.0009861933 

1015 

1030225 

1045678375 

31.&590646 

10.0497521 

.0009652217 

1016 

1032256 

1048772093 

31.8747549 

10.0530514 

.0009642520 

1017 

1034289 

1051871913 

31.8904374 

10.0568485 

.0009832642 

1018 

1036324 

1054977832 

31.9061123 

10.0590435 

.0009828188 

1019 

1038:361 

1053039859 

31.9217794 

10.0629864 

.0009818543 

IQ^O 

1040400 

1061208000 

31.9374338 

10.0062271 

.0009808922 

1021 

1042441 

1064332261  ' 

31.9530906 

10.0695156 

.0009794819 

1022 

1044484 

1037462648 

31.9687347 

10.0728020 

.0009784786 

1023 

1046529 

1070599167 

31.98453712 

10.07(>0863 

.0009775171 

1024 

104S576 

1073741824 

32.1000000 

10.0798684 

.0009765625 

1025 

1050625 

1070330825 

32.0156212 

10.0828484 

.0009756098 

1026 

1052676 

1030045576 

32.a312348 

10.0a59262 

.0009746589 

1027 

105472<) 

1033206683 

32.0468407 

10.0892019 

.0009737096 

1028 

1056784 

1033'373952 

32.0824391 

10.0924755 

.0009727626 

1029 

1058841 

10^9547389 

32.0780293 

10.0957469 

.0009718173 

1030 

1060900 

1092727000 

32.0936131 

10.0990168 

.0009708738 

1031 

1082961 

-  1035912791 

32.1091837 

10.1022835 

.0009699321 

10;i2 

1065024 

1039104768 

32.1247568 

10.1055487 

.00  9689922 

1033 

1067089 

1102302937 

32.1403173 

10.1088117 

.0009680542 

ia34 

1069156 

1105507304 

32.1.558704 

10.1120726 

.0009671180 

1035 

1071225 

1103717875 

82.17141.59 

10.1158314 

.0009661886 

1036 

1073296 

1111934656 

32.1869.539 

10.1185882 

.0009652510 

1037 

1075369 

1115157653 

32.20^^44 

10.1218428 

.0009643202 

1038 

1077444 

llia33()872 

32.2180074 

10.1250958 

.0009638911 

1039 

10r9521 

1121022319 

32.2335229 

10.1288457 

.0009621689 

1040 

1031600 

1124304000 

32.2490310 

10.1815941 

.0009615885 

1041 

1033681 

1128111921 

32.2645316 

10.1348403 

.0009606148 

1042 

1035734 

11313()6088 

32.2800248 

10.1380845 

.0009596929 

1043 

1037849 

1134620507 

32.2955105 

10.1413266 

.0009587788 

1044 

1089^36 

1137893184 

32.3109888 

10.1445667 

.0009578544 

1045 

1092025 

114116(5125 

32.3264598 

10.1478047 

.0009509878 

1046 

1094116 

11444453:36 

82.^419233 

10.1510406 

.0009560229 

1047 

1096209 

11477:30823 

32.357:3794 

10.1.542744 

.0009551098 

1048 

10aS304 

1151022592 

32.8728;^! 

10,1575068 

.0009541965 

1049 

1100401 

1154320649 

82.3882695 

10.1007359 

.0009532886 

1050 

1102500 

1157025000 

32.4037035 

10.1639686 

.0009528610 

1051      1 

n04601 

11609:35a51 

82.4191301 

10.1671898 

.0009514748 

1052 

1106704    \ 

11W252608 

32.4^454^^ 

\  \Q.\T04\^ 

I  .0009506708 

1053      1 

110HH09 

1167575877 

a2.44S»6\5 

\  \q.y;^^v^ 

\ 

1054      / 

1110916     1 

1170905464 

I  82.465a3eSl 

\  \Q.Yi««fift 

3S1 
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TABLE  XXTV. — LOGAKITHMS 'OP  NUMBERS. 


No.  110  L.  041.] 


[No.  119  L.  078. 


N. 

0 

1 

2 

8 

4 

5 

6 

7 

8 

0 

Diff. 

110 

1 
2 

041393 
53;iJ3 
9218 

1787 
5714 
9606 

2182 
6ia5 
9993 

2576 
6495 

2969 
6885 

a362 
7275 

3755  4148 
7664  1  8053 

4540 
8442 

4932 
fc8£0 

893 
190 

0380 
4230 
8046 

0766 
4613 
8420 

11513 
4996 
8805 

1"i5iR  ''    1001 

2309 
0142 
9942 

£094 
0524 

386 
883 

3 
4 

053078 
0905 

im3 

7286 

3vS46 
76(J6 

lOOO 

5378 
9185 

5760 
9563 

0320 
4083 
7815 

379 
376 
378 

6 

6 

7 

0C0698 
4458 
8186 

1075 
4832 
8557 

1452 
5206 
8928 

1829 
5580 
9298 

2206 
5953 
9668 

2582 
6326 

2958 
6699 

3333 
7071 

3709 
7443 

0038 
3718 
7368 

0407 
4065 
7731 

0776 
4451 
8094 

1145 
4816 
8457 

1514 
5182 
8819 

370 
866 
863 

8 
9 

071882 
5547 

2250 
5912 

2617 
6276 

2985 
6640 

8352 
7004 

374 
373 
372 
371 
"370 
309 
308 
307 
306 
365 

364 
363 
362 
361 

359 
358 


Proportional  Parts. 


3 


36.4 

36.3 

36.2 

30.1 

SO.  0 

85.9 

/    ^^    /  So.  8 

<*5»  /  .^-y  r,  I 


118.5 
118.2 
117.9 
117.0 
117.3 
117.0 
110.7 
110.4 
110.1 
115.8 
115  5 

115.2 
114.9 
114.6 
114.3 
114.0 
113.7 
113.4 
113.1 
112.8 
112.5 

112.2 
111.9 
111.6 
111.3 
111.0 
110.7 
110.4 
110.1 
109.8 
109.5 

109.2 

108.9 

108.6 

108.3 

108.0 

107.7 

107.4 

107.1 

106.8 


158.0 
157.6 
157.2 
156.8 
150.4 

iro.o 

155.6 
155.2 
154.8 
154.4 
154.0 

153.6 
153.2 
152.8 
152.4 
152.0 
151.6 
151.2 
150.8 
150.4 
150.0 

149.0 
149.2 
148.8 
148.4 
148.0 
147.6 
147.2 
146.8 
140.4 
140.0 

145.6 
145.2 
144.8 
144.4 
144.0 
143.6 
14^3.2 
142  8 
142.4 


197.5 
197.0 
196.5 
19e.O 
195.5 
195.0 
194.5 
194.0 
1G3.5 
193.0 
192. 5 

1C2.0 
101.5 
191.0 
190  5 
190.0 
189.5 
189.0 
188.5 
188.0 
187.5 

187.0 

186.5 

186.0 

185.5 

185. Ov 

184.5 

184.0 

183.5 

183.0 

182.5 

182.0 

181.5 

181.0 

180.5 

180.0 

179.5 

179.0 

178.5 

178.0 


237.0 
236.4 

2:^.8 

235.2 
234.6 
2JS4.0 
2£8.4 
2.- 2.8 
2S2.2 
231.6 
231.0 

2C0.4 
2i:9.8 
229.2 
228.6 
228.0 
227.4 
226.8 
326.2 
225.6 
225.0 

224.4 
223.8 
223.2 
222.6 
222.0 
221.4 
220.8 
220.2 
219.6 
219.0 

218.4 
217.8 
217.2 
216.6 
210.0  i 
2\5.4  [ 

2\^  AN 


276.5 

275.8 

275.1 

274.4 

273.7 

273.0 

272.3 

271.6 

270.9 

270.2  , 

269.5  I 

268.8 


.1 
.4 

.7 


268 

267 

266 

266.0 

265.3 

264.6 

263.9 

263.2 

262.5 


261.8 
261.1 
260.4 
259.7 
259.0 
258.3 
257.6 
256.9 
266.2 
256.7 

254.8  '■ 

254.1  ; 

253.4  I 

252.7  I 

252.0  : 

251.3  \ 


316.0 

315.2  I 

314.4 

313.6 

812.8 

312.0 

311.2 

810.4 

809.6 

8C8.8 

£08.0 

807.2 
806.4 
306.6 
804.8 
S04.0 
803.2 
802.4 
801.6 
800.8 
800.0 

299.2 
298.4 
297.6 
296.8 
296.0 
295.2 
294.4 
298.6 
292.8 
292.0 

291.2 
290.4 
289.6 
288.8 
288.0 
287.8 


355.5 
354.6 
853.7 
362.8 
351.9 
351.0 
350.1 
349.2 
348.3 
847.4 
346.5 

846.6 
344.7 
843.8 
842.9 
342  jO 
841.1 
340.2 
339.3 
838.4 
337.5 

836.6 
885.7 
834.8 
338.9 
338.0 
832.1 
831.2 
8S0.8 
829.4 
828.5 

827.6 
826. 7 
825.8 
824.9 
824.0  ; 
h2»A   I 


fifiQ 


TABLE   XXTV. — LOGARITHMS   OF  NUMBERS. 


No.  120  L.  079.] 


[No.  134  L.  130. 


N. 

0 

1 

2 

8 

4 
1 

6 

0 

7 

8 

0 

Diff. 

079181 

9543 

9904 

0266 

3861 
7426 

I 

! 
1 

; 

1       ^ 

120 

0626  ! 

\   4219  ' 
!  7781 

0987 

4576 
8136 

1^7 

1  4934> 
8490 

1707 

5291 
8845 

2067 

5647 
9198 

2426 

6004 
9552 

'   36^1 

1 
2 
3 

082785 
6360 
9905 

3144 
6716 

3503 

7on 

357 
355 

0258 
3772 
7257 

0611 
4122 
7604 

0963 
4471 
7951 

!  1315  : 

4820 
8298  I 

1607 

5109 

;  8644 

2018 
5&18 
8990 

2H70 
5860 
9335 

2721 
9<i81 

3o;i 

0502 

352 

4 
5 

09*422 
6910 

^9 

0026 
3462 
6871 

346 
a43 
341 

6 

7 
8 

10a371 
3804 
7210 

0715 
4146 
7549 

1059. 

4487 
7888 

1403 
4828 
8227 

1747 
5169 
8565 

2091 

5510 

:  8903 

24:34 
5851 
9241 

2777 
6191 
9579 

2940 

6276 
9586 

3119 
6531 
9916 

0253 
3609 

6940 

338 
335 

333 

9 

130 
1 

110590 

3943 
7271 

120574 
3852 
7105 

13 

0926 

4277 
7603  1 

1263 

4611 
7934 

1599 

4944 
8-265 

1934 

5278 
8595 

1  2270 

i  5611 
8926 

1 

2605 

5943 
9256 

3275 

6608 
0915 

0245 
3525 
6781  i 

330 
328 
325 

2 
3 
4 

0903  1 
4178  , 
7429 

1231  i 
4504  i 
7753 

1560 
4S30 
8070 

1888  i 
5156  ; 
8399  ; 

i 

2216 
5481 
8722 

2544 

5806 
9045 

2871 
6131 
9368 

3198 
0456 
9690 

0012  ' 

323 

Proportional  Parts. 


106.5 
106.2 
105.9 
105.6 
105.3 
105.0 
104.7 
104.4 
104.1 
103.8 

103.5 
103.2 
102.9 
102.6 
103.3 
102.0 
101.7 
101.4 
101.1 
100.8 

100.5 
100.2 
99.9 
99.6 
99.3 
99.0 
98.7 
06.4 
98.1 
97.8 

97.5 

97.2 

96.9 

96.6 


1   4 

1 

5   1 

I  142.0 

177.5 

141.6 

177.0 

141.2 

176.5 

140.8 

176.0 

140.4 

175.6  ' 

140.0 

175.0 

139.6 

174.5 

139.2 

174.0 

138.8 

173.5 

138.4 

173.0 

138.0 

172.5 

137.6 

172.0 

137.2 

171.5 

136.8 

171.0 

136.4 

170.5 

136.0 

170.0 

135.6 

169.5 

135.2 

109.0 

134.8 

108.5  ; 

134.4 

108.0 

134.0 

167. 5 

133.0 

107.0  ' 

133.2 

106.5  i 

132.8 

166.0  '■ 

132.4 

165.5 

1:32.0 

165.0.  1 

131.6 

104.5  1 

131.2 

104.0  ■ 

130.8 

103.5  1 

130.4 

103.0 

130.0 

102.5 

129.6 

162.0 

129.2 

161.5  ^ 

8 


9 


213.0 
212.4 
211.8 
211.2 
210.6 
210.0 
209.4 


248.5 
247.8 
247.1 
246.4 
245.7 
245.0 
244.3 


208.8 

243.6 

208.2 

242.9 

207.6 

242.2 

207.0 

241.5 

20(J.4 

240.8 

205.8 

240.1 

205  2 

239.4 

204.6 

238.7 

204.0 

238.0 

20J3.4 

237.3 

202.8 

236.6 

202.2 

235.9 

201.0 

2a5.2 

284.0 
2a3.2 
282.4 
281.6 
280.8 
280.0 
279.2 
27SA 
277.6 
276.8 

276.0 
275.2 
274.4 
273.6 

27'2.8 

272.0 

271 

270. 

269.6 

268.8 


.2 

.4 


128.8 


161.0 


201.0 
200.4 
ICO.  8 
199.2 

m^.o 

198.0 
197.4 
19().8 
196.2 
19.).  G 

105.0 
V.U.A 


319.5 
318.6 
317.7 
316.8 
315.9 
315.0 
314.1 
313.2 
312.3 
311.4 

310.5 
309.6 
308.7 
307.8 
306.9 
306.0 

3a5.-i 

304.2 
303.3 
302.4 


234.5  268.0  301.5 

233.8  207. 2  300.0 

233.1  I     2m.  \  299.7 

232.4  265.0*  298.8 
231.7  264.8  297.9 
231.0  204.0  297.0 
230.3  263.2  296.1 
220.0  262.4  295.2 

228.9  261.6  294.3 

228.2  2G0.8  293.4 

227.5  260 .Q  i. '2^.^  ^y 


334 


TABLB  XXTV. — LOGARITHMS   OP  NUMBERS. 


No.  ia5  L.  130.] 


[No.  149  L.  175. 


N. 

0 

1 

2 

8 

4 

5 

6 

7 

8 

9 

Diff. 

i::i5 
6 

r 

8 

1303a4 
3539 
6721 
9879 

0655 

3858 
7037 

0977 
4177 
7354 

1298 
4496 
7671 

1619  ': 

4814 
7987  : 

19J39 

:  5ia3 

8303 

2260 
.5451 

8618 

2580 
5769 
8934 

2900 
6086 
9249 

3219 
6403 
9564 

321 
318 
316 

0194 
3327 

6438 
9527 

0508 
3639 

6748 
9835 

2J)00 
5943 
8965 

0822 
3951 

7058 

1136 
4263 

7307 

1450 
4574 

7676 

1763 
4885 

7985 

2076 
5196 

8294 

2389 
5507 

8003 

2702 
5818 

8911 

314 

9 

140 
1 

143015 

G128 
9219 

311 
309 

0142 
3205 
6246 
9266 

04-49 
3510 
6549 
9567 

0756 

3815 

1  68r.2 

9868 

i  28()3 

1  5838 

8792 

1063 
4120 
7154 

1370 
4424 

7457 

1076 
4728 
7759 

198.2 
5032 
8061 

307 
305 
303 

2 

3 

4 

152288 
K3(52 

2594 
5640 
8664 

0168 
3161 
6134 
9086 

0469 
3460 
6430 
9380 

0769 
3758 
6726 
9674 

1008 
4055 
7022 
9968 

301 
299 
297 
295 

5 
G 

r 

101368 
4:353 

7;ji; 

1667 
4650 
7613 

1967 
4947 
7908 

0848 
3769 

2266 
5244 
8203 

2564 
5541  I 
8497 

1434 
4351 

8 
9 

1702(52 
3186 

0555 
3478 

1141 
4060 

1726 
4641 

2019 
4932 

2311 
5222 

2603 
5512 

2895 
5802 

293 
291 

Proportional  Parts. 


6 


8 


9 


128.4 
128.0 
127.6 
127.2 
126.8 
126.4 
126.0 
125.6 
125.2  r 

124.8      ; 

124.4 
124.0 
12;i.6  i 

123.2  ; 

122.8  i 

12->.4  I 

V,>2.0 

121.6 

121.2 

120.8 

120.4 
120.0 
119.6 
119.2 
118.8 
118.4 
118.0 
117.6 
117.2 
116.8 

116.4 
116.0 
115.6 
115.2 
114.8 
114.4 


160.5 
160.0 
159.5 
159.0 
158.5 
158.0 
157.5 
157.0 
156.5 
156.0 


I 


155.5 
155.0 
154.5 
154.0 
15^3.5 
153.0 
l.'52.5 
152.0 
151.5 
151.0 

150.5 
150.0 
149.5 
149.0 
148.5 
148.0 
147.5 
147.0 
146.5 
146.0 


145.5 

145.0 

114.5 

144.0 

143.5 

143.0 


192.6 
192.0 
191 .4 
190.8 
190.2 
189.6 
1H9.0 
188.4 
187.8 
187.2 

186.0 
186.0 
lvS5.4 
184.8 
rM.2 
183.6 
183.0 
182.4 
181.8 
181.2 

180.6 
180.0 
179.4 
178.8 
178.2 
177.6 
177.0 
176.4 
175.8 
175.2 

174.6 
174.0 
17:^.4 


224.7 

224.0 

22:J.3 

222.6 

221.9 

221.2 

220.5  I 

219.8  1 

219.1 

218.4  j 

217.7  ' 

217.0  • 

216.3  1 

215. G  ' 

214.9 

214.2 

213.5 

212.8 

212.1 

211.4 

210.7 
210.0 
209.3 
208.6 
207.9 
207.2 
206.5 
205.8 
205.1 
2)4.4 

203.7 
203.0 
202.3 


.4 
.0 


256.8 

25().0 

255.2 

254. 

253. 

252.8 

252.0 

251.2 

250.4 

249.6 

248.8 
248.0 
247.2 
24G.4 
245.6 
214.8 
214.0 
243.2 
242.4 
241.6 

240.8 
240.0 
239.2 
238.4 
237.6 
236.8 
286.0 
235.2 
234.4 
283.0 

232.8 
232.0 
231.2 
2a0.4 


288.9 
288.0 


287 

286 

285 

284 

283 

282.6 

281.7 

280.8 

2T9.9 
279.0 
278.1 
277.2 
276.3 
275.4 
274.5 
273.6 
272.7 
271.8 

270.9 
270.0 
269.1 
268.2 
267.8 
206.4 
265.5 
264.6 
263.7 
262.8 

261.9 
261.0 
260.1 
290.2 
^^.^ 
^« 


835 


TABLE  XXTV. — LOGARITHMS  OF  NUMBERS. 


No.  150  L.  176.1 


[No.  169  L.  280. 


N. 


0 

1 

2 

8 


6 


150 
1 

2 
3 

4 

5 
6 

7 
8 

9 

160 
1 
2 

3 

4 
5 

6 

7 
8 
9 


176091  ;  6381 
8977  !  9264 


6.70  '  6959 
955;^  i  9839 


7248      7536 


6 


r825 


181844     2129 


4691 
7521 


4975 

7803 


2415  ! 
5259  ' 
8084  :  83e6 


0126 

2700     2985 

5542  !  5825 

8647 


0413 
3270 
6108 
8928 


190332  0G12 
3125  3403 
5900  :  6176 
8657     8932 


0892  I  1171 

3681  I  3959 

6453  6729 

9206  9481 


1451 
4237 
7005 


201897 

4120 
6826 
9515 


1730 
4514 
7281 


212188 

^454 

4844 

5109 

7484 

7747 

0051  I  0319 
2720  2986 


5373 
8010 


220108 

0370 

2716 

2976 

6300 

5668 

7887 

8144 

23 

0631 
3236 
5826 


5638 
8273 


0586 
3252 
5902 
8536 


0892  ;  1153 
3496  I  3755 


6084 


8400  8657 


6.^2 
8913 


0029 
2761 

5475 
8173 


0699 
3555 
0291 
9209 


8113 


8 


8401 


9 


8689 


0986 
3839 
6674 
9490 


2010  i  2289 
4792  i  5069 
7556  7832 


0308 
3033 

5746 
8441 


0577 
3305 

6016 
8710 


1272 
4128 
6956 
9771 

2567 
5346 
8107 


1568 
4407 
7289 


0051 
2846 
5623 
8382 


(mo 

3577 

6286 
89^9 


1124 
3848 

6556 
9247 


0853 
3518 
6160 

8798 

1414 
;  4015 
!  6600 

9170 


1121 

1388 

1654 

3783 

4049 

4814 

64S0 

6694 

6957 

9060 

9828 

9585 

1675 

1986 

2196 

4274 

4583 

4792 

6858 

7115 

7372 

9426 

9682 

9938 

4579 
7221 
9846 


2456 
5051 
7680 


0193 


Diflf. 


289 

287 
285 
283 

281 
279 

978 
276 

274 

271 
269 

267 
266 
264 
262 

261 
259 
258 

256 


Proportional  Parts. 


285 

284 
283 
282 
281 
280 
279 
278 
277 
276 

275 
274 
273 
272 

271 
270 
269 
268 
207 
266 

265 
2W 
2G;i 
262 
261 
260 
259 
258 
257 
£S6 
£55 


1 

2 

3 

28.5 

57.0 

85.5 

28.4 

56.8 

85.2 

28.3 

56.6 

84.9 

28.2 

56.4 

84.6 

28.1 

56.2 

84.3 

28.0 

56.0 

84.0 

27.9 

55.8 

83.7 

27.8 

65.6 

83.4 

27.7 

55.4 

83.1 

27.6 

65.2 

82.8 

27.5 

66.0 

82.5 

27.4 

64.8 

82.2 

27.3 

54.6 

81.9 

27.2 

64.4 

81.6 

27.1 

64.2 

81.3 

27.0 

54.0 

81.0 

20.9 

53.8 

80.7 

26.8 

53.6 

80.4 

26.7 

53.4 

80.1 

26.6 

53.2 

79.8 

26.5 

53.0 

79.5 

26.4 

52.8 

79.2 

26.3 

52.0 

78.9 

26.2 

52.4 

78.6 

26.1 

52.2 

78.3 

26.0 

52.0 

78.0 

25.9 

51.8 

77.7 

25.8 

51.6 

77.4 

25.7 

61.4  J 

rr.t 

25.0 

51.2 

76.8 

25.5  1 

51.0    / 

76.5 

114.0 
113.6 
113.2 
112.8 
112  4 
112.0 
111.6 
111.2 
110.8 
110.4 

110.0 
109.6 
109.2 
108.8 
108.4 
108.0 
107.6 
107.2 
106.8 
100.4 

106.0 
105.6 
105.2 
104.8 
104.4 
104.0 
103.6 
103.2 
102.8 
102.4 
102.0 


6 


142.5 
142.0 
141.5 
141.0 
140.5 
140.0 
139.5 
139.0 
138.5 
138.0- 

137.5 
137.0 
136.5 
136.0 
135.5 
135.0 
134.5 
i;i4.0 
1:^:^.5 
13:3.0 

132.5 

132.0 

181.5 

131.0 

130.5 

1:^0.0 

129.5 

129.0 

128.5 

128.0 

V*7.5 


6 


171, 
170, 


169.8 
169.2 
168.6 
168.0 
167.4 
166.8 
166.2 
165.6 

165.0 
164.4 
163.8 
163.2 
162.6 
162.0 
161.4 
ICO.  8 
160.2 
159.6 

159.0 
158.4 
157.8 
157.2 
150. 6 
156.0 
155.4 
154.8  \ 
154  .-iiy 

15a  .^  ■ 
15a 


8 


9 


o\ 


199.5 
198.8 
198.1 
197.4 
196.7 
196.0 
195.3 
194.6 
198.9 
193.2 

192.5 
191.8 
191.1 
190.4 
189.7 
189.0 
188.3 
187.6 
186.9 
186.2 

185.5 
184.8 
184.1 
18:14 
1H2.7 
182.0 
181.3 
lW.(i 


228.0 
227.2 
226.4 
225.6 
224.8 
224.0 
223.2 
222.4 
221.6 
220.8 

220.0 
219.2 
218.4 
217.6 
216.8 
216.0 
215.2 
214.4 
213.6 
212.8 

212.0 
211.2 
210.4 
209.6 

208.8 
208.0 
207.2 


266.5 
255.6 
254.7 
253.8 
252.9 
252.0 
251.1 
250.2 
249.8 
248.4 

247.5 
246:6 
245.7 
244.8 
243.9 
^8.0 
2-42.1 
241.2 
240.8 
239.4 

238.5 
237.6 
236.7 
235.8 
234.9 
234.0 
233.1 


^SRA.^ 


oo/> 


TABLE   XXTV. — LOGARITHMS   OF   KUMBEKS. 


I  No.  170  L.  230.] 

[No.  189  L.  273. 

■ 

i 
N. 

0 

1 

1 

1     1 

i 

2          8 

4          8 

1 

•  \  ' 

8    1     9 

1                              ! 

Diff. 

1 

170 

230449 

;  0704     0950     1:^15 

1470 

1724 

1979  :  22;i4  i  2488  i  2742 

1     255 

1 

2996 

I  3250     a504     3757 

4011 

4264  1  4517  '  4770  i  5023  1  5276 

;     253 

2 

5528 

1  57'81     (5033  i  6235 

6537 

6789 

7041      7292  1  7544     7795 

'     252 

3 

8046 

1  8297  i  8548  j  8799 

'JO-10 

Q-X>0 

Oi.tO      9800 

OOftO  '  f^^if^ 

250 
»49 

4 

240549 

0799 

1048  i  1297 

1546    i  1795 

2044  i  2293 

2541 

2790 

5 

:3038 

,  3286 

mU  i  3782 

4030 

4277 

4525     4772 
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TABLB  XXTV. — LOGARITHMS   OF  NUMBERS. 


No.  lao  L.  130.] 


[No.  149  L.  175. 


N. 

0 

1 

2 

8 

1 

4  1 

6 

6 

» 

8 

9 

Diff. 

6 

7 
8 

1303^4 
3539 
6721 
9879 
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3858 
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0977 
4177 
7354 

129C 
4496 
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4814 
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5451 
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2580 
5769 
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6403 
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318 
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j 
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Proportional  Parts. 


128.4 
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127.6 
127.2 
126.8 
126.4 
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125.2 
124.8 
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123.2 


122. 
122. 
1L>2. 
121. 
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120, 
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114.8 
114.4 
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I 


192.6  I 
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217.7 
217.0 
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211.4 
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205. 
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8 
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2 
5 

205.8 


203.7 
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202.3 
201.6 
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255.2 
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253.6 
252.8 
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251.2 
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2*^.0 
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236.8 
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TABLE  XXTV. — ^LOGARITHMS   OP  NUMBERS. 


I  No.  150  L.  176.1 

1  ■ 


[No.  169  L.  230. 


N. 

0 

1 

8 

6.70 
9552  j 

8 

4 

6 

6 

7 

8 

9 

Diff. 
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8401 
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9209 
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0986 
3839 
6674 
9490 
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4123 
6956 
9771 

1568 
4407 
7239 

287 
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283 

2 

3 

4 

181844 
4691 
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2129 
4975 

7803 

2415  \ 
5259  ; 
8084  i 

2700 
5542 
8366 

0051 
2846 
5623 
8382 
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5 
6 

7 
8 
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6176 
8932 
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3033 
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6286 
89^ 
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3848 

6656 
9247 

274 
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9 

160 

1 
2 

201397 

4120 
6826 
9515 

1670 

4391 
7096 
9783 

^454 
5109 
7747 

1943 

4663 
7365 

0051 
2720 
5373 
8010 

2216 

49^ 
7634 

2488 

5204 
7904 

0319 
2986 
5638 
8273 

0586 
3252 
5902 
8536 

0853 
.  3518 
1  0166 
:  8798 

1121 
3783 
6430 
9060 

1388 
4049 
6694 
9323 

1654 
4314 
6957 
9585 

1921 
4579, 
7221 
9646 

267 
266 
264 
262 

3 

4 
5 

212188 
4844 
7484 

6 
7 
8 
9 

220108 
2716 
5%9 
7887 

23 

0370 
2976 
5568 
8144 

0631 
3236 

5826 
8400 

0892 
3496 
6064 
8657 

1153 
3755 
6»42 
8913 

:  1414 
■■   4015 
■   6600 
;  9170 

1 
I 

1675 
4274 
6858 
9426 

1936 
4533 
7115 
9682 

2196 
4792 
7372 
9938 

2466 

6061 
7630 

261 
259 

258 

0193 

256 

Proportional  Parts. 


Dife. 


285 
284 
283 
282 
281 
280 
279 
278 
277 
276 

276 
274 
273 
272 

271 
270 
269 
268 
267 
266 

265 
264 
2GS 
262 
2()1 
260 
259 
258 
257 
256 
955 


28.5 

28.4 
28.3 
28.2 
28.1 
28.0 
27.9 
27.8 
27.7 
27.6 

27.5 
27.4 
27.3 
27.2 
27.1 
27.0 
26.9 
26.8 
26.7 
26.6 


.6 
.4 
.3 
.2 
.1 


/ 


26 
26 
26 
26 
26 
26.0 
25.9 
25.8 
25.7 
^.6 
25.5 


2 


/ 


57.0 
56.8 
56.6 
56.4 
56.2 
56.0 
55.8 
55.6 
65.4 
55.2 

56.0 
64.8 
54.6 
54.4 
64.2 
54.0 
53.8 
63.6 
63.4 
63.2 

63.0 
52.8 
52.0 
52.4 
52.2 
52.0 
51.8 
51.6 
51.4 
51.2 
51.0 


/  ^ 


85.5 
85.2 
84.9 
84.6 
84.3 
84.0 
83.7 
83.4 
83.1 
82.8 

82.5 
82.2 
81.9 
81.6 
81.3 
81.0 
80.7 
80.4 
80.1 
79.8 

79.5 
79.2 
78.9 
78.6 
78.3 
78.0 
77.7 
77.4 
77.1 
76.8 
76.5 


114.0 
113.6 
113.2 
112.8 
112  4 
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111.6 
111.2 
110.8 
110.4 
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109.6 
109.2 
108.8 
108.4 
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107.6 
107.2 
106.8 
106.4 


142.5 
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141.5 
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140.5 
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139.5 
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138.5 
138.0- 

137.5 
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136.5 
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1.35.5 
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1*4.5 
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6 


106.0 

132.5 
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132.0 

mo.  2 

131.5 

104.8 

131.0 

UUA 

130.5 
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i:^0.0 
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103.2 
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102.8 

128.5 
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1^*7.5 
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169.8 
169.2 
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167.4 
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166.2 
165.6 
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164.4 
163.8 
103.2 
162.6 
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161.4 
100.8 
100.2 
159.6 
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ir)8.4 

157.8 
157.2 
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155.4 
164.8 


8 


\ 


o\ 


199.5 
198.8 
198.1 
197.4 
196.7 
196.0 
195.3 
194.6 
193.9 
193.2 

192.5 
191.8 
191.1 
190.4 
189.7 
189.0 
188.3 
187.6 
186.9 
186.2 
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184.8 
1H4.1 
183.4 
182.7 
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181.3 
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227.2 
226.4 
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224.8 
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222.4 
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220.8 
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218.4 
217.6 
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212.8 


9 
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210.4 
209.6 

208.8 
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218.4 
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^2.1 
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210.8 
239.4 
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234.9 
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233.1 

^\.^ 
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TABLB  XX  TV. — LOGARITHMS   OF  NUMBEBS. 


No.  ISo  L.  130.] 


[No.  148  L.  l?6u 


N. 


0 


2 


8 


6 


8 


0 


Proportional  Parts. 


Diff. 


i:^ 
6 
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8 
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6 

1 

161:^68 
435;) 
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8 
9 
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:  4641 

1 

2019 
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2i;u 
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2:)0 
2;)5 
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32.1 

64.2 
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0:3.8 
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30.0 

01.2 
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303 
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29.7 
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29.1 

29.0 

J  28.9 

'  Si.H 

SH.7  ; 


00.2 
00.0 
59.8 
59.0 
59.4 
59.2 
59.0 
58.8 
58.0 
58.4 


90.3 
96.0 
95.7 
95.4 
95.1 
94.8 
91.5 
94.2 
93.9 
93.0 

93.3 
93.0 
9;^'.  7 
92.4 
92.1 
91.8 
91.5 
91.2 
90.9 
90.0 

90.3 
90.0 
89.7 
89.4 
89.1 
88.8 
88.5 
88.2 
87.9 
87.6 


128.4 
128.0 
127.0 
127.2 
120.8 
12(5.4 
120.0 
125.0 

121.8 

124.4 
124.0 
12;5.0 
123.2 
122.8 
12-2.4 
1J.>2.0 
121.0 
121.2 
120.8 

120.4 
120.0 
119.0 
119.2 
118.8 
118.4 
118.0 
117.0 
117.2 
110.8 

110.4 
116.0 
115.6 
115.2 
314.8 
311.4 


6 


100.5 
100.0 
159.5 
159.0 
158.5 
158.0 
157.5 
157.0 
150.5 
150.0 

155.5  i 
155.0  I 
154.5  i 
l.>4.0 
15;3.5  ; 
153.0 
152.5  I 
152.0 
151.5 
151.0  i 

150.5  ' 
150.0  I 
149.5  , 
149.0  j 
148.5  ; 
148.0 
147.5 
147.0 
140.5 
140.0 

145.5 
145.0 
144.5 
144.0 
148.5 
143.0 


1J)2.6 

192.0 

191.4 

190.8  ! 

190.2 

189.0 

189.0 

188.4 

18i'.8 

187.2 

180.0 
186.0 
185. 4 
18-1.8 
1JU.2 
183.6 
18:3.0 
182.4 
181.8 
181.2 

180.6 
180.0 
179.4 
178.8 
178.2 
177.6 
177.0 
176.4 
175.8 
175.2 

174.6 

174.0 

173.4 

172  .H 

172.2 

171.0 


224.7 
224.0 
223.3 
222.6 
221.9 
221.2 
220.5 
219.8 
219.1 
218.4 


207 
206 


205, 

2'.!4, 


8 


9 


217.7 
217.0 
216.3 
215.0 
214.9 
214.2 
213.5 
212.8 
212.1 
211.4 

210.7 
210.0 
209.3 
208.6 
207.9 


2 
5 


205.8 


203.7  ! 
203.0  j 
202.3  I 
201,6  1 

20^.2 


256.8 
256.0 
255.2 
251.4 
253.6 
252.8 
252.0 
251.2 
250.4 
249.6 

248.8 
241?. 0 
247.2 
24G.4 
245.6 
244.8 
214.0 
248.2 
242.4 
241.6 

240.8 
240.0 
239.2 
288.4 
237.6 
286.8 
236.0 
285.2 
284.4 
288.6 

282.8 
282.0 
281.2 
280.4 


.4 
.5 


288.9 

288.0 

287.1 

286.2 

285.8 

284. 

283. 

282.6 

281. 7 

280.8 

279.9 
279.0 
278.1 
277.2 
276.8 
275.4 
274.5 
27S.6 

2ra.7 

271.8 

270.9 
270.0 
269.1 
268.2 
267.8 
266.4 
265.5 
264.6 
268.7 
262.8 

261.9 
261.0 
260.1 
890.2 


835 


TABLE  XXTV. — ^LOGAKITHMS   OP  KUMBERS. 


No.  150  L.  176.1 


[No.  169  L.  230. 


N. 

0 

1 

8 

6.70 
9562  ; 

8 

4 

6 

6 

7 

8 

9 

Diff. 

150 
1 

176091 
8977 

6381 
926^t 

6959  i 
9839  1 

2700 
5542  1 
8366  ; 

'i^48 

0126 
2985 
5825  ! 
8647  ! 

1  7536 

7825 

8113 

8401 

8689 

289 

0413 

3270 

i  6108 

8928 

0699 
3555 
6891 
9209 

2010 
4792 
7556 

0986 
3839 
6674 
9490 

1272 
4123 
6956 
9771 

1568 
4407 
7239 

287 
285 
283 

2 
3 

4 

181844 
4691 
7521 

2129 
4975 
7803 

2415 
5259 
8084 

0051 
2846 
5623 
8382 

281 
279 
278 
216 

5 
6 
7 
8 

190a32 
3125 
5900 
8657 

0612 
3403 
6176 
8932 

0892 
3681 
6453 
9206 

1171  i 
3959 
6729 
9481 

1451 
4237 
7005 
9755 

1730 
4514 
7281 

2289 
5069 
7832 

2567 
5346 
8107 

0029 
2761 

5475 
8ir3 

0303 
3083 

5746 
8441 

0577 
3305 

6016 
8710 

0850 
3577 

6286 
8979 

1124 
3848 

6556 
9247 

274 
2?2 

271 
269 

9 

160 

1 
2 

201397 

4120 
6826 
9515 

1670 

4391 
7096 
9783 

1943 

4663 
7365 

0051 
2720 
5373 
8010 

2216 

49*4 
7634 

2488 

.5204 
7904 

0319 
2986 
5638 
8273 

0586 
3252 
5902 
8536 

0853 
3518 
6166 
8798 

1121 
3783 
6430 
9060 

1388 
4049 
6694 
9323 

1654 
4314 
6957 
9585 

1921 
4579, 
7221 
9846 

267 
266 
264 
262 

3 

4 
5 

212188 
4844 
7484 

^454 
5109 
7747 

6 
7 
8 
9 

220108 
2716 
5309 
7887 

23 

0370 
2976 
5508 
8144 

0631 
3236 

5826 
8400 

0892 
3496 
6084 
8657 

1153 
3755 
6342 
8913 

1414 
4015 
6600 
9170 

1675 
4274 
6858 
9426 

1936 
4533 
7115 
9682 

2196 
4792 
7372 
9938 

2456 
5051 
7630 

261 
259 
268 

0193 

256 

Proportional  Parts. 


Dife. 


285 

28.5 

284 

28.4 

283 

28.3 

282 

28.2 

281 

28.1 

280 

28.0 

279 

27.9 

278 

27.8 

277 

27.7 

276 

27.6 

275 
274 
273 
272 
271 
270 
2()9 
268 
207 
266 

265 
264 
208 
2(52 
2(51 
2(50 
259 
258 
257 
256 
255 


.5 
.4 


27, 

27. 

27.3 

27.2 

27.1 

27.0 

26.9 

26.8 

26.7 

26.6 

26.5 


/ 


26 
26 
26 
26 
26 
25.9 
25.8 
25.7 
25.6 
25.5 


2 

3 

57.0 

85.5 

56.8 

85.2 

56.6 

84.9 

56.4 

84.6 

56.2 

84.3 

56.0 

84.0 

55.8 

83.7 

55.6 

83.4 

55.4 

83.1 

55.2 

82.8 

55.0 

82.5 

64.8 

82.2 

64.6 

81.9 

54.4 

81.6 

64.2 

81.3 

54.0 

81.0 

53.8 

80.7 

53.6 

80.4 

53.4 

80.1 

53.2 

79.8 

53.0 

79.5 

52.8 

79.2 

52.6 

78.9 

52.4 

78.6 

52.2 

78.3 

52.0 

78.0 

51.8 

77.7 

51.6 

77.4 

51.4 

77.1 

51.2 
51.0    1 

76.8 

76.5 

114.0 
113.6 
113.2 
112.8 
112  4 
112.0 
111.6 
111.2 
110.8 
110.4 

110.0 
109.6 
109.2 
108.8 
108.4 
108.0 
107.6 
107.2 
106.8 
106.4 

106.0 

105.0 

105 

104.8 

104.4 

104.0 

103.6 

103.2 

102.8 

102.4 

102.0 


142.5 
142.0 
141.5 
141.0 
140.5 
140.0 
139.5 
139.0 
138.5 
138.0- 

137.5 
137.0 
136.5 
136.0 
135.5 
135.0 
134.5 
134.0 
i;i3.5 

las.o 


6 


171.0 
170.4 
169.8 
169.2 
168.6 
168.0 
167.4 
166.8 
166.2 
165.6 

165.0 


.4 
.8 
.2 


-i      I 


132.5 

132.0 

131.5 

131.0 

180.5 

i:^0.0 

129.5 

129.0 

128.5 

128.0 

V^7.5 


164, 

163. 

163, 

162.6 

162.0 

161.4 

100.8 

160.2 

159.6 

150.0 
158.4 
157.8 
157.2 
150.0 
150.0 
155.4 
154.8 
154.^ 


8 


199.6 

228.0 

198.8 

227.2 

198.1 

226.4 

197.4 

225.6 

196.7 

224.8 

196.0 

224.0 

195.3 

223.2 

194.6 

222.4 

193.9 

221.6 

193.2 

220.8 

192.6 

220.0 

191.8 

219.2 

\ 


191.1  ; 

190.4 

189.7  i 
189.0 
188.3  , 
187.6  i 
186.9  i 

186.2  : 

185.5 

184.8  • 
1H4.1 
1H;3.4 
182.7 
182.0 

181.3  i 
180.0  1 


9 


256.5 
255.6 
254.7 
253.8 
252.9 
252.0 
251.1 
250.2 
249.3 
248.4 


218.4 
217.6 
216.8 
216.0 
215.2 
214.4 
213.6 
212.8 

212.0 
211.2 
210.4 
209.0 
20K.8 
208.0 
207.2 
200.4 


.7 
.8 


247.5 

246.6 

245, 

244 

243.9 

24S.0 

2-42.1 

241.2 

240.8 

239.4 

238.5 
2:37.6 
236.7 
235.8 
2;i4.9 
234.0 
233.1 
232.2 


«jj^.«^\S6iaSi 


000 


TABLE   XXTV. — LOGARITHMS   OP   ItUMBEUS. 


'  No.  ITO  L.  230.] 

i  — 


[No.  189  L.  273. 


N. 


iro 
1 

2 
3 


5 


G 

7 


180 
1 

2 
3 
4 
5 
G 


230449  I  0704 

2996  8250 

5528  '  5781 

8046  8297 


240549 
3038 
5513 
7973 


8  I '250420 

9  2853 


0799 
3286 
5759 
8219 


06C4 
3096 


5273  5514 
7679  7918 


260071 
2451 


0310 
2688 


4818  5054 
7172  '  7406 
9513  9746 


2 


8 


0930 


1215 
3757 


fJ033  I  62.« 
8548  8799 


0006 
8464 


0308 
3a38 

5755 

8158 


0548 
2925 
5290 
7641 
9980 


in 

4 

271842 

2074 

2S03 

8 

4158 

4389 

4620 

9 

6462 

6692 

(5921 

1048  i  129* 


3782 
6252 
8709 


1470 
4011 
653? 
9049 


1546 
4030 
6499 
8954 


1151  .  1395 
3580  ':   3«22 


5996 
8398 

0787  ' 
3102  j 
5525  I 
7875  I 


0213 
2538 
4850 
7151 


6237  ! 
8637 

1025 
3399 
5761 

8110 

0446 
2770 
5081 
7380 


1724 
4264 
6789 
9299 


1795, 
4277 
6745 
9198 


1038 
4064 

6477 

8877 


1263 
3636 
5996 
8344 


0679 
3001 
5311 
7609 


6 


1881 
4306 


8 


1979  , 
4517  ! 
7041  ! 

9560  : 

2044  I 
4525  ! 
6991 
9443 


22:i4 
4770 
7292 
9800 

2293 

4772 
7237 
9687 


2488 
5023 
7544 


-!  0050 
2541 
5019 
7482 
9932 


2125 
4548 


6718  i  0958 
9116  ;  9355 


1501  1739 
3873  I  4109 
6282  I  0467 
8578  8812 


0012  ;  1144 

3233  I  .3464 

5542  5772 

7838  '  8067 


2368 
4790 

7198 
9594 

1976 
4346 
6702 
9046 

1377 
3696 
6002 
8296 


9       Diff. 


,  2742 
:  5276 
i  7795 


255 
253 
252 


0300 

250 

2790 

a49 

5266 

248 

7728 

246 
245 

0176 

2610 

»43 

5031 

242 

7439 

241 

9833 

239 
238 

2214 

4582 

237 

6937 

235 

9279 

234 

233 

1609 

3927 

232 

0232 

230 

8525 

229 

I'ROPORTIONAL  PaRTS. 


102.0 

101.6 

101.2 

100.8 

100.4 

100.0 

99.6 

99.2 

98.8 

98.4 

98.0 

97.6 
97.2 
96.8 
96.4 
96.0 
95.6 
95.2 
94.8 
94.4 
94.0 

93.0 
93.2 
92.8 
92.4 
92.0 
91.6 
91.2 
90.8 
90.4 


127.5 
127.0 
126.5 
126.0 
125.5 
125.0 
124.5 
124.0 
123.5 
123.0 
122.5 


6 


122.0 
121.5 
121.0 
120.5 
120.0 
119.5 
119.0 
118.5 
118.0 
117.5 

117.0 
116.5 
116.0 
115.5 
115.0 
1U.5 
114. 0 
113.5 

iia.o 


153.0 

152.4 
151.8 
151.2 
150.6 
150.0 
149.4 
148.8 
148.2 
147.6 
147.0 

146.4 
145.8 
145.2 
144.6 
144.0 
143.4 
142.8 
142.2 
141.6 
141.0 

140.4 
139.8 
139.2 
138.6 
138.0 
IE?  .4 


178.5 
177.8 
177.1 
176.4 
175.7 
175.0 
174.3 
173.6 
1?2.9 
1?2.2 
171.5 

170.8 

170.1 

169.4 

168.7 

168.0 

167.3 

166.6 

165. 

165. 


8 


0 


204.0 
203.2 

202.4 
201.0 
200.8 
200.0 
199.2 
198.4 
197.6 
196.8 
196.0 

195.2 
194.4 
198.6 
192.8 
192.0 
191.2 
190.4 
189.6 
188.8 
188.0 

187.2 
186.4 
185.6 
184.8 
184.0 
183.2 


220.5 
228.6 
227.7 
226.8 
225.9 
225.0 
224.1 
223.2 
222.8 
221.4 
220.5 

219.6 
S18.7 
217.8 
216.9 
216.0 
215.1 
214.2 
213.3 
212.4 
211.5 

210.  G 
209.7 
208.8 
207.9 
207.0 
206.1 


a^^T 


TABLE  XXTV. — LOOABITHMS   OP  NTTMBSRS. 


1 

3 
•1 


200 
1 
2 
3 
4 

5 
G 
7 
8 

9 

210 
1 
2 
3 


281033 
3301 
5567 
780;^ 


5 

290035 

G 

226G 

V 

4466 

0 

CCC5 

9 

0853 

\^- 

1261  1488 
3527  3753 
6r82  ;  6007 
8026  i  8249 


8473  8696  ; 


2169 
4431 
6681 
8920 


301030 
3196 
5351 
7496 
9630 


3117^4 
3867 
5970 
8063 


0257 
2478 
4687 
6884 
9071 

1247 
3412 
5566 
7710 
9843 

1966 
4078  i 
6180  ! 
82?2  i 


0480 
2699 
4907 
7104 
9289 

1464 
3628 
5781 
7924 


0702  :  0925 
2920  3141 


5127 
7323 
9507 


5347 
7542 
9725 


1681 
3844 
5996 
8137 


1147 
£3a3 
5567 
7701 
9943 


0351  ■  0578 
2u22  I  2c^9 


4(k:U  1  4JJ82 
6yJ5  I  7130 
9143  .i  9366 


1S69 
3584 
5787 
7979 


1898 
4059 
6211 
8351 


0056 
2177 

4289 
6390 
8481 


0268 
2S89 


0481 
2600 


4499  4710 
0599  '■  6809 
8689  i  8898 


320146  0354 


2219 
4282 
0336 
8380 


2426 
4488 
6541 
8583 


2633 
4694 
6745 

8787 


2&")a 
4899 
C950 


2114 
4275 
6425 
856-4 


0101 


1591 
3804 
6C07 
8198 


0378 


2331  2547 


4491 
C639 
8778 


t;, 


4700 
6854 
8991 


0693 
2812 
4920 
7018 
9106 


0906  I  1118 


3023 
5130 
7227 
9314 


3234 
5a40 
7436 
9522 


0502  i  07CQ  0977  i  1184  1391  1598 


8040 
5105 
7155 


8991  I  9194 


330414  I  r617  I  OHIO  I  1022  !  1225 


3252 
5310 
7359 
9398 


»*58 

5516 
7563 
9601 


1427  I  1630 


3665 
5?21 
7767 
9805 

1832 


7354 
9589 


1813 
4025 
6226 
8416 


0595 

2764 
4921 
7068 
9204 


1330 
3445 
5551 
7646 
9730 


1805 

3871 
5926 
7972 


0008 
2a3-4 


0806 
8075 
5832 
7578 
9812 


2034 
4^46 
6446 
8635 


0813 

2980 
5136 
7882 
9417 


1M2 
36c6 
5760 
7854 
99S8 


20J2 

4077 
6131 
8176 


0211 
2236 


228 
227 
226 
225 
223 

222 
221 
220 
219 

218 

217 
216 
215 
213 

212 
211 
210 
209 
208 

207 

206 
205 
204 

203 
202 


PaopoBTioNAL  Parts. 


Dili.  I  1 


z 


217 
216 
215 
214 
213 
212 
211 
210 

209 
208 
207 
206 
20) 
£04 
SOS 
2Q2 


225 

22.5 

224 

22.4 

223 

22.3 

222 

22  2 

221 

22.1 

220 

22  0 

219 

21.9 

218 

21.8 

/ 


21.7 
21.6 
21.5 
21.4 
21.3 
21.2 
21.1 
21.0 

20.9 
20.8 
20.7 
20.6 
20.5 
20.4 
20.8 
20.3 


I 


45.0 
44.8 
44.6 
44.4 
44.2 
44.0 
43.8 
43.6 

43.4 
43. fJ 
43.0 
42.8 
42.0 
42.4 
42.2 
42.0 

41.8 
41.6 
41.4 
41.2 
4d.O 
40.8 
40.6 
40.4 


07.5 

90.0 

67.2 

89.6 

66.9 

89.2 

66.6 

83.8 

66.3 

88.4 

66.0 

H8.0 

65.7 

87.6 

65.4 

87.2 

65. 1 

86.8 

64.8 

86.4 

64.5 

86.0 

64.2 

85.6 

03.9 

85.2 

63.6 

K4.8 

63.3 

84.4 

63.0 

84.0 

02.7 

83.6 

62.4 

83.2 

62.1 

82.8 

61.8 

82.4 

CI. 5 

82.0 

61.3 

81.6 

/  09.9 
/  60.6 

81.2 

'0.8 

5 

G 

112.5 

135.0 

112.0 

134.4 

111.5 

133.8 

111.0 

133.2 

110.5 

132.6 

110.0 

132.0 

109.5 

131.4 

109.0 

130.8 

108.5 

130.2 

108.0 

129.6 

107.5 

129.0 

107.0 

128.4 

10(5.5 

127.8 

lOC.O 

127.2 

105.5 

120.6 

8 


105.0 

104.5 
104.0 
108.5 
10:3.0 
102.5 
102.0 
101.5 
101.0 


126.0 

125.4 

124.8 

124.2 

123.6 

123.0 

12a. 4 

121  .ft 


157.5 
156.8 
156.1 
155.4 
154.7 
154.0 
153.3 
152.6 

151.9 
151.2 
150.5 
149.8 
149.1 
118.4 
147.7 
147.0 


180.0 
179.2 
178.4 
177.6 
176.8 
176.0 
175.2 
174.4 

173.0 

172.8 
1?2.0 
171.2 
170.4 
109.0 
108.8 
108.0 


140.3 
145.0 
144.9 
114.2 
118.5 


I 


202.5 
201.6 
200.7 
199.8 
198.9 
198.0 
197.1 
100.2 

195.3 
194.4 
198.5 
192.0 
191.7 
190.  M 
18'.).  9 
189.0 


107.2 
KiG  4 
Kio.G 
104.8 
KU.Q 


188.1 
187.2 
18(5.3 
185.4 
VA.?i  \ 


u\a\  \^\.^A\'^\-^ 


H^A 


TABLE  XXTV. — ^I.OGABITHMS   OF  NUMBERS. 


No.  215  L.  332.] 


[No.239L.S80. 


N. 


215 
6 

V 
0 


220 
1 
2 
3 

4 
5 
6 
7 
0 
9 

230 
1 
2 
3 

4 

5 
6 

7 
8 
9 


0 

1 

2 

8 

4 

332438 

2640 

2842 

3044 
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Sine. 

q-t 

Tong. 

Ootang. 

Dl-    C 

-^ 

60 

a 

^ 

lul.  neg. 

_4.e8S 

Inf.  neg. 

5rs^4 

^■^^ 

e.AfenSi 

S^l  67B 

fl.Msia 

43S 

19U 

.7(147M 

sfa  1  6ffi 

.TW758 

436 

IBU 

a.niuiHr 

5T6||ST6 

T.iwanw 

4SS 

SO) 

65SJ  MB 

'.W^ 

4S5 

.02       g 

860 

6 

;stl877 

575    5fB 

:241flr8 

.TBSliB 

435 

4£U 

a76[  87S 

.Bosaso 

-ooiira 

435 

ite 

)909»9 

480 

999099 

fi74    Mil 

1417970 

'.n&eo 

434 

399999 

KXI 

.4«ara8 

674 

m 

.46SW7 

.586373 

4E4 

eeo 

.00    J 

99999^ 

13 

.bisaot 

674 

;M390fl 

!4570M 

433 

1 

9K 

T80 

18 

.Brum 

514 

657 

.577673 

.432838 

W9997 

47 

B40 

.OOOHM 

srt 

433 

900     IS 

.(HOSlfl 

13UO180 

«S0     16 

.OCTMB 

'.(xma 

43^ 

■1 

009905 

lOSD 

i7 

.flwira 

673 

5ffl 

.694170 

isoBsai 

433 

43 

lOBO 

67t 

.380997 

4» 

1 

!7484™ 

ia» 

SO 

.IMTW 

E7a:  680 

Itmtbi 

iasBsas 

49D 

999993 

40 

ISftl 

T.Tsswa 

6^1 58i; 

430 

:o3  " 

999093 

39 

410 

1380 

3» 

;as54ai 

:83M0O 

■.1745W 

41fl 

1 

.03 

1 

SSrtWKl 

ma 

s* 

.sam 

571 ''t8S 

.843H4 

41fl 

36 

IBOO     S5 

.saisos 

sn  ,Sffi 

!l3R320 

-am    an 

417 

KSO    Jf 

:88M>8S 

5701, 5(M 

:89M9B 

lioiooi 

m 

»«9aH7 

33 

lljSO 

:S 

.910879 

650  .Sft 

.OSDlOH 

099980 

32 

609    68E 

!940R68 

414 

999U83 

ifwa 

51 

7.065082 

569  '  nST 

:2  0-1-inno 

41^ 

'm  " 

B99nra 

30 

ra 

.nesKD 

609,  5ftr 

.KIIW-'.I 

sa 

,9»KSS 

B99U80 

mo 

u 

B-OOTTST 

50»     > 

"n-1 

s 

30 

35 

BOl'     .■.'■! 

34 

BI-h;     .-!!■- 

999976 

38 

sm\^ 

:043M1 

Blkl    ;.'-'■ 

B99978 

sn 

jsffi :  m. 

:i«41B4 

999971 

&m  a 

8,070600 

11 .938103 

405 

1" 

099969 

19 

3S«)    4a 

.0«KI65 

6M|  BM 

SSKO     49 

£04    m. 

S1I40     44 

iea\  59S 

ilOTSoa 

!8fiero7 

401 

!03 

9999M 

aim  m 

.110929 

60^    600 

.11TO83 

.fmur, 

400 

909908 

StTllO      4U 

.lafttTJ 

5113    001 

.878190 

a»9 

s 

.03 

9«99lil 

as»  1  47 

501     60S 

.seii49 

398 

!l44UB< 

9993W 

Hfiioljfl 

:iS39W 

396 

0090511 

Asmi 

m   0O6 

.iHarw 

MT-r^ 

395 

909961 

■■WflO      Dl 

333 

i" 

999953 

dliO     BS 

H93 

aiw    53 

ilflWtfl 

6.W    OOfl 

:i»wsB 

>niJM 

391 

!oa 

n!IM<4H 

6,17'  on 

889 

999910 

»0  .0I£ 

!79,W7) 

-Wg 

1. 

S  'JHI  1  IJO 

:819B81 

B06I  aij 

!7)ffl36g 

BMI     M 

.mi34 

564  leio 

.773805 

881 

iHmw 

a 

5H|  61B 

laaiflsi 

383 

simo    so 

558  II  Bis 

li.isttm 

4.M5 

L5.ai*l 

lA 

\ 

/•'/', 

C-adne.  I    g-l 

Cotong. 

T«>K. 

\il 

w 

Sai. 

.^  J 

V 

TABLE 

KXV 

— LOGAKiTHMic  snraa, 

nv 

J 

<■    1 

T     B 

D 

osln      1 

«. 

34    ^9  iK. 

Hi         1 

l-Bl    S8 

03 

B09934     00 

90.B    DM 

31 

aoswi     am 

UIBBK. 

Hi 

■wsB  1   rs 

wiuaau  1  Gb 

JWI 

•HM 

s/BSna.  \  65 

40BU 

m 

m 

SMM 

eo 

BL 

ta 

*.         ,*" 

an 

OS 

sgatHT 
»ewos 

12-          51. 

oBOBoa 

H 

rauui 

tf 

4500 

338'       B41 

bbbT 

>UD 

630 

ar 

S^ 

wuf 

SJ) 

B^ 

SBoaffl 

BBSUI 

*!Ai 

BBS 

aGstKS 

68" 

SB   ■» 

G3h& 

SBlK^Ui 

S(H1"7 

5Stt 

36H8W 

G33  0G 

S4 

S0fi».2 

m 

•n 

s-^ 

5S5 

—OB 

sese^ 

SB 

22 

BB9K" 

B8?-       533 

3HaS89 

1 

BBUB-a 

8" 

assc    B&. 

»mm 

BOS 

HIBb 

as 

ft 

m 

«     BB 

35 

3W       sau 

34 

403             >» 

SSOT 

Oi 

BBOP 

33 

3X0 

Jfl 

aao 

BBSBB 

att 

•m 

-87 

■528 

06 

Wdf 

30 

1 

& 

9BW 

30 

•am 

SI 

^ 

Bog 

SB 

382 

32 

W 
OS 
OS 

« 

OS 

OB 

sg  t4 

43U 

eg  K> 

Ul 

MBM     SB 

ggt)-    1 

yj) 

ggsf 

MO 

Vt 

IB 

« 

BBtMll 

i»ea> 

1    toa 

OS 
07 

e9»»9 

so 

44 

£ 

«r«, 

nn 

flOPM  1 

08 

988- 

NOBIS       S" 

BB" 

BITBG 

Boir 

-OW 

W 
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I  OotaDg 


T  OR    \  \p   \   »a     \ 


\ 


COSINEa,  TASORNTS,  AND   CDTANGESTB. 


.eoeeea 

.009734 


47,-tS| 
47.18 
46. % 
46,62 

40. sa 


.owras 


as 

11 

.683605 

.warn 

.BUOMS 

.TiMono 

41. OS 

4i!aa 

40.07 

.TOBIHO 

s 

™       O.M 


.e9900r! 
.6119603 

9.eDD58l 
.900515 

!ou!oe4 
.'oooofHi 

!9S(l&tI 


.SDflSIW 
.DODNU 
.9094fl» 

!90MKI 
).9901«3 

!o9airiO 

!9»M»7 

:on9ia4 


!  667336 

! or! 187 

.S745a) 
.577877 
8.581S0B 


.lilQOM 


s.iusssa 


.609617 

!  70961 H 
.'fl-l.'Oi 
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TABIiE  XXV. — ^LOGARITHMIC  SINES, 


0 
1 
2 
8 
4 
5 
6 
7 
8 
0 
10 

11 
12 
18 
14 
15 
16 
17 
18 
19 

ao 

21 
22 
23 
2i 
25 
26 
27 
28 
29 
80 

81 
82 
33 
84 
35 
86 
87 
88 
89 
40 


Sine. 


D.  r. 


8.718800 
.721204 
.723595 
.7^25972 
.728387 
.730688 
.783027 
.785854 
.787667 
.789969 
.742259 

8.744586 
.746802 
.749055 
.751297 
.753528 
.755747 
.757955 
.760151 
.762337 
.764511 

8.766675 
.768828 
.770970 
.773101 
.775228 
.777833 
.779434 
.781524 
.783005 
.785675 

8.787786 
.789787 
.791828 
.798859 
.795881 
.797894 
.799897 
.801892 
.803876 
.805852 

8.807819 
.809777 
.811726 
.813667 
.815599 
.817522 
.819436 
.821343 
.823240 
.825130 

8.827011 
.828884 
.830749 
.832<K)7 
.8:^4456 
.8:^5297 

.8;^i;» 

.839956 

.wirr4 

8.HiS5H5 


40.07 
39.85 
39.62 
39.42 
39.18 
38.98 
38.78 
38.55 
38.37 
88.17 
37.95 

37.77 
37.55 
37.37 
87.18 
86.98 
36.80 
36.60 
86.43 
86.23 
86.07 

35.88 
85.70 
85.62 
85.37 
35.17 
35.02 
84.88 
34.68 
34.50 
34.35 

84.18 
84.02 

as. 85 

83.70 
33.55 
33.38 
33.25 
33.07 
32.93 
32.78 

32.68 
32.48 
32.85 
32.20 
32.05 
31.90 
31.78 
31.62 
31.50 
31.35 

31.22 

31.08 
30.97 
30.82 
30.68 
30.55 
30.43 
80.30 
30.18 


Cosine.      D.  1'. 


Tang. 


D.  r. 


Cotang. 


9.999404 
.999398 
.999391 
.999884 
.999378 
.999371 
.999364 
.999357 
.999350 
.999343 
.999336 

9.999329 
.999322 
.999315 
.999308 
.999301 
.999294 
.999267 
.999279 
.999272 
.999265 

9.999257 
.999250 
.999242 
.999235 
.999227 
.999220 
.999212 
.999205 
.999197 
.999189 


9 


999181 
.999174 
.999166 
.999158 
.999150 
.999142 
.999134 
.999126 
.999118 
.999110 

9.999102 
.999094 
.91KK)80 
.999077 
.999069 
.999061 
.999053 
.999044 
.999036 
.999027 

9.999019 
.OJMWIO 
.990002 
.998993 
.i«>89K4 
.<K)8(»76 
.9<)HJM;7 
.99S9r)8 
AYMm 

9.9985)41 


/  Coswo.   I  D  1' 


Sine. 


.10 
.12 
.12 
.10 
.12 
.12 
.12 
.12 
.12 
.12 
.12 

.12 
.12 
.12 
.12 
.12 
.12 
.13 
.12 
.12 
.13 

.12 
.13 
.12 
.13 
.12 
.13 
.12 
.18 
.18 
.13 

.12 
.18 
.13 
.18 
.18 
.13 
.13 
.13 
.13 
.13 

.13 
.13 
.15 
.13 
.13 
.13 
.15 
.13 
.15 
.13 

.15 
.13 
.15 
.15 
.13 
.15 
.15 
.13 
.15 


8.719396 
.721806 
.724204 
.726588 
.728959 
.781317 
.733663 
.735996 
.738317 
.740626 
.742922 

8.745207 
.747479 
.749740 
.751989 
.754227 
.756453 
.758668 
.760872 
.768065 
.765246 

8.707417 
.769578 
.771727 
.773866 
.775095 
.778114 
.780222 
.782820 
.784408 
.786486 

8.788554 
.790618 
.792662 
.794701 
.796731 
.796f52 
.800763 
.802705 
.804758 
.806742 

8.808717 
.810683 
.812041 
.814589 
.816529 
.8184(51 
.820384 
.822298 
.824205 
.820103 

8.827992 
.829874 
.81^1748 
.83:^13 
.835471 
.837321 
.8391(53 
.8401KW 
.842825 

8.844644 


40.17 
39.97 
39.73 
39.52 
39.30 
39.10 
38.88 
38.68 
88.48 
38.27 
88.08 

37.87 
87.68 
87,48 
87.80 
37.10 
36.92 
36.73 
36.55 
86.35 
36.18 

36.02 
35.82 
35.65 
35.48 
35.32 
35.13 
34.97 
34.80 
34.63 
84.47 

34.32 
81.15 
38.96 
33.83 
33.68 
83.52 
83.37 
83.22 
83.07 
82.92 

32.?r 
82.63 
82.47 
82.38 
82.20 
82.05 
31.90 
31.78 
31.68 
31.48 

31.37 
31.23 
31.08 
30.97 
30.83 
30.70 
30.58 
80.4") 
80.82 


11.280604 

60 

.278194 

59 

.275796 

58 

.273412 

57 

.271041 

56 

.268683 

55 

.266337 

&4 

.264004 

53 

.261683 

52 

.259874 

51 

.257078 

50 

11.254793 

'  49 

.252521 

48 

.250260 

47 

.^48011 

46 

.245773 

45 

.243547 

44 

.»41332 

48 

.289128 

42 

.236935 

41 

.2847&4 

40 

11.282583 

89 

.280422 

88 

.228278 

87 

.2261»4 

86 

.224005 

85 

.221886 

34 

.219778 

88 

.217680 

82 

.215592 

81 

.218514 

80 

11.211446 

29 

.209387 

28 

.207888 

27 

.206299 

26 

.203269 

25 

.201248 

24 

.199237 

28 

.197235 

2iS 

.195242 

21 

.198258 

20 

11.191283 

19 

.189817 

18 

.187859 

17 

.185411 

16 

.183471 

15 

.181589 

14 

.179616 

18 

.177702 

12 

.175795 

11 

.178897 

10 

11.172008 

9 

.170120 

8 

.168252 

7 

.166387 

6 

.164529 

5 

.162679 

4 

.160837 

8 

,159002 

2 

.157176 

1 

11.166866 

0 

D.  1".  \\  CotaTvg.\  "D.Y.  \    'twi^^.    V  ' 


aft9. 


COSINES,  TANGENTS,  AND    COTANGENTS. 


175* 


Sine. 


0 
1 
2 
8 
4 
5 
6 
7 
8 
9 
10 

11 
12 
18 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 
83 
34 
35 
36 
37 
38 
39 
40 

41 
42 
43 

44 
45 
46 

47 
48 
49 
5<) 

51 
52 
53 
54 
.55 
.56 
.57 
58 
59 
60 


8.843585 
.845387 
.847183 
.848971 
.850751 
.852525 
.854291 
.856049 
.857801 
.859546 
.861283 

8.868014 
.864788 
.866455 
.868165 
.869868 
.871565 
.878255 
.874938 
.876615 
.878285 

8.879949 
.881607 
.883258 
,884903 
.886542 
.888174 
.889801 
.891421 
.893035 
.894643 

8.896246 
.897842 
.899432 
.901017 
.902.596 
.904169 
.905736 
.907297 
.908a53 
.910404 

8.911949 
.913488 
.915022 
.916550 
.918073 
.919591 
.921108 
.922610 
.924112 
.925609 

8.927100 
.928587 
.930068 
.931544 
.933015 
.934481 
.935942 
.937398 
.938850 

8.940296 


D.  r. 


30.03 
29.93 
29.80 
29.67 
29.57 
29.43 
29.30 
29.20 
29.08 
28.95 
28.85 

28.73 
28.62 
28.50 
28.38 
28.28 
28.17 
28.05 
27.95 
27.83 
27.73 

27.63 
27.52 
27.42 
27.32 
27.20 
27.12 
27.00 
26.90 
26.80 
26.72 

26.60 
26.50 
26.42 
26.32 
26.22 
26.12 
26.02 
25.93 
25.85 
25.75 

25.65 
25.57 
25.47 
25.38 
25.30 
25.20 
25.12 
25.03 
24.95 
24.85 

24.78 
24. C8 
24.60 
24.. 52 
24.43 
24.35 
24.27 
24.20 
24.10 


Cosine. 


9.998941 
.9989.^ 
.998923 
.998914 
.998905 
.998896 
.998887 
.998878 
.998869 
.998860 
.998851 

9.998841 
.998832 
.998823 
.998813 
.998804 
.998795 
.998785 
.998776 
.998766 
.998757 

9.998747 
.998738 
.998728 
.998718 
.998708 
.998699 
.998689 
.998679 
.998669 
.998059 

9.998649 
.998639 
.998629 
.998619 
.998609 
.998599 
.998589 
.99a578 
.998568 
.998558 

9.998548 
.998537 
.996527 
.998516 
.998506 
.998495 
.998485 
.998474 
.998464 
.998453 

9.998442 
.998431 
.998421 
.998410 
.998399 
.998388 
.998377 
.998366 
.9983.55 

*7«  IwOOtx 


D.  r. 


/  Cosine.  I  D.  V.  1 1    Sine. 


.15 
.15 
.15 
.15 
.15 
.15 
.15 
.15 
.15 
.15 
.17 

.15 

.15 

.17 

.15 

.15 

.17. 

.15 

.17 

.15 

.17 


.15 

.17 

.17 

.17 

.15 

.17 

.17 

.17 

AT 

.17 

.17 
.17 
.17 
.17 
.17 
.17 
.18 
.17 
.17 
.17 

.18 
.17 
.18 
.17 
.18 
.17 
.18 
.17 
.18 
.18 

.18 
.17 
.18 
.18 
.18 
.18 
.18 
.18 
.18 


Tang. 


D.  1". 


8.844644 
.846455 
.848260 
.a50057 
.851846 
.853628 
.8554a3 
.857171 
.8589.^ 
.800686 
.862433 

8.864173 
.865906 
.867632 
.869351 
.871064 
.872770 
.874469 
.876162 
.877849 
.879529 

8.881202 
.882869 
.884530 
.886185 
.887833 
.889476 
.891112 
.892742 
.894366 
.895984 

8.897596 
.899203 
.900603 
.902398 
.903987 
.905570 
.907147 
.908719 
.9102a5 
.911846 

8.913401 
.914951 
.916495 
.918084 
.919568 
.921090 
.922019 
.924186 
.92,5()49 
.9271.';6 


8, 


8 


928a'38 
930155 
931647 
933134 
9.34616 
930093 

9.3';  no* 

93r08J3 
940494 
941952 


30.18 
30.08 
29.95 
29.82 
29.70 
29.58 
29.47 
29.35 
29.23 
29.12 
29.00 

28.88 
28.77 
28.65 
28.55 
28.43 
28.32 
28.22 
28.12 
28.00 
27.88 

27.78 
27.68 
27.58 
27.47 
27.38 
27.27 
27.17 
27.07 
26.97 
26.87 

26.78 
26.67 
26.. 58 
26.48 
26.38 
26.28 
26.20 
26.10 
26.02 
25.92 

25.83 
25.73 
25.63 
25.57 
25.47 
25.38 
25.28 
25.22 
25.12 
25.03 

24.95 

24.87 
24.78 
24.70 
24.02 
iM.r,8 
24.15 
24.37 

24.;:o 


Cotang. 


11 


11 


155356 
.153.545 
.151740 
.149943 
.148154 
.146372 
.144597 
.142829 
.141068 
.139314 
.137567 

,135827 
.134094 
.132368 
.130649 
.1289.36 
.127230 
.125531 
.123838 
.122151 
.120471 

11.118798 
.117131 
.11.5470 
.113815 
.112167 
.110524 
.108888 

•  •107258 
.105634 
.104016 

11.102404" 
.100797 
.099197 
.097602 
.096013 
.0944:^ 
.092853 
.091281 
.089715 
.088154 

11.086599 
.085049 
.083.505 
.081966 
.080432 
.078904 
.077381 
.07.5864 
.074351 
.072844 

11.071342 
.069845 
.068.353 
.060800 
.00.5384 
.C03<J07 
.CG2435 
.000908 
.059500 

1\  .Q?!-?.^^ 
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TABLB  XZT. — T-OGARTTaillC  BIXSB, 


— 

Sitio. 

D.  r.      Codne. 

D.1-.    1    Tang. 

D.  r.    (k 

rtang. 



Boioain 

01W8»H 

.13     l« 

94iaM 

~^l"ir 

weois 

:wiT|i 

B3:D3 

II 

arss 

'.vxsaa 

34 

i 

)6B596 

3 

.ms^i 

1 

"nioSi4 

44^ 

3! 

2» 

H 

^2nu 

BO 

f 

:W88T4 

;99f«7r 

B(WJ7 

113 
78 
)7 

»083a 

H65A9 

M 

!)B3100 

53 

10 

,!&441KJ 

;bUB333 

:ao  ! 

BSflSBi 

Maraa 

£0 

sa'.sj 
aj!o« 

9,snaiao 

.IH        8 

:ao 

:i8 

.ao    ! 

3E 

33 

3S 

w 

33 

i 

043^8 

4U 

oiDU3:i 

40 

13 

.U01170 

31 

JCOOIB 

MOKT 
03Sa81 

i1 
4J 

^ 

iDI!H:»g 

.MSiafl 

3i 

039667 

-41 

a.wioooo 

11 

sa.ii) 
as.os 

Sl.St 

9.998104 

.30        ^ 

iso 

mm 

32 

33 
32 

2 

6fl     " 

1 

34 

:itT4'JIW 

!Bfl«180 

;B9»nw 

9^855 
97IIBO0 

oaaoM 

as 

8r 

.WIBOH 

07824M 

84 

M 

ii^fwiii 

'duhos) 

Mwr» 

S3 

an 

.BBSOOfl 

;ao 

98i5ai 

as 

31 

»o 

.DUTOBB 

988577 

SO 

31 

Bi'ra 

31,57- 

ai.fis 

II 

20        8 

31 

i" 
i 

oisioi 

.BWiMfl 

.BBTilia 

98831T 

.DBTien 

nsraaa 

1 

B7 

:i)Hlll74 

.Dmw3 
.mrniio 
,niiTH!i7 

!23 
.30 
.23 

90M£I 

31 

S^i 

84 

30 

.amine 

31 

[ICH61S3 

'.osmK 

.Brnwra 

iao 

900«M 

30 

45 

40 

M 

s.nijosiio 

siins 
a. us 

30.01 

'■""Itli 

.35        1 

11 

21 

38     \\ 

ii" 

0CC»D3 

10 

s 

30:tB 

'^.,--'-: 

:-i?^i 

■a 

»7 

B2 

IS 

:oo?o« 

so.' OS 

30,67 

'Mi'ia 

!a« 

ouii-Jm 

at. 

BBI1703 

10 

1 

S.IXBOTS 

11 

SO-SO- 

so.  1*7 

B-BOTTBa 

.33 

;33 
.33 
.39 

U1IS16 

a 

7B     1" 

DRUM 

mum 

I 

;09T6Ba 

014SB8 

31 

1 

665782 

iOlBlM 

.egroso 

OIBBIW 

i 

4a 

r83S(ia 

»»»41 

68 

:01«H2l 

.^rwi 

:s3 

mm 

83 

9S0817 

/ 

ll 

.IHKB3S 

02WO3 

M 

9T«5«7 

I 

'  / 

:i>s/ne.  1 

WF.j 
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kitang. 
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COSINES,  TANGENTS,  AND  COTANGENTS. 


173« 


/ 

Sine. 

0 

9.019235 

1 

.02Wa5 

2 

.021632 

3 

.022825 

4 

.024016 

6 

.025203 

6 

.026386 

7 

.027567 

8 

.028744 

9 

.029918 

10 

.031089 

11 

9.032257 

12 

.03;i421 

13 

.034582 

14 

.035741 

15 

.036896 

10 

.038048 

17 

.089197 

18 

.040342 

19 

.041485 

20 

.042625 

21 

9.043762 

22 

.044895 

23 

.046020 

24 

.047154 

25 

.048279 

26 

.049400 

27 

.050319 

28 

.031635 

29 

.052749 

30 

.053859 

81 

9.054906 

32 

.056071 

33 

.0571?2 

34 

.058271 

fV> 

.059367 

36 

.060460 

37 

.061551 

38 

.062639 

39 

.063?24 

40 

.064806 

41 

9.065885 

42 

.066962 

4:^ 

.068036 

44 

.069107 

45 

.070176 

46 

.071242 

47 

.072306 

48 

.073366 

49 

.074424 

fiO 

.075480 

51 

9.076538 

52 

.077588 

53 

.078681 

54 

.079676 

55 

.080719 

56 

.081759 

57 

.082797 

5S 
50 

.083832 
.084864 

D.  1'.  1 1  Cosine. 


60  ;  9.085894 


20.00 
9.95 
9.88 
9.83 
0.78 
0.72 
9.68 
9.02 
9.57 
9  52 
9.47 

9.40 
9.35 
9.32 
9.25 
9.20 
9.15 
9.08 
9.05 
9.00 
8.95 

8.88 
8.85 
8.80 
8.75 
8.68 
8.65 
8.60 
8.57 
8.50 
8.45 

8.42 
8.85 
8.32 
8.27 
8.!t2 
8.18 
8.13 
8.08 
8.03 
7.98 


95 
90 
85 
82 
77- 
78 
67 
68 
60 
55 


50 
47 
42 
88 
33 
7.80 
7.25 
7.90 
7.17 


/  Cosine.  I.J).  1'. 


9.997614 
.997601 
.997588 
.997574 
.997561 
.907547 
.9975*4 
.907520 
.907507 
.997493 
.997480 

9.997466 
.997452 
.997439 
.907425 
.997411 
.997^97 
.997383 
.997369 
.997355 
.997*41 

9.997327 
.997313 
.99?20:) 
.99?285 
.99727: 
. 00725 r 
.00?242 
.997228 
.907211 
.00710;; 

9.997ia5 
.997170 
.907156 

.997127 
.997112 
.997008 
.907083 
.097008 
.997053 

9.997039 
.997024 
.997009 
.996994 
.996979 
.996964 
.996949 
.996934 
.996919 
.996904 

9.996889 
.996874 
.996858 
.996843 
.996828 
.996812 
.996797 
.996782 
.996766 

9.996751 


/     Sine. 


D.  r 


.22 
.23 

\zi 

!23 
.22 
.23 

.23 
.22 
.23 
.23 
.23 
.23 
.23 
.23 
.23 
.23 

.23 
.23 
.23 
.23 
.23 

.23 
.23 
.25 
.23 

.25 

.23. 

.25 

.^^ 

.25 

.23 

.25 

.25 

.25 

.23 

.25 
.25 
.25 
.25 
.25 
.25 
.25 
.25 
.25 
.25 

.25 
.27 
.25 
.27 
.27 
.25 
.25 
.27 
.25 


Tang. 


9.021620 
.0228;i4 
.024044 
.625251 
.026455 
.027655 
.028852 
.030046 
.031237 
.032425 
.0;«600 

9.034791 
.035960 
.0:37144 
.038316 
.039485 
.040651 
.041813 
.042973 
.044130 
.045284 


9 


D.  1" 


040434 
.047582 
.048727 
.049869 
.051008 
.052144 
.053277 
.054407 
.055.535 
.056050 

9.057781 
.a-)8lKX) 
.000016 
.061130 
.002240 
.06;«48 
.064453 
.065556 
.066655 
.067752 

9.068846 
.069938 
.071027 
.072113 
.073197 
.074278 
.075356 
.076432 
.077505 
.078576 

9.079644 
.080710 
.081773 
.082833 
.083801 
.084047 
.086000 
.0870.'>0 
.08805)8 

9.089144 


D.  1" 


\ 


Cotang. 


20.23  i 

20.17  ! 

20.12  ; 

20.07 

20.00 
9.95 
9.90 
9.85 
9.80 
9.73 
9.70 

9.63 
9.58 
9.53 
9.48 
9.43 
9.37 
9.33 
9.28 
9.23 
9.17 

9.13 
9.08 
9.03 
8.98 
8.93 
8.88 
8  83 
8.80 
8.73 
8.70 

8.65 
8.60 
8.57 
8.50 
8.47 
8.42 
8.38 
8.32 
8.28 
8.25 

8.20 
8.15 
8.10 
8.07 
8.02 
7.97 
7.93 
7.88 
7.85 
7.80 

7.77 
7.72 
7.67 
7.63 
7. (JO 
7.55 
7.50 
7.47 
7.43 


10.978380 


60 


.977166  59 

.975956  58 

.974749  57 

.973545  56 

.972345  55 

.971148  54 

.969954  53 

.968763  52 

.967575  51 

.966391  50 


10.965209 
.964031 
.962856 
.961()84 
.960515 
.959340 
.958187 
.957027 
.955870 
.954716 

10.953566 
.952418 
.951273 
.950181 
.9489{)2 
.947856 
.946?23 
.94559:3 
.944465 
.943341 

10.942210 
.941100 
.939984 
.938870 
.937760 
.936652 
.935547 
.934444 
.933345 
.932248 

10.981154 
.930062 
.92»)73 
.927887 
.926803 
.925722 
.924644 
.923568 
.922405 
.921424 

10.920856 
.9192JK) 
.918227 
.917167 
.916100 
.915053 
.914000 
.012050 
.911002 

\0 .9k\Q^^ 


^9 
48 
47 
46 
45 
44 
43 
42 
41 
40 

39 
38 
37 
36 
35 
34 
33 
32 
31 
80 

29 
28 
27 
26 
25 
24 
23 
22 
21 
20 

19 
18 
17 
16 
15 
14 
13 
12 
11 

.10 

9 

8 

7 

6 

5 

4 

3 
o 


02   1 


1  Cotang.  \  Y>.V.  \  "Y^ax?,. 


SG5 


TABLE  XXV.-LOQARrrHMIC  SINES, 


Sine. 

^ 

COBlUB. 

D-1'. 

Tme-       D. 

CotflDg. 

0 

B.Mfim 

i?:o8 
iu:i7 

o»e75i 

'.HT 

.as 

0.089144       ., 

H 

10  Bioess 

.uuoras 

-090187       ]^ 

:i)!fflM7 

■  UKirai 

)7 

I 

;UB«657 

.OOiSEU       JJ 

hi 

I 

■Sm 

'.sn 

.ooaHO     " 

IrJ 

'.mm 

.OSWBH       jT 

IB. 68 
]6.W 

B.B9G9J8 

1 

10  899Bn 

33 

;09!10M 

-0B860S 

.JOISW      IJ 

:Sl4 

;i06S60       }j{ 

ju 

b0E4,H 

1 

'll% 

^ 

'S.a 

■  swu-^a 

'.S7 

:iu96f.B   [J 

'mMi  ] 

31 

B.icuma 

11 
io:o5 

^BMiOD 

.2B 

3|}»^J       1( 

3B 

io-|«^« ' 

.9ilB3»l 

'.Zt 
1 

iiiawa     'f 

;t8rj67  1 

36 

.  0980! 

.00BB8H 

.iiaBaa     }J 

43 

i 

,w«i4e7  , 

Iguesss 

as 

'.    5D08 

;ii«9i     \i 

s' 

81 

g.    pe 

IS. SB 

isiw 

D.BsasM 

.SB 

,aT 

D.1CC4W      jj 

as 

15 

1C.87BS96  j 

:    9610 

-T^ 

:iSi7   ][ 

eT;l¥3 

8B 

■  ^"'*'^ 

IS^HO 

.SUfllBB 
.900108 

".as 

:'^m   " 

M 

blo* 

i  j^ 

is!to 

SH 

.  83306 

:0WilB4 

:i2Tii!!   ]j 

BO 

39 

'.& 

!l29CB7       }i 

B.isBiao 

15.58 
KM 

Z5.m 

9-990083 

.S8 

.leraeo 

.ow3oua 

:imM     S; 

« 

!l-JIM54 

.990015 

!l3SH93       i! 

-I 

40 

.iaorai 

.1347W        ° 

47 

.ia572«     j; 

t's 

•ItU 

411 

^isassi 

! 995948 

!iB7safi     jl 

(H 

8f    96 

BO 

.18«70 

■^ 

.IBtSMii       \l 

«!    J- 

H.1363K 

IB.W 

s 

EB 

sa 

.laoaoB 

.99fi894 

.140409        J, 

Ba 

,13?ilB 

.a»B87B 

.141840   ;g 

KW 

IS,  10 

1 

4a 

38 

»^«b04 

an 

.uum 

is 

1 

.80 

'14BW4        " 

854656 

^, 

p.'i-iasas 

B.WKTBa 

B".147»ja       '^ 

I0.8fi8j97 

Coaioe.   1 

D.r. 

Sine. 

D.r. 

1  Cotnne.':,  'U 

T 
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COSINES,  TANGENTS,  AND  COTANGENTS. 


171* 


0 

1 
2 
8 
4 
5 
6 
7 
8 
9 
10 

11 

18 
14 
15 
16 
17 
18 
19 
20 

21 
22 
28 
24 
25 
26 
27 
28 
29 
80 

81 
32 
83 
34 
85 
86 
37 
38 
89 
40 

41 
42 
48 
44 
45 
46 
47 
48 
49 
50 

51 
52 

53  I 

54  i 
55 
56  i 
57 
58 
59 
60 


Sine. 


9. 


9. 


9. 


9. 


9. 


48656 
44453 
45849 
46243 
47136 
48026 
48915 
49802 
50680 
51569 
52451 

53380 
54206 
.55068 
55957 
56880 
57700 
58569 
59435 
60801 
61164 

62025 
62885 
68743 
64600 
65154 
66307 
67159 
68008 
68856 
69702 

70547 
71889 
72230 
78070 
73903 
74744 
75578 
76411 
77242 
78072 

78900 
79726 
80551 
81874 
82196 
83016 
83834 
84651 
85466 
86^80 

87092 
87903 
88712 

miy 

90325 
91130 
91938 
92734 
93534 
94832 


D.  r. 


4.97 
4.98 

4.90 
4.88 
4.88 
4.82 
4.78 
4.78 
4.72 
4.70 

4;65 

4.68 
4.58 
4.57 
4.56 
4.50 
4.48 
4.43 
4.43 
4.88 
4.85 


88 
80 
28 
28 
24 
20 
16 
18 
10 
08 


03 
02 
00 
97 
3.93 
3.90 
3.88 
8.85 
3.83 
3.80 

3.77 
8.75 
8.72 
8.70 
3.67 
3.63 
3.62 
3.58 
3.57 
3.53 

3.52 
8.48 
8.45 
3.48 
8.42 
8.88 
8.86 
8.88 
8.80 


Cosine. 


9.995758 
.99577i5 
.996717 
.995699 
.995681 
.995664 
.995646 
.995628 
.995610 
.995591 
.995573 

9.995555 
.995537 
.996519 
.995501 
.995482 

.995427 
.995409 
.995300 

9.995872 
.995353 
.995334 
.995316 
.995297 
.995278 
.995260 
.995241 
.995222 
.995203 

9.995184 
.995165 
.995146 
.995127 
.995108 
.995089 
.995070 
.995051 
.995032 
.995013 

9.994998 
.994974 
.994955 
.994985 
.994916 
.9948ii6 
.994877 
.994857 
.994838 
.994818 

9.994798 
.994779 
.994759 
.9»4739 
.994720 
.994700 
.994680 
.994660 
.994640 

9.994620 


D.  1' 


.80 
.30 
.30 
.30 

.a8 

.80 
.30 
.80 
.82 
.80 
.80 

.30 
.80 
.80 
.82 
.£0 
.30 
.82 
.80 
.32 
.80 

.82 
.32 
.80 
.82 
.82 
.30 
.32 
.32 
.32 
.82 

.32 
.82 
.32 
.82 
.32 
.82 
.32 
.32 
.82 
.33 

.32 
.32 
.83 
.82 
.33 
.82 
.83 
.32 
.83 
.33 

.32 
.33 
.33 
.32 
.33 
.83 
.83 
.83 
.83 


Tangf; 


9 


'  ^  /Cosine.  I  D.  1\   //  Sine.  I  D.  1'. 


9 


9 


9 


9 


9 


147803 
148718 
149632 
150544 
151454 
152363 
153269 
154174 
155077 
155978 
156877 

167ri6 
158671 
169665 
160457 
161847 
162236 
168123 
164008 
164892 
165774 

166654 
167532 
168409 
169284 
170157 
in020 
171899 
172767 
178634 
174499 

175362 
176224 

177084 
177942 
178799 
179655 
180508 
181360 
182211 
188059 

188907 
184752 
185597 
186439 
187280 
188120 
188958 
189794 
190629 
191462 

192294 
193124 
193953 
1947H0 
195606 
19&430 
197253 
19H074 
198894 
199718 


IX  r. 


16.25 
15.28 
15.20 
15.17 
15.15 
15.10 
15.06 
15.05 
15.02 
14.96 
14.97 

14.98 
14.90 
14.87 
14.88 
14.82 
14.78 
14.76 
14.78 
14.70 
14.67 

14.68 
14.62 
14.68 
14.56 
14.58 
14.50 
14.47 
14.45 
14.42 
14.88 

14.87 
14.88 
14.30 
14.28 
14  27 
14.22 
14.20 
14.18 
14.13 
14.18 

14.06 
14.06 
14.08 
14.02 
14.00 
13.97 
13.98 
13.92 
13.88 
13.87 

13.88 
13.82 
13.78 
13.77" 
13.73 
13.72 
13.68 
13.67 
18.65 


Cotang. 


10.862197  I  60 
.861282  ;  59 
.850868 
.849456 
.848546 
.847637 
.846731 
.845826  ■  53 
.844928  52 
.844022 
.848123 


10.842226 


.840485 
.889543 
.888668 
.887764 
.886877 
.886092 
.885108 
.884226 

10.888846 
.882408 
.881591 
.880716 
.829843 
.828971 
.828101 
.827233 
.826866 
.825501 

10.824638 


58 
57 
56 
55 
54 


51 
50 


49 


.841829  I  48 


47 
46 
45 
44 
48 
42 
41 
40 

89 
88 
87 
86 
85 
84 
38 
32 
81 
80 

29 


28 
27 


.8237r6 
.822916 

.822058  i  26 

.821201  25 

.820845  '  24 

.819492  28 

.818640  <  22 

.817789  21 

.816941  20 


19 
18 


\ 


10.816098 
.815248 
.814403  17 
.813561  16 
.812720  15 
.811880  1  14 
.811042  1  13 
.810206  12 
.809371  11 
.808538  .  10 

10.807706  •    0 

.80<JH7(; 
.  80(50  i7 
.805220 
.H013'M 

.8o;?5ro 

.802747 
.801926 
.801106 
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TABLE  XXV.— LOOAllITHMIC  SINBS, 


iiKuni  I 


-sooisi 


'.airmi  I 


'.ssuu 


.SS410& 


.tne»ii 

'uouHi 
.uatm 

-SUSKS 


9.IDB713 

!S07817 
D.S0H6IB 


!a«0!)T  I 


.ITOMl 

.■iamin 

.TS3TB3 

.TBffffiO 
.7BHUKI 
.T8HIK5     . 


.rww7 


.iSHMB 
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COSINES,  TANGENTS,  AND  COTANGENTS. 
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0 
1 
2 
3 
4 
5 
C 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
28 
24 
25 
26 
27 
28 
29 
80 

81 
82 
83 
84 
86 
86 
87 
88 
89 
40 

41 
42 
43 
44 
45 
4(S 
47 
48 
49 
60 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


Sine. 


9.239670 
.240386 
.241101 
.241814 
.242526 
.243237 
.24:3947 
.244656 
.245363 
.246069 
.246775 

9.247478 
.248181 
.248883 
.249583 
.250282 
.250980 
.251677 
.252373 
.258007 
.253761 

9.254453 
.255144 
.255834 
.256523 
.257211 
.257898 
.258583 
.259268 
.259951 
.260633 

9.261814 
.261994 
.262673 
.263351 
.264027 
.264703 
.285377 
.266051 
.266723 
,267895 

9.268065 
.268734 
.269402 
.270069 
.270735 
.271400 
.272064 
.272^6 
.278388 
.274049 

9.274708 
.275367 
.276025 
.276681 
.277337 
.277991 
.278645 
.279207 
.270948 

9.280599 


D.  r. 


11.93 
11.92 

11.88 
11.87 
11.85 
11.83 
11.82 


11.78 
11.77 
11.77 
11.72 

11.*:^ 
11.70 
11.07 
11.65 
11.63 
11.62 
11.60 
11.57 
11.57 
11.53 

11.52 
11.50 
11.48 
11.47 
11.45 
11.42 
11.42 
11.38 
11.37 
11.35 

11.33 
11.32 
11.80 
11.27 
11.27 
11.23 
11.23 
11.20 
11.20 
11.17 

11.15 
11.13 
11.12 
11.10 
11.08 
11.07 
11.03 

n.m 

11.02 
10  98 

10.98 
10.97 
10.98 
10.93 
10.90 
10.90 
10.87 

io:86 

10.86 


Cosine. 


9.993861 
.993329 
.993307 
.993284 
.993262 
.993240 
.998217 
.993195 
.993172 
.993149 
.9931^>7 

9. 093104 
.993081 
.993059 
.993a% 
.993013 
.992990 
.992967 
.992944 
.992921 
.992898 

9.992875 
.992852 
.992829 
.992806 
.992783 
.992759 
.992736 
.992713 
.992690 
.992666 

9.992643 
.992619 
.992596 
.992572 
.992549 
.992.525 
.992501 
.992478 
.992454 
.992430 

9.992406 
.992382 
.992359 
.992335 
.992311 
.992287 
.9922{ia 
.992239 
.992214 
.992190 

9.992166 
.992142 
.992118 
.992093 
.992069 
.992044 
.992020 
.991996 
.991971 

9.991947 


D.  r. 


.37 
.37 
.38 
.37 
.37 
.38 
.37 
.38 
.38 
.37 
.38 

.38 
.37 
.88 
V.88 
.88 
.38 
.38 
.38 
.38 
.38 

.88 
.88 
.38 
.38 
.40 
.38 
.38 
.38 
.40 
.38 

.40 
.38 
.40 
.38 
.40 
.40 
.38 
.40 
.40 
.40 

.40 
.38 
.40 
.40 
.40 
.40 
.40 
.42 
.40 
.40 

.40 
.40 
.42 
.40 
.42 
.40 
.40 
.42 
.40 


Tang. 


9.246319 

.247057 
.247794 
.248530 
.249264 
.^9998 
.250730 
.251461 
.252191 
.2.52920 
.253648 

9.254874 

.255100 
.255824 
.256547 
.257269 
.257990 
.258710 
.259429 
.260146 
.260863 

9.261578 
.262292 
.263005 
.263717 
.264428 
.265138 
.265847 
.266555 
.267:^61 
.267967 

9.268671 
.269375 
.270077 
.270779 
.271479 
.272178 
.2?2876 
.273573 
.274269 
.2749W 

9.275658 
.276351 
.277043 
.277784 
.27^4:^4 
.279113 
.279801 
.280488 
.281174 
.281858 

9.282.'>42 
.283225 
.283907 
.284.588 
.285268 
.2a5947 
.286624 
.287301 
.287977 

9.28865'5l 


D.  r. 


12.80 
12.28 
12.27 
12.23 
12.23 
12.20 
12.18 
12.17 
12.15 
12.13 
12.10 

12.10 
12.07 
12.05 
12.03 
12.02 
12.00 
11.98 
11.95 
11.95 
11.92 

11.90 
11.88 
11.87 
11.85 
11.83 
11.82 
11.80 
11.77 
11.77 
11.73 

11.73 
11.70 
11.70 
11.67 
11.66 
11.63 
11.62 
11.60 
11.58 
11.57 

11.55 
11.53 
11.52 
11.50 
11.48 
11.47 
11.45 
11.43 
11.40 
11.40 

11.38 
11.37 
11.35 
11.. 33 
11.32 
11.28 
11.28 
11.27 


Cotang. 


\ 


10.758681 
.762943 
.752206 
.751470 
.750736 
.750002 
.749270 
.748539 
.747809 
.747080 
.746352 

10.745626 
.744900 
.744176 
.743453 
.742731 
.742010 
.741290 
.740571 
.789854 
.789137 

10.738422 
.787708 
.736995 
.736283 
.735572 
.734862 
.784153 
.733445 
.732739 
.782033 

10.781329 
.730625 
.729923 
.729221 
.728521 
.727822 
.727124 
.726427 
.725731 
.725036 

10.724342 
.723649 
.722957 
.722266 
.721576 
.720887 
.7^:0199 
.71J)512 
.7]hH26 
.718142 

10.717458 
.716775 
.716093 
.715412 
.714732 
.714053 
.71,3376 
.712699 
.712023 


60 
69 
58 
67 
56 
56 
54 
63 
62 
51 
60 

49 
48 
47 
46 
46 
44 
43 
42 
41 
40 

89 
88 
87 
86 
86 
84 
83 
82 
81 
80 

29 
28 
27 
26 
25 
24 
23 
22 
21 
20 

19 
18 
17 
16 
16 
14 
13 
12 
11 
10 

9 
8 
7 
6 
5 
4 
8 
2 
I 


^  /Cosine.  I  D,  1'.   W     Sine.     I  D.  1'.   U  CotaugA  \>.V.  \     '^^^^. 
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COSINES,  TANGENTS,  AND  COTANGENTS. 


167' 


t 

Sine. 

0 

9.317879 

1 

.318473 

2 

.31906G 

3 

.310658 

4 

.320249 

5 

.320840 

G 

.321430 

7 

.322019 

8 

.822607 

9 

.823194 

10 

.823780 

11 

9.324366 

12 

.824950 

18 

.325534 

14 

.326117 

15 

.826700 

16 

.327281 

17 

.327802 

18 

.328442 

19 

.329021 

20 

.329599 

21 

9.330176 

22 

.S30753 

23 

.831329 

^ 

.831003 

25 

.332478 

26 

.383051 

27 

.333024 

28 

.334195 

29 

.334767 

30 

.335387 

81 

9.835906 

^ 

.836475 

83 

.837043 

34 

.337610 

35 

.338176 

36 

.888742 

37 

.839307 

38 

.839871 

39 

.340434 

40 

.340996 

41 

9.841558 

42 

.842119 

43 

.842679 

44 

.848239 

45 

.843797 

46 

.844355 

47 

.844912 

48 

.345469 

49 

.846024 

50 

.846579 

51 

9.347184 

52 

.847687 

53 

.848240 

54 

.348792 

55 

.849843 

56 

.349898 

57 

.850443 

58 

.850992 

59 

.351540 

60 

9.352088 

D.  1". 


9.90 
9.88 
9.87 
9.85 
9.85 
9.83 
9.82 
9.80 
9.78 
9.77 
9.77 

9.73 
9.73 
9.72 
9.72 
9.68 
9.68 
9.67 
9.65 
9.63 
9.62 

9.62 
9.60 
9.57 
9.58 
9.55 
9.55 
9.52 
9.53 
9.50 
9.48 

9.48 
9.47 
9.45 
9.43 
9.43 
9.42 
9.40 
9.38 
9.37 
9.87 

9.35 
9.83 
9.83 
9.30 
9.30 
9.28 
9.28 
9.25 
9.25 
9.25 

9.22 
9.22 
9.20 
9.18 
9.17 
9.17 
9.15 
9.13 
9.13 


Cosine.  ;  D.  1'. 


9.990404 
.990378 
.990351 
.990324 
.090297 
.990270 
.900243 
.990215 
.990188 
.990161 
.990184 

9.990107 
.990079 
.990052 
.990025 
.989997 
.989970 
.989942 
.989915 
.989687 
.989860 

9.989832 
.989804 
.989777 
.989749 
.989721 
.989693 
.989665 
.989&37 
.989610 
.989582 

9.989558 
.989525 
.989497 
.969469 
.989441 
.989413 
.98ft385 
.989356 
.989328 


/  '  I  Cosine.  I  D.  y. 


9.989271 
.989243 
.989214 
.989186 
.989157 
.989128 
.969100 
.989071 
.989042 
.989014 

9.9889a5 
.988956 
.986927 
.086898 
.9668G0 
.966640 
.966611 
.968762 
.986753 

9.988724 


.43 
.45 
.45 
.45 
.45 
.45 
.47 
.45 
.45 
.45 
.45 

.47 
.45 
.45 
.47 
.45 
.47 
.45 
.47 
.45 
.47 

.47 
.45 
.47 
.47 
.47 
.47 
.47 
.45 
.47 
.48 

.47 
.47 
.47 
.47 
.47 
.47 
.48 
.47 
.47 
.48 

.47 

.48 
.47 
.48 
.48 
.47 
.48 
.48 
.47 
.48 

.48 
.48 
.48 
.46 
.48 
.46 
.46 
.46 
.48 


Tang. 


ff    I 


9.827475 
.•328095 
.32S715 
.320334 
.32095;^ 
.330570 
.331187 
.331808 
.332418 
.333033 
.333646 

9.384259 
.334871 
.335482 
.336093 
.336702 
.337311 
.337010 
.388527 
.330133 
.330730 

9.840344 

.341552 
.842155 
.342757 
.343358 
.843958 
.344558 
.345157 
.345755 

9.346353 
.346949 
.847545 
.348141 
.348785 
.M9329 
.349922 
.350514 
.851106 
.351097 

9.852287 
.352870 
.853465 
.354<153 
.a->4()40 
.355227 
.355813 
.35(i308 
.350962 
.357500 

9.a58149 
.356731 
.a50.S13 
.a'S0603 
.860474 
.361053 
.361632 
.862210 
.362767 

9.30;*^>4 


D.  1' 


Cotang. 


/    Sine,     1  D.  r.  i\  Cotang. \  I>.V.\    ^«».tv^.    \ 


10.33 
10.33 
10.32 
10.32 
10.28 
10.28 
10.27 
10.25 
10.25 
10.22 
10.22 

10.20 
10.18 
10.18 
10.15 
10.15 
10.13 
10.13 
10.10 
10.10 
10.08 

10.07 

10.07 

10.05 

10.03 

10.02 

10.00 

10.00 

9.98 

9.97 

9.97 

9.93 
9.93 
9.93 
9.90 
9.90 
9.88 
9.87 
9.87 
9.85 
9.88 

9.82 
9.82 
9.80 
9.76 
9.76 
9.77 
9.75 
0.73 
0.73 
0.72 

9.70 
9.70 
9.67 
9.68 
9.65 
9.65 
9.63 
0.62 
9.62 


10.672525 
.671905 
.671285 
.670660 
.670047 
.660430 
.668813 
.668197 
.667582 
.666967 
.666354 

10.665741 
.665129 
.664518 
.663907 
.663298 
.6e2689 
.60s:C81 
.661473 
.660867 
.060261 

10.659656 
.659052 
.658448 
.657845 
.65?-i48 
.656642 
.656042 
.655442 
.654843 
.654245 

10.653647 
.653051 
.652455 
.651859 
.651265 
.650671 
.650078 
.649486 
.648894 
.648303 

10.647713 
.647124 
.646535 
.645947 
.645360 
.644773 
.644187 
.643602 
.043016 
.6424:^4 

10.64ia51 
.041269 
.640687 
.640107 
.630526 
.6;«947 
.638368 
.637790 
.637213 


I 


1 


lOB^ 


a71 
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TABLE  XXV.— LOGARITHTyilC  SINES, 


IM- 


0 

1 

2 
3 
4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
2;J 
24 
25 
26 
27 
28 
29 
80 

31 
82 
&3 
34 
35 
30 
87 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
60 

51 
52 
53 
54 
55 
66 
57 
58 
59 
00  I 


Sine. 


D.  r. 


9.352088 
.352635 
.353181 
.353726 
.354271 
.351815 
.355358 
.355901 
.35(U43 
.356%^ 
.357524 

9.3580(U 
.358603 
.359141 
.359678 
.360215 
.360752 
.361287 
.361822 
.362356 
.362889 

9.363422 
.363954 
.364485 
.365016 
.365546 
.366075 
.366604 
.367181 
.367659 
.368185 

9.368711 
.369236 
.869761 
.370285 
.370808 
.3n330 
.371852 
.3'W373 
.372894 
.37:^414 

9.373933 
.374452 
.374970 
.375487 
.376003 
.376519 
.3770*5 
.377M9 
.378063 
.378577 

9-379089 
.37JHJ01 
.380113 
.380624 
.381134 
.381643 
.382152 
.382661 
.aS81fi8 
9.S8367S 


9.12 
9.10 
9.08 
9.08 
9.07 
9.05 
9.05 
9.03 
9.02 
.9.00 
9.00 

8.96 
8.97 
8.95 
8.95 
8.95 
8.92 
8.92 
8.90 
8.88 
8.88 

8.87 
8.85 
8.85 
8.83 
8.82 
8.82 
8.78 
8.80 
8.77 
8.77 

8.75 
8.75 
8.72 
8.72 
8.70 
8.70 
8.68 
8.68 
8.67 
8.65 

8.65 
8.63 
8.62 
8.60 
8.60 
8.60 
8.57 
8.57 
8.57 
8.53 

8.n3 
8.53 
8.52 
8.50 
8.48 
H.48 
8.48 
8.45 
8.45 


Cosine. 


r/  ^'^  / 


9.988724 
.988695 
.988666 
.988636 
.988607 
.988578 
.988548 
.988519 
.988489 
.988460 
.988430 

9.988401 
.988371 
.988342 
.988312 
.988282 
.988252 
.988223 
.988193 
I  .988163 
.988133 

9.988ia3 
!  .988073 
I  .988043 
I  .988013 
!  .987983 

.987953 
I  .987922 
I  .987892 

.987862 
;  .987832 

9.987801 
I  .987771 
.987740 
.987710 
.987679 
.987649 
.987618 
.987588 
.987557 
.987526 

9.987496 
.987465 
.987434 
.987403 
.987372 
.987311 
.987:^10 
.987279 
.987248 
.987217 

9.987186 
.987155 
.987124 
.987092 
.987061 
.9S7aH0 
.986998 
.986967 
.986936 

0.986904 


D.  r. 


/  Cosine.  I  D.  1'.  J     Sine. 


.48 
.48 
.50 
.48 
.48 
.50 
.48 
.50 
.48 
.50 
.48 

.50 
.48 
.50 
.50 
.50 
.48 
.50 
.60 
.60 
.50 

.50 
.50 
.50 
.50 
.50 
.52 
.50 
.50 
.50 
.52 

.50 
.52 
.50 
.52 
.50 
.52 
.50 
.52 
.52 
.50 

.52 
.52 
.52 
.52 
.52 
.52 
.52 
.52 
.52 
.52 

.52 
.52 
.53 
.52 
.52 
.53 
.52 
.52 
.53 


Tang. 
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COSINES,  TANGENTS,  AND  COTANGENTS. 
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0 

1 
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3 
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6 
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8 
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14 
15 
16 
17 
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20 
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26 
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30 
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40 
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42 
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45 
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49 
50 

51 
52 
53 
54 
55 
56 
57 
58 
59 
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Sine. 


9.440338 
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.442535 
.442973 
.443410 
.443847 
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.454194 
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.458848 
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.461364 
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9.462199 
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.4GSa32 
.46P^448 
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.464279 
.464694 
.465108 
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9.465935 


D.  r. 


7.33 


7 

7, 
7, 
7. 
7, 
7. 
7. 
7, 
7, 
7. 


33 
33 
30 
32 
30 
28 
28 
28 
27 
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7. 

<  . 
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7.00 
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6.98 
6.98 
6.97 
6.97 
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6.93 
6.93 
6.93 
6.92 
6.92 
6.90 
6.90 
6.88 


Cosine. 


9.982842 
.982805 
.982769 
.982738 
.982696 
.982660 
.982624 
.982587 
.982551 
.982514 
.982477 

9.982441 
.982404 
.982367 
.982331 
.982294 
.982257 
.982220 
.982183 
.982146 
.982109 

9.982072 
.982035 
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.981961 
.981924 
.981886 
.981849 
.981812 
.981774 
.981737 
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.981587 
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.981474 
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.981399 
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.981285 
.981247 
.981209 
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.981133 
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.981019 
.980981 
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.980866 
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.980750 
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j    '  I  Cosine.  I  D.  V.  jl    Sine,     j 


D.  r 


.62 
.60 
.60 
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.60 
.62 
.60 
.62 
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.60 

.62 
.62 
.60 
.62 
.62 
.62 
.62 
.62 
.62 
.62 

.62 
.62 
.62 
.62 
.63 
.62 
.62 
.63 
.62 
.62 

.63 
.62 
.63 
.63 
.62 
.63 
.63 
.62 
.63 
.63 

.63 
.63 
.63 
.63 
.63 
.63 
.63 

.as 

.63 
.05 

.63 
.63 
.65 
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.65 
.63 
.65 
.63 
.65 


D.  1' 


Tang. 


9.457496 
.457973 
.458449 
.458925 
.459^100 
.459875 
.460349 
.460823 
.461297 
.461770 
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Cotang. 
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88 

07 

37 

31 

:4ra74i 

OiOn 

BTOSBO 

86 

a; 

.480140 

979280 

58 

499091 

4»«I41     S( 

498S03  :  23 

3H 

:4msai 

079100 

4977U5 

8S 

aa 

.481731 

b'ik 

9790:^!» 

Gcana     ', 

mK» 

503109       ^ 

496891 

SO 

a.*SIS3i 

n.oo      " 
o!oo   i 

i        " 

87       10 
ST 

87 

as 

83 
83 
S3 

4I»4M 

10 

97IWSO 

490018 

M 

:4H3810 

978898 

501418     ; 

4IS583 

!KSM8 

^ 

496140 

16 

978817 

491711 

1484501 

978^' 

491870 

47 

.4H489.i 

978737 

50.1159     ; 

403«4]      18 

9780110 

08 

50B5»5       ^ 

493407     13 

49S9T3      11 

:4«W75 

978(115 

607400        \ 

49a&« 

B.4801ffr 

^        9 

-wwra     \ 

498107 

}& 

97K1U3 

B«     1 

491241 

^ 

:4S7IM3 

97816* 

18 

490809 

.48H0S 

Mixias     j 

490S78 

.48848 

1)8 

IS 

489918 

973389 

5» 

'.4X&H 

978888 

17 

489084 

"*'       15 

imte47 

51I31U       j 

4BB054 

g:SSl 

'*    1',  9 

'7"; 

-■tisine.   i 

D  r.  (','"" 

"liTeT"!"© 

~\'r 

polling.  \  "S 

"7y7~ 

Idb^.   V^ 

!$• 


COSINES,  TANGENTS,  AND  COTANGENTS. 


lev 


Sine. 


0 
1 
2 
3 
4 
5 
G 
7 
8 
9 
10 


12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 

26 
26 
27 
28 
29 
30 

81 
32 
83 
34 
35 
36 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
60 

51 
52 
53 
M 
55 
56 
57 
58 
59 
GO 


9.489962 
.490871 
.490759 
.491147 
.491535 
.491922 
.492308 
.492695 
.493081 
.498466 
.493851 


D.  1". 


11  9.494236 


.494621 
.496005 
.495888 
.495772 
.496154 
.496537 
.496919 
.497301 
.497682 

9.498064 
.498444 
.498825 
.499204 
.499684 
.499963 
.600842 
.500721 
.501099 
.601476 

9.601854 
.602831 
.602607 
.502984 
.508B60 
.60^735 
.6(M110 
.504485 
.504860 
.605234 

9.605606 
.606981 
.506354 
.506727 
.607099 
.507471 
.607843 
.508214 
.508685 
.608956 

9.609326 
.609696 
.510005 
.510434 
.610803 
.511172 
.511540 
.511907 
.612275 

9.612642 


6.48 
6.47 
G.47 
6.47 
6.45 
6.43 
6.45 
6.43 
6.42 
6.42 
6.42 

6.42 
6.40 
6.38 
6.40 
6.37 
6.38 
6.37 
6.37 
6.35 
6.35 

6.83 
6.35 
6.32 

6. as 

6.32 
6.33 
6.32 
6.30 
6.28 
6.30 

6.28 
6.27 
6.28 
6.27 
6.25 
6.25 
6.25 
6.25 
6.23 
6.23 

6.22 
6.22 
6.22 
6.20 
6.20 
6.20 
6.18 
6.18 
6.18 
6.17 

6.17 
6.15 
6.15 
6.15 
6.15 
6.13 
6.12 
6.13 
6.12 


Cosine. 


D.  1" 


Tang. 


9.978206 
.978165 
.978124 
.978083 
.97804V* 
.978001 
.977959 
.977918 
.077877 
.977835 
.977794 

9.977752 
.977711 
.977609 
.977628 
.977.')86 
.977544 

Avrrmi 

.977461 
.977419 
.977377 

9.977S35 
.977293 
.977251 
.977209 
.977167 
.977125 
.977083 
.977041 
.970999 
.976957 

9.976914 
.97687:2 
.97«)830 
.976787 
.976745 
.9767{>2 

Ammo 

.97(5617 
.076.574 
.97«f::iJ 

9.97G489 
.97r>446 
.976404 
.97(>S61 
.976318 
.976275 
.9762:^2 
.976189 
.970110 
.976103 

9.9760C0 
.97(M)17 
.975974 
.975930 
.975887 
.975K44 
.975«K) 
.975757 
.975714 

9.97.'3670 


.68 
.68 
.68 
.68 
.68 
.70 
.68 
.68 
.70 
.68 
.70 

.68 
.70 
.68 
.70 
.70 
.08 
.70 
.70 
.70 
.70 

.70 
.70 
.70 
.70 
.70 
.70 
.70 
.70 
.70 
.72 

.70 
.70 
.?2 
.70 
.72 
.70 
.72 
.72 
.70 
.72 

.72 
.70 
.72 
.72 
.72 
.72 
.72 
.72 
.72 
.72 

.72 
.72 
.73 
.72 
.72 
.7:^ 
.72 
.72 
.73 


I  ''  /  Cosine.  I  D.  1\  11    Sine. 


B.V. 


9.511776 
.512206 
.512635 
.513064 
.513493 
.513921 
.514349 
.514777 
.515204 
.515631 
.516057 

9.5164»4 
.516910 
.517335 
.517761 
.518186 
.518610 
.519034 
.519458 
.519882 
.520305 

9.620728 
.521151 
.521573 
.521995 
.522417 
.522838 
..523259 
.523680 
.524100 
.524520 

9.524940 
.5253.59 
.52.57:8 
.526197 
.526615 
.5270;« 
.527451 
.527868 
..528285 
.528702 

9.529119 
.529,5:^ 
.529951 
.530366 

.mm\ 

.5:^1196 
.5.31611 
.532025 
..53:;M39 
.5328.53 

9.5;«266 
.5J33679 
.5!«092 
..5:^4504 
.5:^4916 
.5;i5.S28 
.535739 
..5361.50 
..53<;.501 

9.53(^«7'^ 


D.  1". 


Cotang. 


7.17 
7.15 
7.15 
7.15 
.13 
.13 
.13 
.12 
7.12 
7.10 
7.12 

7.10 
7.08 
7.10 
7.08 
7.07 
7.07 
7.07 
7.07 
7.05 
7.05 

7.05 
7.03 
7.03 
7.03 
7.02 
7.02 
7.02 
7.00 
7.00 
7.00 

6.98 
6.98 
6.98 
6.97 
6.97 
6.97 
6.95 
6.95 
6.95 
6.95 

6.93 
6.93 
G.JkJ 
6.92 
6.92 
6.92 
6.90 
6.90 
6.90 
6.88 

6.88 
6.88 
6.87 
6.87 
6.87 
6.K5 
6.a5 
6.85 
6.85 


\ 


10.488224 
.487794 
.487365 
.486936 
.486507 
.486079 
.485651 
.485223 
.484796 
.484369 
.483943 

10.483516 
.483090 
.482665 
.482239 
.481814 
.481390 
.480966 
.480542 
.480118 
.479695 

10.479272 
.478849 
.478427 
.478005 
.477583 
.477162 
.476741 
.476320 
.475900 
.475480 

10.475060 
.474641 
.474222 
.473803 
.47a385 
.472967 
.472549 
.472132 
.471715 
.471298 

10.470881 
.470465 
.470049 
.469634 
.469219 
.4(58804 
.4()8.'J89 
.4(57975 
.4675(51 
.467147 

10.466734 
.4(56321 
.46,5908 
.4(5,5496 
.4(55084 
.4(54672 
.464261 
.46:^,50 
.46.3439 


CO 
59 

.58 
57 
56 
.^5 
.54 
53 

51 
50 

49 
48 
47 
46 
45 
44 
43 
42 
41 
40 

39 
38 
37 
.^6 
.35 
34 
33 
32 
31 
30 

29 
2S 
27 
26 
25 
24 
23 
22 
21 
20 

19 
18 
17 
16 
15 
14 
13 
12 
11 
10 

9 
8 
7 
6 
5 
4 
3 
2 


Cotang.  \  D.  V .  \    ^BJu?,.   \ 


a7'7 
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TABLE  XXV.— LOGARITHMIC  SINES^ 


160* 


13 
14 
15 
16 
17 
18 
19 

ao 

21 
28 
23 
iU 
25 
26 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


9 


51 

9.530915 

52 

.5312(i5 

53 

.5:^1614 

54 

.531963 

55 

.532312 

56 

.532661 

57 

.5;J3009 

58 

.533,357 

59 

10  1 

.5;i*3704 

9.r>^052 

/ 

Sine. 

0 

9.512642 

1 

.513009 

2 

.513375 

3 

.513741 

4 

.514107 

5 

.514472 

6 

.5148;i7 

7 

.515202 

8 

.515566 

9 

.515930 

10 

.516294 

11 

9.516657 

12 

.517020 

D.  r.  ;  Cosine. 


.517382 
.517745 
.518107 
.518468 
.518829 
.519190 
.519551 
.519911 

520271 
.520631 
.520990 
.521349 
.521707 
.522066 
.522424 
.522781 
.523138 
.523495 

9.523852 
.524208 
.524664 
.524920 
.525275 
.525630 
.52.5984 
.52(«39 
.526693 
.527046 

9.527400 
.527753 
.52810.-) 
.52*^58 
.528810 
.529101 
..529513 
.529864 
.5:J0215 
.530565 


6.12 
6.10 
6.10 
6.10 
6.08 
6.08 
6.08 
6.07 
6.07 
6.07 
6.05 

6.05 
6.03 
6.05 

6. as 

6.02 
6.02 
6.02 
6.02 
6.00 
6.00 

6.00 
5.98 
5.98 
5.97 


98 
97 
95 

95 
95 


6.93 
5.93 
5.93 
5.92 
5.92 
5.90 
5.i)2 
5.90 


88 
90 


5. 
5. 
5. 
5. 
5. 


9.975670 
.975627 
.975583 
.975539 
.975196 
.975452 
.975408 
.975365 
.975321 
.975277 
.975233 


5.88 
5.87 
5.88  , 
5.87  I 
5.85  ! 
5.87 
5.a5 
5.85 
5.83  1 
5.83 

5.83 
5.82 
5.82 

82 

82 

80 

80 

78 
5.H0 


9.975189 
.975145 
.975101 
.97.5057 
.975013 
.974969 
.974925 
.974980 
.97483(1 
.974792 

9.974748 
.974703 
.974659 
.974614 
.974570 
.974525 
.974481 
.974436 
.974391 
.974*47 

9.974302 
.974257 
.974212 
.974167 
.974122 
.974077 
.974(«2 
.973987 
.973942 
.973697 

9.973852 
.97:^807 
.973761 
.973716 
.97S(J71 
.  973(525 
.97.T>i^ 
.97:i535 
.97;W89 
.973441 

9.973398 
.97J1.%2 
.973;M)7 
.973261 
.973215 
.9731(59 
.973121 
.973078 
.973032 

9.972986 


D.  1'. 


.72 
.73 
.':3 
.72 
.73 
.73 
.72 
.73 
.73 
.73 
.73 


.73 
.73 
.73 
.73 
.73 
.73 
.75 
.73 
.73 
.73 

.75 
.73 
.75 
.73 


.75 
.73 
.75 
.75 
.73 
.75 

.75 
.75 
.75 
.75 
.75 
.75 
.75 
.75 
.75 
.75 

.75 

.n 

.75 
.75 
.77 
.75 
.75 
.77 
.75 
.77 


.75 
.77 

.77 

.rt 

.75 

.77 
.77 


Tang. 


CO   ' 


r-K  I 


9.636972 
.537382 
.537792 
.538202 
.538611 
.589020 
.539429 
.5^i)837 
.510215 
.510(;53 
.541061 

9.541468 
.511875 
.542281 
.542688 
.543094 
.543499 
.543905 
.544310 
.544715 
.546119 

9.545524 
.545928 
.546331 
.5467S5 
.547138 
.517510 
.547943 
.548345 
.548747 
.549149 

9.549560 
.549951 
.550352 
.550752 
.56115^ 
.561652 
.551952 
.662351 
.552750 
.553149 

9.553548 
.653946 
.551*14 
.551741 
.555139 
.55-536 
.555933 
.5.5()32J) 
.5")6725 
.557121 

9.557517 
.557913 
.558308 
.5T87ft3 
.5-)9097 
..559491 
.559885 
.560279 
..5(i(H)73 

9.561066 


D.  1'. 


6.83 
6.83 
6.83 
6.82 
6.82 
6.82 
6.80 
6.80 
6.80 
6.80 
6.78 

6.78 
6.77 
6.78 

H.rr 

6.75 
6.77 
75 
75 


6. 
6. 
6.73 
6.75 

6.73 
6.72 
6.73 
6.72 
6.70 
6.72 
6.70 
6.70 
6.70 
6.68 

6.68 
6.68 
6.67 
6.68 
6.65 
6.67 
6.66 
6.65 
6.65 
6.65 

6.63 
6.63 
6.62 
6.63 
6.62 
6.62 
6.60 
6. CO 
6.60 
6.60 

6.60 
6.58 
6.58 
6.. 57 
6.57 
6.57 
6.57 
0.57 
6.56 


Cotang. 


10.4680@8  '  60 
.462618  59 
.462206 
.461798 
.461889 
.460080 
.460671 
.460163  63 
.459755  i  52 
.469847  :  51 
.468939     50 


58 
57 
66 
56 
54 


10.46a532 
.468125 
.467719 
.467812 
.456906 
.456601 
.456095 
.466G90 
.455285 


.462862 
.462460 
.462067 
.451655 
.451263 
.460861 

10.450450 
.460049 
.449648 
.449248 
.448847 
.44S448 
.448048 
.447649 
.447250 
.446861 

10.446452 
.446064 
.446656 


49 
4» 
47 
46 
45 
44 
43 
42 
41 


.454881  40 

10.454476  89 

.464072  '•  38 

.463669  '  87 

.468266  i  86 


85 
84 
83 

as 

81 
80 

29 
28 
27 
26 
25 
24 
28 
22 
21 
20 

19 
18 
17 


.446259  ;  16 

.444861  15 

.444464  14 

.444067  18 

.448671  12 

.443275  '  11 

.442879  10 


10.442488 

9 

.442087 

8 

.441692 

7 

.441297 

6 

.440903 

5 

.440509 

4 

.440115 

8 

.439721 

2 

.439327 

1 

10.438984 

0 

/  CosJne.  I  D.  1'.    il     Sine.     .   D.  1".   \\  Cotaug.  \  \).V.  \    Tau^^.    \  • 


onro 


20O 


COSINES.  TANGENTS,  AND  COTANGENTS. 


159* 


Sine. 


0 

9.634052 

1 

.534399 

2 

.534746 

3 

.635092 

4 

.535438 

5 

.635783 

6 

.536129 

7 

.536474 

8 

.536818 

9 

.537163 

10 

.5:37507 

11 

9.537861 

12 

.538194 

13 

.538538 

14 

.538880 

15 

. 53922 i 

16 

.539565 

17 

.539907 

18 

.£40^9 

19 

.540590 

20 

.540931 

21 

9.541272 

22 

.541613 

23 

.541953 

24 

.542293 

25 

.642632 

26 

.642971 

27 

.543310 

28 

.543649 

29 

.543987 

80 

.544325 

81 

9.544663 

82 

.545000 

8;^ 

.545338 

31 

.545674 

&5 

.546011 

36 

.546347 

37 

.646683 

88 

.547019 

39 

.547854 

40 

.M7689 

41 

9.548024 

42 

.548359 

43 

.548693 

44 

.549027 

45 

.549360 

46 

.549693 

47 

.660026 

48 

.560369 

49 

.560692 

50 

.551034 

51 

9.. 531356 

52 

.5.51687 

6.) 

.552. 18 

M 

.552340 

55 

.552080 

5(> 

.553010 

57 

.553341 

58 

.553U70 

59 

.554000 

00 

9.554329 

D.  1". 


5.78 
5.77 
6.78 
6.77 
5.75 
5.77 
5.75 
5.73 
6.75 
5.73 
6.73 


72 
78 

70 
6.72 
6,70 
5.70 
5.68 
5.68 
5.68 
5.68 

6.68 
6.67 
5.67 
5.66 
6.65 
5.65 
6.66 
6.63 
5.63 
5.63 

5.62 
5.63 
5.60 
5.62 
5.60 
5.60 
5.60 
6.58 
6.58 
5.58 

6.68 
5.57 
6.67 
6.56 
55 
55 
55 
55 
53 
53 


52 


5 

5.52 

5.52 

5.62 

5.50 

5.52 

5.48 

5.50 

5.48 


Cosine. 


9.972986 
.972940 
.9?2894 
.972848 
.972802 
.9?2756 
.972709 
.972663 
.97-2617 
.972570 
.9?2524 

9.972478 
.972431 
.972385 
.972388 
.972291 
.972245 
.972198 
.9721M 
.9?2105 
.9ra068 

9.972011 
.971964 
.971917 
.9n870 
.971823 
.971776 
.971729 
.971682 
.971635 
.971588 

9.971540 
.971493 
.971446 
.971898 
.971351 
.971303 
.971256 
.971208 
.971161 
.971113 

9.971066 
.971018 
.970970 
.970922 
.970874 
.970827 
.970779 
.970731 
.970(ia3 
.970035 

9.970586 
.9705;^ 
.9704'.K) 
.070^42 
.970894 
.970315 
.97025)7 
.9702J9 
.970200 

9.970152 


D.  r 


.77 
.7? 
.77 
.77 
.78 
.77 
.77 
.77 
.78 
.77 
.77 

.78 

.77 
.78 
.78 
.77 
.78 
.78 
.77 
.78 
.78 

.78 
.78 
.78 
.78 
.78 
.78 
.78 
.78 
.78 
.80 

.78 
.78 
.80 
.78 
.80 
.78 
.80 
.78 
.80 
.78 

.80 
.80 
.80 
.80 
.78 
.80 
.M) 
.80 
.80 
.82 

.PO 

.80 
.80 
.80 
.M 
.80 
.80 
.82 
.80 


Tang. 


C<fsine, 


'.  ID. 


Sine. 


D.  r 


9.561066 
.561459 
.561851 
.562244 
.562636 
.568028 
.563419 
.568811 
.564202 
.564593 
.564983 

9.565878 
.565768 
.566153 
.566542 
.566982 
.567320 
.567709 
.568098 
.568486 
.56887^ 

9.569261 
.669648 
.570035 
..570422 
.570809 
.571195 
.571581 
.571967 
.572352 
.572738 

9.573123 
.573507 
.578892 
.574276 
.574660 
.575044 
.575427 
.575810 
.576198 
.576576 

9.576959 
.577341 
.577723 

.578104 
.5784WJ 
.578807 
.57iW48 
.57iK5:;>9 
.580009 
.580;W9 

9.580769 
.581149 
.581;VJ8 
.581{,()7 
.582^80 
.582t:05 
.58:^)44 
.r;834t>2 
..583800 

9.5841T7 


D.  r. 


6.65 
6.53 
6.56 
6.58 
6.58 
6.52 
6.53 
6.52 
6.52 
6.50 
6.50 

6.50 
6.50 
6.48 
6.50 
6.47 
6.48 
6.48 
6.47 
6.46 
6.47 

6.46 
6.46 
6.45 
6.46 
6.48 
6.48 
6.48 
6.42 
6.48 
6.42 

6.40 
6.42 

6.40 
6.40 
6.40 
6.88 
6.88 
6.88 
6.88 
6.88 

6.37 
6.37 
6.36 
6.87 
6.35 
6.35 
6.35 
Q.Sii 
6.33 

6. as 

6.33 
0.32 
6.32 
6.32 
6.32 
6.32 
6.30 
6.30 
6.28 


Cotang. 


10.488934 
.438541 
.438149 
.437756 
.4373M 
.436972 
.436581 
.436189 
.436798 
.485407 
.485017 

10.434627 
.434237 
.433847 
.4334.58 
.433068 
.432080 
.432291 
.431902 
.431514 
.431127 

10.430789 
.430352 
.429966 
.429578 
.429191 
.428805 
.428419 
.428083 
.427648 
.427262 

10.426877  29 
.426493  •  28 
.426108  1  27 


.425724 
.425340 
.424956 
.424573 
.424190 
.428807 
.423424 


60 
59 
58 
57 
56 
56 
54 
58 
52 
51 
60 

49 
48 
47 
46 
45 
44 
43 
42 
41 
40 

89 
38 
87 
86 
85 
84 
88 
82 
31 
30 


26 
25 
24 
23 
22 
21 
20 

19 


10.423041 

.422659  ;  18 

.422277  :  17 

.421896  !  16 

.421514  15 

.421133  14 

.420752  13 

.420371  '  12 

.419991  11 

.419611  10 

10.419231   0 

.4188.51  i  8 

.418172 

.418093 

.417714 

.4171335 

.410950 

.410578 

.410200 
\0 .419^'2a 


6 
5 
4 
3 
2 
1 


Cotang.  \  Y).V.\  'Yfv.w^- 


\  • 


20^ 


€%r*rk 


21* 


TABLE  XXV.— LOGARITHMIC  SINES, 


i5r 


0 

1 

o 

3 
4 
5 
6 
7 
8 
9 
10 

11 

la 

13 
14 
15 
IC 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
80 

81 
32 
33 
34 
85 
36 
37 
38 
89 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

5i 
52 
53 
54 
55 
56 
57 
58 

Si? 

60 


Sine. 


D.  r. 


9.554329 
.5&1658 
.554987 
.555315 
.555643 
.555971 
.556299 
.556626 
.556953 
.557280 
.557606 

9.557932 
.558258 
.558583 
.558900 
.559234 
.559558 
.559883 
.560207 
.560531 
.560855 

9.561178 
.561501 
.561824 
.562146 
.562468 
.562790 
.563112 
.563433 
.563755 
.564075 

9.564396 
.564716 
.5650136 
.565356 
.565676 
.56595)5 
.566314 
.566632 
.5()6951 
.567269 

9.567587 
.567904 
.568222 
.568539 
.568R56 
.569172 
.569488 
.569804 
.570120 
.570435 

9.570751 
.571(H)(} 
.571380 
.571095 
.57'2(K)9 
.57232;^ 
.572():W 
.572950 

9.573575 


-/- 


5.48 
5.48 
5.47 
5.47 
5.47 
5.47 
5.45 
5.45 
5.45 
5.43 
5.43 


5.43 
5.42 
5.43 
5.42 
5.40 
5.42 
5.40 
5.40 
5.40 
5.38 

5.38 
5.38 
5.37 
5.37 
5.37 
5.37 
5.a5 
5.37 

5. as 

5.35 

5.33 
5.33 
5.. S3 
5.33 
5.32 
5.32 
hM 
5.32 
5.30 
5.30 

5.28 
5.:w 

5.28 
5.28 
27 
27 
27 
27' 
5.25 
5.27 

5.25 
5.23 
5.25 
5.23 
5.23 
5.22 
5.23 
5.22 
5.20 


Cosine. 


9.970152 
.970103 
.9700r)5 
.970006 
.969957 
.9(J9909 
.969860 
.969811 
.969762 
.969714 
.969665 

9.969610 
.969567 
.969518 
.969469 
.969420 
.969370 
.969321 
.969272 
.969223 
.969173 

9.969124 
.969075 
.969025 
.968976 
.968926 
.968877 
.968827 
.968777 
.968728 
.968678 

9.968628 
.9(58578 
.968528 
.968479 
.96H429 
.968379 
.968329 
.968278 
.9(58228 
.968178 

9.968128 
.968078 
.9(;8(^27 
.967977 
.967927 
.9(57876 
.9(57826 
.967775 
.967725 
.96767'4 

9.907624 
.<M57'573 
.967522 
.{M57471 
.9(57421 
.9(57370 
.JM57319 
.967268 
.967217 

9.967166 


D.  1'. 


.82 
.80 
.82 
.82 
.80 
,82 
.82 
.82 
.80 
.82 
.82 

.82 
.82 
.82 
.82 
.83 
.82 
.82 
.82 

.as 

.82 

.82 
.83 
.82 
.83 
.82 
.83 
.83 
.82 
.83 
.83 

.83 
.83 
.82 
.83 
.83 
M 
.&5 
.83 

.as 

.83 

.as 

.m 
.as 
.as 

.85 

.aj 
.a5 

.83 
.85 

.as 
.a5 

.85 
.85 

.as 

.85 

.a5 

.85 
.85 
.85 


Tang. 


i\ 


9.584177 
.584555 
.584932 
.5a5309 
.585686 
.586062 
.586439 
.586815 
.587190 
.587566 
.5{57941 

9.588316 
.588691 
.589066 
.589440 
.589814 
.590188 
.59(K62 
.590935 
.591308 
.591681 

9.592054 
.592426 
.592799 
.593171 
.593542 
.593914 
.594285 
.594656 
.595027 
.595398 

9.595768 
.596138 
.596508 
.596878 
.597247 
.597616 
.597985 
.59aS54 
.598722 
.599C91 

9.599459 
.599827 
.600194 
.6005(52 
.600929 
.601290 
.601063 
.6020^9 
.602395 
.602761 

9.003127 
.603493 
.603a-)8 
.60^1223 
.604588 
.6(H()5.S 
.(505317 
.605682 
.606046 


D.  1'. 


Cotang. 


\ 


6.30 
6.28 
6.28 
6.28 
6.27 
6.28 
6.27 
6.25 
6.27 
6.25 
6.25 

6.25 
6.25 
6.23 
6.23 
6.23 
6.23 
6.22 
6.22 
6.22 
6.22 

6.20 
6.22 
6.20 
6.18 
6.20 
6.18 
6.18 
6.18 
6.18 
6.17 

6.17 
6.17 
6.17 
6.15 
6.15 
6.15 
6.15 
6.18 
6.15 
6.13 

6.13 
6.12 
6.13 
6.12 
6.12 
6.12 
6.10 
6.10 
6.10 
6.10 

6.10 
6.08 
6.08 
6.08 
6.08 
6.07 
6.08 
6.07 
6.07 


10.415833 
.415445 
.415068 
.414691 
.414314 
.413988 
.413561 
.413185 
.412810 
.412434 
.412059 

10.411684 
.411809 
.410934 
.410560 
.410186 
.409812 
.409438 
.409065 
.406692 
.408319 

10.407946 
.407574 
.407201 
.406829 
.406458 
.406086  i  34 
.405715 
.405344 
.404973 
.401602 

10.404232  29 

.408862  >  28 

.403492  !  27 

.403122  !  26 

.402753 

.402884 

.402015 

.401646 

.401278 

.400909 

10.400541 
.400178 
.399806 
.399438  i  16 
.3990n  15 
.398704 
.398337 
..397971 
.397605 
.39^39  10 

10.396873 

.896507 

.396142 

.395777 

.8a'>412 

.895047 

.894688 

.394318 

.893954 
10.883690 


Comne.  /  D.  r.    ,       Sine.     I  D.  I*.   ^  Cotai\?;.\  \>.  V,  \    Tt^o?^. 
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TABLE  XXT.— LOQAKITHMIC  BINES, 


.BMWt  I 
.69741X1  I 
1.996075 


.608(117  I 
.  .6a^5LH 


.803.119 

.600170 
.OWIHQ 
O.BOBTTn 
.OiWWIi 

.ooTSia 


COSINES,  TANGENTS,  AND  COTANGENTS. 


D.  1'.       CotaHK.    I  ' 


til    I 
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TABLE  lLXV.--LOaARITHMIO  SINES, 


IMf 


0 

1 

2 
3 

4 
6 
6 
7 
8 
9 
10 

tl 
12 
18 
14 
15 
16 
17 
18 
19 
20 

21 
22 
28 
24 
25 
26 
27 
28 
29 
80 

81 
82 
83 
34 
85 
86 
87 
88 
89 
40 


Sine. 


9.625048 
.626219 
.626490 
.626760 
.627080 
.627800 
.627570 
.627840 
.628109 
.628878 
.628617 

9.688916 
.629185 
.629458 
.629721 
.629969 
.680257 
.630524 
.630792 
.631059 
.631326 

9.631593 
.631859 
.632125 
.632392 
.632658 
.632923 
.683189 
.633454 
.633719 
.633984 

9.634219 
.634514 
.634778 
.635012 
.635306 
.635570 
.635834 
.636097 
.686360 
.636623 

9.636886 
.637148 
.637411 
.687073 
.637935 
.638197 
.638458 

.ess-rao 

.638981 
.639242 

9.639503 
.63J)7(J4 

.6«xm 

.6402H4 
.640M4 
.640804 
.641064 
.641324 
.641583 
9.641842 


D.  1'. 


4.52 

4.52 
4.60 
4.50 
4.50 


4. 
4, 
4. 


50 
50 
48 


4.48 


4 
4. 


48 
48 


4.48 
4.47 
4.47 
4.47 
4.47 
4.45 
4.47 
4.45 
4.45 
4.45 


.48 
.43 
.45 
.43 
.42 
.43 
4.42 
4.42 
4.42 
4.42 


4. 

4. 
4. 
4. 
4. 
4. 


42 

40 
40 
40 
40 
4.40 
4.38 
438 
4.38 
4.38 

4.37 
4.38 
4.37 
4.37 
4.37 
4.35 
4.37 
4.35 
4.35 
4.35 

4.35 
4.3;^ 
4.33 
4.33 
4.33 
4.33 
4.33 
4.32 
4.32 


Cosiiie. 


9.957276 
.957217 
.957158 
.957099 
.957040 
.956981 
.956921 
.956862 
.956803 
.956744 
.956684 

9.956625 
.956566 
.956506 
.956447 
.956887 
.056327 
.956268 
.956208 
.956148 
.956069 

9.056029 
.965969 
.955909 
.955819 
.955789 
.955729 
.955669 
.955009 
.955548 
.955488 

9.956428 
.955368 
.955307 
.955247 
.955186 
.955126 
.955065 
.955005 
.954944 
.954883 

9.954823 
.954702 
.954701 
.954640 
.954579 
.954518 
.954457 
.951396 
.954385 
.954274 

9.954213 
.9541.52 
.954090 
.954029 
.953968 
.953906 
.^58845 
.953783 
.953722 

9.953660 


D.  r. 


Cosine.  I  D.  1', 


rll 


Sine. 


.  W) 
.  W) 

.98 
.9o 
.9o 

1.00 
.96 
.96 
.96 

1.00 
.96 

.98 
1.00 

.98 
1.00 
1.00 

.98 
1.00 
1.00 

.98 
1.00 

1.00 
1.00 
1.00 
1.00 
00 
00 
00 
98 
00 
00 


1.00 
1.02 
1.00 
1.02 
1.00 
1.02 
1.00 
1.02 
1.02 
1.00 

1.02 
1.02 
1.02 
1.02 
1.02 


1 
1 
1 
1 


02 
02 
02 
02 


1.02 

1.02 
1.03 
1.02 
1.02 
1.03 
1.02 

i.as 

1.02 
1.03 


Tang. 


D.  1'. 


9.668673 
.669002 
.669882 
.669661 
.669991 
.670620 
.670649 
.670977 
.671806 
.671635 
.671963 

9.672291 
.672619 
.672047 
.678274 
.678602 
.678929 
.674257 
.674584 
.674911 
.675237 

9.675664 
.675890 
.676217 
.676543 
.676869 
.677194 
.677520 
.677846 
.678171 
.678496 

9.678321 
.679146 
.679471 
.679795 
.660120 
.680444 
.680768 
.681092 
.681416 
.681740 

9.682068 
.682887 
.682n0 
.688083 
.683866 
.688679 
.684001 
.684324 
.684646 
.684968 

9.685290 
.685612 
.685934 
.686255 
.686577 
.686898 
.687219 
.687540 
.687861 

9.688182 


5.48 
5.50 
5.48 
.50 
.48 
.48 
.47 
5.48 
5.48 
5.47 
5.47 


5. 
5. 
5. 
5. 


47 
47 
46 
47 
46 
5.47 
5.45 
5.46 
6.48 
6.46 

6.48 
5.45 
6.48 
6.48 
6.42 
6.48 
6.48 
6.42 
6.42 
6.42 

6.42 
6.42 
5.40 
6.42 
6.40 
5.40 
6.40 
6.40 
6.40 
5.88 

6.40 
6.88 
6.88 
6.88 
5.88 
5.37 
6.88 
6.87 
5.87 
5.37 

5.87 
5.37 
5.35 
5.37 
5.35 
5.35 
5.35 
6.35 
6.86 


D.I" 


\\  Cotang.  \ 


Cotang. 


10.881887 

.uBOvoO 

.880668 
.880889 
.880009 
.889680 
.889851 
.389028 
.888694 
.888865 
.888087 

10.887709 
.887^1 
.887058 
.886786 
.886896 
.886071 
.88B748 
.886416 
.825069 
.884768 

10.884488 
.884110 
.888788 
.888457 
.888131 
.822806 
.828480 
.888154 
.881829 
.821504 

10.821179 
.820664 
.880629 
.880206 
.819680 
.819556 
.819888 
.818008 
.818684 
.818260 

10.817987 
.817613 
.817290 
.816067 
.816644 
.816821 
.816099 
.816676 
.816364 
.816032 

10.814710 
.814388 
.814066 
.813746 
.818428 
.813102 
.812781 
.812460 
.818189 

10.811818 


eo 

60 
68 
67 
66 
65 
64 
63 
68 
61 
50 


D.VA  '^BOtt^t.  \  • 
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00SINE8,  TANGENTS,  AND  COTANGENTS. 


168« 


0 
1 
» 
8 
4 
5 
G 
7 
8 
0 
10 

11 
12 
18 
14 
15 
16 
17 
18 
10 
90 

21 
82 
28 
24 
26 
26 
27 
28 
29 
80 

81 
82 
88 
84 
86 
86 
87 
88 
88 
40 

41 
42 
48 
44 
46 
46 
47 
48 
40 
60 

61 
62 
68 
64 
65 
66 
67 
68 
60 
60 


Sine. 


0 


0 


/^/ 


641842 
642101 
642360 
642618 
642877 
Gldia'S 
643303 
ai3($50 
643908 
644166 
644423 

644680 
644036 
645108 
645450 
645706 
645002 
646218 
646474 
646720 
646864 

647240 

647404 
64rr40 
648004 
648258 
648512 
6187G0 
649020 
649274 
6^27 

640781 
660081 
660287 
660530 
660792 
651044 
651207 
651540 
661800 
652062 

6G2304 
6S2555 
662806 
653057 
653308 
653558 
653808 
654059 
654300 
664558 

654806 
655058 
656307 
665656 
655805 
656051 
656302 
656551 
6567d0 
657047 


D.  1". 


4.32 

4.32 
4.30 
4.32 
4.80 


.30 
28 
30 
.28 
30 
28 


4.27 
4.28 

4.28 


4. 
4. 
4. 

4. 
4. 
4. 
4. 


27 
27 
27 
27 
25 
25 
27 


4.28 
4.25 
4.25 
4.23 
4.23 
4.23 
4.23 
4.23 
4.22 
4.23 

4.22 
4.22 
4.20 
4.22 
4.20 
4.22 
4.20 
4.18 
4.20 
4.20 

4.18 
4.18 
4.18 
4.18 
4.17 
4.17 
4.18 
4.17 
4.15 
4.17 


4 

4 
4, 
4. 
4. 

4. 


17 
15 
15 
15 
15 
13 


4.15 
4.13 
4.18 


Cosine. 


0.053G60 
.958599 
.953537 
.953475 
.953413 
.953352 
.953290 
.053228 
.053166 
.953104 
.953042 

9.K>2960 
.052918 
.852855 
.052793 
.052731 
.052669 
.952606 
.952544 
.952481 
.052419 

0.952356 
.952294 
.952231 
.9521G8 
.95210G 
.953043 
.9519S0 
.951917 
.951854 
.951791 

9.951728 
.951666 
.951602 
.951539 
.951476 
.951412 
.951349 
.951286 
.951222 
.051150 

0.061006 
.051032 

.950908 
.950905 
.950841 
.950778 
.950714 
.950650 
.950586 
.950522 

0. 950458 
.950394 
.0)0330 
.950206 
.950202 
.950138 
.950074 
.950010 
.949945 

9.040881 


CofBtne.   I  D.V 


7/ 


D.  1'. 


.02 
.03 
.08 
.03 
.02 
.03 
.03 
.03 
.08 
.03 
.03 

.08 
.05 
.08 
.03 
.03 
.05 
.08 
.05 
.03 
.05 

.03 
.05 
.05 
.03 
.05 
.05 
.05 
.05 
.05 
.05 

.05 
.05 
.05 
.05 
.07 
.05 
.05 
.07 
.05 
.05 

.07 
.07 
.05 
.07 
.05 
.07 
.07 
.07 
.07 
.07 

.07 
.07 
.07 
.07 
.07 
.07 
.07 
.08 
.07 


Sine.     I  D.  1". 


Tang. 


D.  r. 


0.688182 
.688502 
.088823 
.689143 
.689463 
.089783 
.690103 
.690423 
.090742 
.691062 
.691881 

0.601700 
.602019 
.6923^ 
.692656 
.692975 
.693293 
.693612 
.693930 
.694248 
.604566 

0.604883 
.695201 
.695518 
.695836 
.696153 
.696470 
.696787 
.697108 
.697420 
.697736 

0.696053 
.698369 
.098685 
.699001 
.699310 
.699632 
.699947 
.700263 
.700578 
.700693 

9.701208 
.701523 
.701837 
.702152 
.702466 
.702781 
.703005 
.703409 
.703722 
.704036 

9.704350 
.704()()3 
.704976 
.7aV31K) 
.70."56O:i 
.705916 
.700228 
.700.^1 
.706854 

9.707166 


6.83 
5.82 
5.33 
5.33 
5.33 
5.33 
5.33 
6.82 
6.33 
6.32 
5.82 

6.32 
5.82 
5.30 
5.32 
5.30 
5.82 
5.80 
5.80 
5.89 
6.28 

5.80 
5.28 
5.80 
5.28 
6.28 
5.28 
5.27 
5.28 
5.27 
5.28 

6.27 
5.27 
27 
25 
27 
25 
27 
25 
25 


5 
5 
5 
5 
5 
5 
6 
5.25 

5.25 
5.23 
5.25 
5.23 
25 
23 
23 
22 
23 
23 


5.22 
5.22 
5.23 
5.22 
5.22 
5.20 
5.22 
5.22 
5.20 


Cotang. 


10.811818 
.811498 
.811177 
.310857 
.310537 
.310217 
.809897 
.809577 
.809258 
.806938 
.806619 

10.808300 
.307961 
.807662 
.807344 
.807025 
.806707 
.806888 
.806070 
.805752 
.805484 

10.8(K117 
.804799 
.804482 
.804164 
.803847 
.303530 
.305:313 
.8026'.)7 
.802580 
.802264 

10.801947 
.801631 
.301315 
.300999 
.800684 
.800368 
.300053 
.299737 
.209422 
.299107 


I  60 
I  59 

;  68 

157 
66 
55 
i  64 
I  63 
52 
51 
60 

49 
48 
47 
46 
45 
44 
48 
42 
41 
40 

,80 
I  88 
'87 
86 
86 
84 
88 
82 
81 
80 

29 

28 

27 

26 

j25 

'  24 

28 

I  22 

20 


10.296792  19 

.296477  :  18 

.296103  '  17 

.297&48  16 

.297534  .  15 

.297219  1  14 

.290905  13 

.290591  ,  12 

.290278  i  11 

.295964  :  10 

10.295650  '  9 

.295:;*i7  8 

.295():^'t  7 

.294710  0 

.2IM:i..7  5 

.294(iH4  .  4 

.imr^-i  I  3 

.29:i459  2 

.29.3146  i  1 


I  Cotang.  \  1>.V.  \  'IM^?..  \ 


10* 


a?** 


TABLE  XXV.-LOQARITHMIO  SINES, 


IBS' 


Sine. 


9.657047 
.657295 
.657542 
.657790 
.658037 
.658284 
.658531 
.658778 
.659025 
.659271 
.650517 

9.659763 

.660009 
.060255 
.660501 
.060746 
.660991 
.661286 
.661481 
.661726 
.661970 

9.662214 
.662459 
.662703 
.662946 
.663190 
.663433 
.663677 
.663020 
.664163 
.664406 

9.6G4648 
.664891 
.665183 
.6()5375 
.6<)5617 
.665859 
.660100 
.000342 
.606583 
.666824 

9.667065 
.667305 
.667546 
.667786 
.668027 
.668867 
.668506 
.668746 
.068080 
.609225 

9.009464 
.009703 
.060942 
.070181 
.070419 
.0700.58 
.070890 
.671134 
.671872 
9.671609 


D.  r. 


4.18 
4.12 


4. 
4. 
4. 
4. 
4. 
4. 
4. 
4, 
4. 

4. 
4. 
4. 
4, 
4, 
4 
4. 
4. 
4. 
4. 


13 
12 
12 
12 
12 
12 
10 
10 
10 

10 
10 
10 
06 
08 
08 
08 
08 
07 
07 


4.08 
4.07 
4.05 
4.07 


4. 
4. 
4. 

4. 
4, 


05 
07 
05 
05 
05 


4.03 

4.05 
4.03 
4.03 
4.03 
4.03 
4.02 
4.03 
4,02 
4.02 
4.02 

4.00 
4.02 
4.00 
4.02 
4.00 
3.98 
4.00 
4.00 
3.98 
3.98 

3.98 
3.98 
3.98 
3.97 
3.08 
3.97 
3.97 
3.97 
3.95 


Ck>sine. 


9.949881 
.949816 
.949752 
.949688 
.949623 
.949558 
.949494 
.949429 
.949364 
.949300 
.949285 

9.949170 
.949105 
.949040 
.948975 
.948910 
.948845 
.948780 
.948715 
.948650 
.948584 

9.948519 
.9484^4 
.948388 
.948323 
.948257 
.948192 
.948126 
.948060 
.947905 
.947929 

9.047863 
.947707 
.947r31 
.947665 
.947600 
.947533 
.947467 
.947401 
.947aS5 
.947269 

9.947203 
.947136 
.947070 
.947004 
.040937 
.040871 
.940804 
.940738 
.046071 
.040001 

9.946538 
.040471 
.046404 
.0403:)7 
.040270 
.0402v^3 
.040136 
.040009 
.946002 

9.9459;35 


D.  f. 


,08 
.07 
,07 
,08 
.08 
.07 
.08 
.08 
.07 
.08 
.08 

.06 
,08 
.08 
.08 
,06 
.08 
.06 
.08 
.10 
.08 

.08 
.10 
.08 
.10 
.08 
.10 
.10 
.06 
.10 
.10 

.10 
.10 
.10 
.08 
.12 
.10 
.10 
.10 
.10 
.10 

.12 

.10 
,10 
,12 
,10 
.12 
.10 
,12 
.12 
.10 

.12 
,12 
,12 
,12 
,12 
,12 
,12 
,12 
Id 


Tang. 


9.707166 
.707478 
.707790 
.708102 
.708414 
.708726 
.709087 
.709849 
.709660 
.709971 
.710282 

9.710598 
.710904 
.711215 
.711525 
.711886 
.712146 
.712466 
.712766 
.713076 
.718886 

9.713696 
.714005 
.714814 
.714624 
.714983 
.715242 
.715551 
.715860 
.716168 
.716477 

9.716785 
.717093 
.717401 
.717709 
.718017 
.718325 
.718033 
.718940 
.719248 
.719555 

9.719862 
.720169 
.720476 
.720783 
.721089 
.721390 
.721702 
.722009 
.722315 
.722621 

9.722927 
.723232 
.?^5.S8 
.723^44 
.?W140 
.72Ur>4 
.TW7(}0 
.725065 
.725370 

9.725674 


D.  r. 


5.20 
5.20 
5.20 
5.20 
5.20 
5.18 
5.20 
6.18 
6.18 
5.18 
6.18 

5.18 
6.18 
5.17 
5.18 
5.17 
6.17 
5.17 
5.17 
5.17 
5.17 

5.15 
5.15 
5.17 
5.15 
5.16 
5.15 
5.15 
6.18 
5.15 
5.13 

6.18 
5.18 
5,18 
5.18 
5.18 
5.18 
5.12 
5.18 
5.12 
5.12 

5.12 
5.12 
6.12 
5.10 
5.12 
5.10 
5.12 
5.10 
5.10 
f).10 


08 
10 
10 
08 
08 
10 
5.08 
5.08 
5.07 


Cotang. 


10.392684 
.292522 
.2921in0 
.291896 
.291586 
.291274 
.290963 
.290651 
.290640 
.290029 
.269718 

10.269407 
.269096 
.288785 
.288475 
.288164 
.287854 
.287644 
.28T284 
.266924 
.886614 

10.266804 
.286995 
.266686 
.265876 
.265067 
.284758 
.284449 
.264140 
.283832 
.268623 

10.268216 

.282907 
.26^99 
.262201 
.261983 
.261675 
.281867 
.261060 
.260752 
.280445 

10.260138 
.279881 
.279524 
.279217 
.278911 
.278604 
.278298 
.277901 
.277685 
.277379 

10.277078 
.270768  ■ 
.276402  ' 
.2761.56 
.275851 
.275540 
.275»10 
.274985 
.274630 

10.274826 


Cosine.   I  D.  V.  il     Sine,     i  D.  1".  U  CotaTi^.^ 'Si-V.  \     "t^njj^.  \«    \^ 


170 


OQA 


sa» 


COSINES,  TANQBNTS,  AND  COTANOfiNTa 


i6r 


Sine. 


0 
1 
2 
8 

4 
5 
0 
7 
8 
0 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
26 
26 
27 
28 
20 
30 

81 
82 
83 
84 
85 
86 
87 
88 
39 
40 

41 
42 
43 
44 
45 
40 
47 
48 
40 
50 

51 
52 
53 
54 
55 
56 
57 
58 
59 
» 


9.671609 
.671847 
.6^064 
.672321 
.672568 
.672795 
.673032 
.678268 
.673505 
.673741 
.678977 

9.674218 
.674448 
.674684 
.674919 
.676155 
.675390 
.676G24 
.675859 
.676094 
.676328 

9.676562 
.676796 
.677080 
.67(264 
.677498 
.677781 
.677064 
.678197 
.678130 
.678663 

9.678895 
.679128 
.679360 
.679502 
.670624 
.680050 
.680288 
.680519 
.6807oO 
.680962 

9.681213 
.681443 
.681074 
.681905 
.682135 
.682365 
.682595 
.683825 
.683055 
.6882t^ 

9.688514 
.688743 
.683072 
.684201 
.684430 
.684658 
.684887 
.685115 
.685348 

9.686571 


D.  1' 


3.97 
3.95 
8.96 
8.95 
3.96 
3.96 
3.98 
3.96 
3.93 
3.93 
8.93 

8.92 
3.93 
3.92 
3.93 
8.92 
3.90 
8.92 
3.92 
3.90 
3,90 

3.90 
3.90 
3.90 
3.90 
3.88 
3.88 
3.88 
3.88 
8.88 
3.87 

3.88 
3.87 
3.87 
3.87 
3.87 
3.87 
3.86 
3.85 
3.87 
3.85 

3.83 
3.85 
3.85 
3.83 
3.83 
3.83 
8.83 
.3.83 
3.82 
3.83 

3.82 
3.82 
3.82 
3.K2 
3.80 
3.82 
8.80 
3.80 
3.80 


Cosine. 


9.946985 
.946868 
.945800 
.945733 
.945066 
.945598 
.945531 

.945300 
.945328 
.945201 

9.945193 
.945125 
.045058 
.944iKK) 
.944922 
.944^54 
.944780 
.944718 
.944660 
.944582 

9.944514 
.944446 
.944377 
.944300 
.944241 
.914172 
.944104 
.941030 
.943967 
.943899 

9.943830 
.948701 
.043093 
.943024 
.943555 
.943480 
.943117 
.i)43348 
.043279 
.943210 

0.943141 
.94.072 
.943003 
.042034 
.942861 
.942795 
.942?^ 
.942650 
.W2587 
.942517 

9.942448 
.942378 
.942308 
.9422:^9 
.942109 
.942099 
.942029 
.941959 
.941889 

9.941819 


Co^me.  I  D.  V,  II 


D.  1' 


.12 
.13 
.12 
.12 
.13 
.12 
.12 
.13 
.13 
.12 
.13 

.13 
.12 
.13 
.13 
.13 
.13 
.13 
.13 
.13 
.13 

.13 
.15 
.13 
.13 
.15 
.13 
.13 
.15 
.13 
.15 

.15 
.13 
.15 
.15 
.15 
.15 
.15 
.15 
.15 
.15 

.15 
.15 
.15 
.17 
.15 
.15 
.17 
.15 
.17 
.15 

.17 
.17 
.15 
.17 
.17 
.17 
.17 
.17 
.17 


Tang. 


D.  r. 


9.725674 


.( 


r^iK 


2.5979 
.720284 
.720oK'"! 
.720^iU2 
.727197 
.TsJToOl 
.727805 
.7^28109 
.728412 
.728716 

9.729020 
.729323 
.729626 
.729929 
.730233 
.730535 
.730888 
.731141 
.731444 
.731746 

9.782048 
.732851 
.732663 
.732955 
.733257 
.733658 
.733860 
.734162 
.734403 
.784761 

9.7a5066 
.735867 


.t 


35008 
.7a59«9 
.736269 
.736570 
.736870 
.737171 
.737471 
.737771 

9.738071 
.7:^71 
.738071 
.7:^^971 
.739271 
.735)570 


.  I 'J 


0870 
.740109 
.7404r)8 
.740707 

9.741006 
.741305 
.741061 
.741902 
.7422(51 
.742559  i 
.742858  I 
.743156  I 
.74i«54  i 

9.748752  I 


6.06 
5.08 
5.07 
5.07 
5.05 
07 
07 
07 
05 
5.07 
5.07 


5.05 
5.05 
5.06 
6.07 
5.03 
5.05 
5.05 
5.05 
5.03 
5.03 

5.06 
5.03 
6.03 
5.03 
5.02 
5.03 
5.03 
5.02 
5.02 
5.03 

6.02 
5.02 
5.02 
5.00 
5.02 
5.00 
6.02 
5.00 
5.00 
5.00 

5.00 
5.00 
5.00 
5.00 
4.98 
5.00 
4.98 
4.98 
4.98 
4.98 

4.98 
4.98 
4.97 
4.98 
4.97 
4.98 
4.97 
4.97 
4.97 


Cotong. 


10.274826 
.274021 
.273716 
.273412 
.273108 
.272808 
.27^2499 
.2?2195 
.271891 
.271588 


.259831 
.259532 
.259233 

10.258934 
.258635 
.258336 
.258038  i 
.257739  ! 
.257441 
.25n42 
.250844 
.250546 

10.256218 


60 
59 
58 
57 
56 
55 
54 
53 
52 
51 


.271284  50 

10.270980  49 
.270077  48 
.270374  47 
.270071  46 
.269707  i  45 
.269405  ;  44 
.269102  I  48 
.268859  ;  42 
.208556  :  41 
.268254  40 

10.267952  39 
.267649  38 
.267347  87 
.267045  36 
.260743  !  35 
.266442  ;  34 
.^140  ;  33 
.265838  i  32 
.205537  ;  31 
.265236  30 

10.264934  29 

.264683  28 

.264332  27 

.264031  26 

.263731  i  26 

.263180  I  24 

.203130  i  23 

.262829  I  22 

.262529  j  21 

.262229  j  20 

10.261929  ;  19 

.261629  18 

.261329  17 

.261029  16 

.200729  16 

.260430  i  14 

.200130  j  13 


12 
11 
10 

9 
8 
7 
6 
6 
4 
3 
2 
1 
0 


Sine.        D.  1".    1  Cotang.\  1>.V.\     'Yexw^.  \ 


mrr 


29" 


TABLE  ZXV.— LOGABITHMIO  SINIBS, 


1» 


0 
1 
2 
3 
4 
6 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
21 
25 
26 
2? 
28 
29 
80 

81 
32 
83 
31 
35 
36 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
60 

61 
52 
53 
51 
55 
56 
57 
58 
3ff 
60  I 


Sine. 


9.685571 
.685799 
.686027 
.686S>4 
.686482 
.686709 
.686966 
.687163 
.687889 
.687616 
.687843 

9.688069 
.688295 
.688521 
.688747 
.688972 
.689198 
.689423 
.689648 
.689873 
.690098 

9.690323 
.690548 
.690772 
.690996 
.6912^ 
.691444 
.691668 
.691892 
.692115 
.692839 

9.692562 
.692785 
.693008 
.693231 
.693453 
.693676 
.693898 
.694120 
.694312 
.694564 

9.694780 
.695007 
.695220 
.695450 
.695671 
.695802 
.696113 
.690334 
.696554 
.696775 


i>.r. 


3.80 
3.80 
3.78 
3.80 
3.78 
3.78 
3.78 
3.77 
3.78 
3.78 
3.77 

3.Tr 
3.77 

3.rr 

3.75 
3.77 
3.75 
3.75 
3.75 
3.75 
3.75 

3.75 
3.73 
3.73 
3.73 
3.73 
3.73 
3.73 
3.72 
3.73 
3.72 

3.72 
3.T2 
3.72 

8.70 
8.72 
3.70 
3.70 
3.70 
3.70 
3.70 

3.08 
3.70 
3.08 
3  08 
3. 08 
3.68 
3.68 
3.67 
3.68 
3.67 


7 


9.696995 
.697215 
.697435 
.697654 
.697Wr4 
.698094 
.6i»8313 
.698532 
/  .69ifr61  I 
9.698970  j 

Cosine.  /  D.  1'.  Il     Sine. 


3.67 
3.67 
3.65 
3.67 
3.67 
3.65 
3.65 
3.65 
8.65 


Cosine. 


9.941819 
.941749 
.941679 
.941609 
.941539 
.9414(S9 
.941398 
.941828 
.941258 
.941187 
.941117 

9.941046 
.940975 
.940906 
.940634 
.940763 
.940693 
.940622 
.940561 
.940480 
.940409 

9.940388 
.940267 
.940196 
.940125 
.940054 
.989982 
.939911 
.939840 
.939768 
.939097 

9.939625 
.939554 
.939482 
.939410 
.939339 
.939207 
.939195 
.93912;i 
.939052 
.938980 

9.938003 
.9388:% 
.9aS7(J3 
.938()91 
.9:^19 
.938547 
.93S475 
.938402 
.938330 
.938258 


./''. 


938185 
a38113 
938040 
9379(J7 
937KJ)5 
937822 
937749 
937676 
937604 
937531 


i>.  r. 


1.17 
1.17 
1.17 
1.17 
1.17 
1.18 
1.17 
1.17 
1.18 
1.17 
1.18 

1.18 
1.17 
1.18 
1.18 


17 

18 
18 
18 
18 
18 


1.18 
1.18 
1.18 


18 
20 
18 
18 
1.20 
1.18 
1.20 


.18 
.20 


1  20 


.18 
,20 
.20 
,20 
,18 
.20 


1.20 

1.20 
1.22 
1.20 
1.20 
1.20 
1.20 
1.22 
1.20 
1.20 
1.22 

1.20 
1.22 
1.22 


1.20 
1.22 
1.22 
1.22 
1.20 
1.22 


Tang. 


9.748752 
.744050 
.744848 
.741615 
.744913 
.745240 
.745538 
.749835 
.740182 
.746429 
.746726 

9.747028 
.747819 
.747616 
.747918 
.748209 
.748505 
.748801 
.749097 
.749893 
.749689 

9.749985 
.750281 
.750576 
.7508ra 
.751167 
.751462 
.751757 
.752052 
.752347 
.752642 


'   ri 


9.752937 
753231 
.753528 
.753820 
.754115 
.754409 
.754703 
.754997 
.755291 
.755685 

9.7.55878 
.750172 
.750465 
.756759 
.757052 
.757345 
.757038 
.757931 
.758224 
.758517 

9.758810 
.759102 
.759305 
.759087 
.759979 
.7602?2 
.760564 
.760856 
.761148 


D.  1'. 


97 
97 
96 
97 
96 
97 
4.96 
4.95 
4.96 
4.96 
4.96 


4. 
4 
4 
4. 
4 
4. 
4 
4 
4 
4 

4, 
4, 
4 
4 
4 
4 
4 
4 
4, 


98 
96 
96 
93 
98 
98 
98 
98 
98 
98 

98 
92 
98 
92 
92 
92 
92 
92 
92 


4.92 


4. 
4 
4. 
4, 
4 
4. 
4 
4. 
4 
4 


90 
92 
90 
92 
90 
90 
90 
90 
90 
88 


4.90 
4.88 
4.90 
4.88 
4.88 
4.88 
4.88 
4.88 
4.88 
4.88 

4.87 
4.88 
4.87 
4.87 


D.  r.  \\  Cotang, 


,88 
,87 
,87 
,87 
,85 


Cotan^. 


.256060 
.256662 
.256365 
.256057 
.254760 
.254462 
.254166 
.258868 
.263571 
.258274 

10.250977 
.252681 
.262884 
.252067 
.251791 
.251496 
.251199 
.250906 
.250007 
.250611 

10.250015 
.249719 
.249424 
.240128 
.248888 
.218688 
.248218 
.247948 
.247658 
.2^*858 

10.217063  29 
.246769  '■  28 
.246474 
.216180 
.215885 
.245591 
.245297 
.245008 
.244709 
.244415 

10.244122  19 
.243828  I  18 
.243535  I  17 
.248241  I  16 
.242918  !  16 
.242655  14 


.242362 

18 

.242069 

12 

.241776 

11 

.241488 

10 

10.241190 

9 

.240698 

8 

.240606 

7 

.240313 

6 

.240021 

5 

.230728 

4 

.289186 

8 

.289144 

8 

.288862 

1 

10.288561 

0 

\  D.V.\  '^Wi^.  \  • 


ooo 


ao» 


COBINES.  TANGENTS,  AND  COTANaENTS. 


149* 


Sine. 


0  9.60e9TO 

1  .699189 

2  .099107 
8  .6996ii6 

4  .699&14 

5  .7000G2 

6  .700380 

7  .700498 

8  .700716 

9  .700933 
•10  .701161 

11  9.701868 

12  .71585 
18  .701808 

14  .708019 

15  .702236 

16  .702452 

17  .702069 

18  .702885 

19  .708101 

20  .708317 

21  9.703588 

22  .708749 
28  .7039G4 

24  .704179 

25  .7048!)5 

26  .704610 

27  .704825 

28  .706040 

29  .7052!>4 

80  .705469 

81  9.705683 

82  .706898 

83  .706112 

84  .706326 
-86  .706589 

86  .700758 

87  .706967 

88  .70n80 

89  .707898 

40  .707606 

41  9.707819 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
55 
56 
57 
58 
59 
00 


L 


7 


.708082 
.708245 
.708458 
.708670 
.708882 
.709094 
.709800 
.709518 
.709780 

9.709941 
.710153 
.710364 
.710575 
.710786 
.710997 
.711208 
.711419 
.711629 

9.711889 


D.  1". 


8.65 
3.03 
3.65 
8.63 
3. 03 
3.63 
3.03 
8.08 
3.02 
8.03 
8.02 

8.62 
3.62 
8.62 
8.02 
3.00 
8.02 
3.00 
8.00 
3.00 
3.00 

8.00 
8.58 
8.58 
8.00 
3.58 
8.68 
3.68 
3.57 
3.58 
8.57 

8.58 
3.57 
3.57 
3.55 
8.67 
3.57 
3.55 
3-55 
8.65 
8.56 

8.55 
3.55 
3.55 
3.53 
3.53 
3.53 
3.53 
8.68 
8.58 
8.62 

3.53 
8.52 
3.52 
3.52 
3.52 
3.52 
8.52 
8.50 
8.50 


7 


CoiBine. 


9.087581 

.937458 
.U3rd«5 
.93781  .J 
.U37iS« 
.937105 
.937092 
.937019 
.9309^40 
.930872 
.930799 

9.930725 
.930052 
.930578 
.936505 
.930481 
.930357 
.930284 
.930210 
.930130 
.030002 

9.935988 
.935914 
.936840 
.935700 
.985692 
.935018 
.935543 
.985469 
.935395 
.935320 

9.a35240 
.935171 
.936097 
.935022 
.934948 
.984873 
.984798 
.984723 
.984049 
.984574 

9.984499 
.9844JJ4 
.934849 
.981274 
.984199 
.984123 
.9840^48 
.9.33073 
.983898 
.93.W22 

9.983747 
.933071 

.9:i;i590 

.9:33520 

9:«wr) 

.93830:) 
.93)29;J 
.93:K17 
.93:n41 
9.9:):X)0G 


D.  r. 


Coeino.   I  D.r.  //     Sine. 


.22 

;23 

.22 
.22 
.22 

!23 
.22 
.28 

.22 

.28 

!23 
28 
.22 
.28 
.28 
.23 
.23 

.28 
.28 
.28 
.28 
.28 
.25 
.23 
.23 
.25 
.23 

.25 
.23 
.25 
.23 
.25 
.25 
.25 
.23 
.25 
.25 

.25 
.25 
.25 
.25 
.27 
.25 
.25 
.25 
.27 
.25 

.27 
.25 
.27 
.25 
.27 
.27 
.27 
.27 
.25 


Tang. 


9.701489 
.701731 
.702023 
.702314 
.70-JClHi 
.  70:2^97 
.703188 
.708479 
.703770 
.704001 
.704852 

9.704648 
.704938 
.7052-M 
.705514 
.705805 
.700005 
.700885 
.700075 
.700965 
.767255 

9.707545 
.707884 
.708124 
.708414 
.708703 
.708992 
.709281 
.709571 
.709800 
.770148 


9 


770437 
.770720 
.771015 
.771303 
.771592 
.771880 
.772108 
.772457 
.7?2745 
.TTSO'SS 

9.773321 

.77:)0()8 
.77:381M5 
.774184 
.774471 
.774751) 
.775()10 
.775.333 
.77.5(521 
.77.5iK)8 

9.776195 
.770482 
.7707(J8 
.777055 
.777842 
.777028 
.777915 
.778201 
.77W88 

9.TiHT»4 


D.  1". 


4. 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 


87 
87 
85 
87 
85 
85 
85 
85 
85 
85 
85 


4.83 
4.85 
4.83 
4.85 
4.88 
4  88 
4.83 
4.83 
4.83 
4.83 

4.82 
4.83 
4.83 
4.82 
4.82 
4.82 
4.88 
4.82 
4.80 
4.82 

4.82 
4.82 
4.80 
4.82 
4.80 
4.80 
4.82 
4.80 
4.80 
4.80 

4.78 
4. SO 
4.80 
4.78 
4.80 
4.78 
4.78 
4.80 
4.78 
4.78 

4.78 

4.rr 

4.78 
4.78 
4.77 
4.78 
4.77 
4.78 
4.77 


Cotang. 


10.238581 
.288209 


00 
59 


.237977  !  58 


.2:i7080 
.23r394 
.237103 
.230812 
.230521 
.28(S230 
.235J)39 
.236048 


57 
50 
65 
M 
5S 
,52 
51 
50 


10.235357  49 

.285007  I  48 

.2847r0  ;  47 

.284480  j  46 

.284195  I  45 

.233905  44 

.233(n5  I  43 

.233325  42 

.233035  41 

.282745  .  40 

10.232455  '  89 

.232100  ;  88 

.231870  87 

.231580  80 

.231297  !  85 

.231008  ;  84 

.230719  I  88 

.2-30429  '  32 

.230140  31 

.229852  :  30 

10.229508  29 

.229274  28 

.228985  27 

.228097  26 

.228408  25 

.228120  24 

.227832  I  28 

.227,^48  22 

.22?^'56  21 

.226907  20 

10.220079  I  19 

.220.392  18 

.22(5104  17 

.225810  ;  10 

.22.5.529  :  15 

.22.5241  I  14 

.2249.54  '■   13 

.2240(57  j  12 

.224379  !  11 

.224092  10 

10.223805  9 

.223.518  8 

.223232  I  7 

.222945  I  0 

.222(5.58  5 

.222372  I  4 

.222085  I  3 

.221799  ■  2 

.221.512  I  1 


\  \v^  .^CfiVCXR*  \ 


D.r.  \\  eolaiig.\A>.vA    '^^^«>.  \ 


ISO^ 


zv 


TABX4E  ZXV.— LOOARITHMIO  SINES, 


i4r 

Cotansr. 

00 

10.221226 

.220940 

59 

.220654 

66 

.220968 

67 

.220062 

66 

.219T07 

55 

.210511 

54 

.219225 

63 

.218940 

52 

.218664 

61 

.218360 

60. 

10.^8064 

^' 

.217790 

^ 

.217514 

4U 

.217229 

46 

.216944 

45 

.216fi(^ 

44 

.216374 

48 

.216090 

42 

.216805 

41 

.215521 

40 

10.215236 

89 

.214962 

88 

.214668 

37 

.214384 

86 

.214100 

86 

.213816 

84 

.218532 

83 

.213248 

82 

.212964 

81 

.212681 

80 

10.212397 

29 

.212lf4 

28 

.211830 

27 

.211547 

26 

.211264 

25* 

.210981 

24 

.210696 

28 

.210415 

92 

.210132 

21 

.200849 

20 

10.200566 

19 

.209284 

18 

.209001 

17 

.206719 

16 

.206487 

15 

.208154 

14 

.207872 

13 

.207500 

12 

.207308 

Jl 

.207026 

10 

10.206744 

0 

.206462 

8 

.206181 

7 

.205899 

6 

.205617 

6 

.205336 

4 

.205054 

/8 

.204773 

2 

.204492 

1 

10.204211 

0 

0 

1 

2 
8 

4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 


Sine. 


9.711889 
.712050 
.712260 
.712469 
.712679 
.712889 
.713098 
.713308 
.718517 
.713726 
.713935 

9.714144 
.714352 
.714561 
.714769 
.714978 
.715186 
.715394 
.715608 
.715809 
.716017 

9.716224 
.716432 
.716639 
.n6848 
.717053 
.717^9 
.717466 
.717673 
.717879 
.718085 

9.718291 
.718497 
.718703 
.718909 
.719114 
.719320 
.719525 
.719730 
.719935 
.720140 

9.720315 
.T20549 
.720754 
.720958 
.721162 
.721366 
.721570 
.?31774 
.721978 
.722181 

9.722385 
.?22588 
.723791 
.722994 
.723197 
.723400 
23603 
r23805 
'24007 
9.724210 


rri. 


r\ 


D.  r. 


3.52 
3.50 
3.48 
3.50 
3.50 
3.48 
3.50 
3.48 
3.48 
3.48 
3.48 

3.47 
3.48 
3.47 
3.48 
3.47 
8.47 
3.47 
3.45 
3.47 
3.45 

3.47 
3.45 
3.45 
8.45 
3.43 
3.45 
3.45 
3.43 
3.43 
3.43 

3.43 
3.43 
3.43 
3.42 
3.43 
3.42 
3.42 
3.42 
3.42 
3.42 

3.40 
3.42 
8.40 
.40 
.40 
3.40 
3.40 
3.40 
3.88 
3.40 

8.88 
3.38 
3.38 
3.38 
.38 
.38 
3.37 
8.37 
S.3S 


3. 
3. 


3. 
3. 


Cosine. 


9.938066 
.932990 
.932914 
.932838 
.932762 
.932685 
.932609 
.932533 
.932457 
.932380 
.932301 

9.932228 
.932151 
.939075 
.931998 
.931921 
.931845 
.931768 
.931691 
.931614 
.931537 

9.931460 
.931383 
.931306 
.931229 
.931152 
.931075 
.930998 
.980921 
.930643 
.930766 

9.930688 
.930611 
.930533 
.930456 
.930378 
.930300 
.930223 
.930145 
.930067 
.929989 

9.929911 
.929833 
.929765 
.929677 
.929599 
.929521 
.929442 
.929364 
.929286 
.929207 

9.929129 
.929050 
.928972 
.928893 
.928815 
.928736 
.928657 
.928578 
.928499 

9.928420 


D.  1". 


.27 
.27 
.27 
.27 
.28 
.27 
.27 
.27 
.28 
.27 
.27 

.28 
.27 
.28 
.28 
.27 
.28 
.28 
.28 
.28 
.28 

.28 
.28 
.28 
.28 
.28 
.28 
.28 
.80 
.28 
.80 

.28 
.30 
.28 
.30 
.30 
.28 
.30 
.30 
.30 
.30 

.30 
.30 
.30 
.30 
.30 
.32 
.30 
.30 
.32 
.30 

.32 
.30 
.32 
.30 
.32 
.32 
.32 
.32 
.32 


Tang. 


9.778774 
.779060 
.779346 
.779632 
.779918 
.760203 
.760489 
.780775 
.781060 
.781346 
.781681 

9.781916 
.782201 
.782486 
.782771 
.783056 
.783341 
.788626 
.783910 
.784195 
.784479 

9.784764 
.786048 
.785832 
.785616 
.785900 
.786184 
.786468 
.786752 
.787036 
.787319 

9.787603 
.787886 
.788170 
.788453 
.788736 
.789019 
.789302 
.789585 
.789868 
.790151 

9.790434 
.790716 
.790999 
.791281 
.791563 
.791846 
.792128 
.792410 
.792692 
.792974 

9.793256 
.793538 
.793819 
.794101 
.794883 
.794664 
.7949(6 
.795227 
.796508 

9.1S57fti 


D.  1". 


4.77 

4.77 

4.77 

4-.77 

4.75 

4.77 

4.77 

4.75 

4.77 

4.75. 

4.75 

4.75 
4.75 
4.76 
4.75 
4.75 
4.75 
4.73 
4.75 
4.78 
4.76 

4.78 
4.78 
4.78 
4.78 
4.78 
4.78 
4.78 
4.78 
4.72 
4.78 

4.72 
4.78 
4.72 
4.72 
4.72 
4.72 
4.72 
4.72 
4.72 
4.72 

4.70 


,72 
,70 
70 
72 
,70 
,70 
,70 
,70 
,70 


4.70 
4.68 
4.70 
4.70 
4.68 
4.70 
4.68 
4.08 
4.68 


Cosine.  /  D.V. 


Sine. 


D.  1".  \\  CoUiBg.  \  I>.  V .  \  'l«a% 


:!iA 


sr 


OOSINEa,  TANQKNTS,  AND  OOTANGENTS. 


147* 


71 


0 

1 

2 
8 
4 
5 
6 
7 
8 
9 
10 

U 
13 
18 
14 
16 
16 
17 
18 
19 
SO 

21 
22 
23 
24 
25 
26 
27 
28 
29 
80 

31 
82 
88 
84 
86 
86 
87 
88 
89 
40 

41 
42 
48 
44 
46 
46 
47 
48 
49 
60 

M 
52 
68 
54 
66 
56 
67 
68 
69 
60 


Sine. 


9.^94210 

.^^d4614 
.72481« 
.7^«017 
.723219 
.725420 
.725622 
.725823 
.726024 
.726225 

9.796426 
.726626 
.726827 
.72;027 
.727228 
.7^428 
.727028 
.727888 
.728027 
.728227 

9.728427 
.728626 
.728825 
.720021 
.729323 
.729122 
.729621 
.729620 
.730018 
.730217 

9730415 
.730613 
.730811 
.731009 
.731206 
.731401 
.731602 
.731799 
.731996 
.732193 

9.732890 
.732587 
.782784 
.732960 
.733177 
.733373 
.733569 
.738765 
.738961 
.784157 

9.734853 
.734619 
.784744 
.781939 
.735135 
.735330 
.735525 
.735719 
.735914 

9.736109 


D.  r. 


3. 
3. 


3.37 
8.37 
3.37 
3.35 
3.37 
8.35 
3.37 
.35 
.35 
8.35 
3.36 

3.33 
8.35 
3.83 
8.35 
8.33 
883 
3.33 
3.32 
3.33 
8.88 

3.32 
8.32 
3.32 
3.32 
3.32 
8.32 
3.32 
3.30 
8.32 
3.30 

3.30 
3.30 
8.30 
8.28 
3.30 
8.30 
8.28 
8.28 
3.28 
3.28 

3.28 
3.28 
3.27 
3.28 
8.27 
8.27 
3.27 
3.27 
3.27 
3.27 

:J.27 
3.25 
3.25 
3.27 
8.25 
3.25 
3.23 
3.25 
3.25 


Cosine. 


D.  r. 


9.028120 
.02K342 
.928203 
.82.^1^3 
.928104 
.928025 
.927'J46 
.927867 
.927787 
.937708 
.927623 

9.927619 
.927470 
.927390 
.927310 
.927231 
.92n51 
.927071 
.920991 
.920911 
.920831 

9.926751 
.926671 
.926591 
.926511 
.020131 
.926351 
926270 
.926190 
.926110 
.926029 

9.925949 
.925808 
.925788 
.925707 
.025626 
.925W5 
.925405 
.925384 
.925303 
.925222 

9.925141 
.925000 
.924979 
.924897 
.924816 
.924r35 
.924051 
.924572 
.92M91 
.921400 

9.921328 
.921240 
.924161 
.92408:} 
.924001 
.923919 
.92:W37 
.923755 
.92307:} 

9.923591 


1.30 
1.32 
1.33 
1.32 
1.32 
1.32 
1.32 
1.33 
1.32 
1.32 
1.33 

1.32 
1.33 
1.33 
1.32 
1.33 
1.33 
1.33 
1.33 
1.33 
1.33 

1.33 
1.33 
1.33 
1.33 
1.33 
1.35 
1.33 
1.33 
1.35 
1.33 

1.35 
1.33 
1.35 
1.35 
1.35 
1.33 
1.35 
1.35 
1.35 
1.35 

1.35 
1.35 
1-37 
1.35 
1.35 
1..35 
1.37 
1.35 
1.37 
1.35 

1.37 
1.37 
1.35 
1.37 
1.37 
1.37 
1  37 
1.37 
1.37 


Tang. 


9.795789 
.700070 
.790351 
.790032 
.796913 
.797194 
.797471 
.797755 
.798030 
.798310 
.798590 

9.798877 
.799157 
.799437 
.799ri7 
.799997 
.800277 
.800557 
.800836 
.801116 
.801396 

9.801675 
.801955 
.802231 
.802513 
.802792 
.803072 
.803351 
.803030 
.803900 
.804187 

9.801400 
.804745 
.805023 
.805302 
.805581) 
.805859 
.800137 
.800115 
.80(i09:i 
.800971 

9.807219 

.807527 
.807805 
.8a-{()S3 
.S(K]01 

.8o;^;;}8 

.80j?01G 
.809193 
.8(X)J71 
.809748 

9.810025 
.810302 
.HIUjSO 
.810857 
.811131 
.811410 
.811(587 
.811001 
.812241 

9.812517 


D.  r. 


4.68 
4.68 
4.68 
4.68 
4.68 
4.67 
4.68 
4.68 
4.67 
4.67 
4.68 


67 
67 
67 
.67 
67 
67 
65 
,67 
,67 


4.65 

4.67 
4.65 
4.65 
4.65 
4.67 
4.65 
4.65 
4.65 
4.63 
4.05 

4.65 


63 
65 
.63 
.65 
63 
.63 
.63 


4.63 
4.63 

4.63 
4.63 
4.63 
4.63 
4.62 
4.(» 
4.62 
4.63 
4.62 
4.62 

4.02 
4.63 
4.(S2 
4.62 
4.60 
4.62 
4.02 
4.02 
4.00 


Ck)tang. 


10 


10 


10 


10 


10 


10 


201211 

203649 
203368 
203087 
202806 
202526 
202245 
201901 
201684 
201404 

201123 
200843 
200563 
2002a3 
200003 
199723 
199443 
199104 
198884 
198604 

198323 
198045 
197786 
197487 
19?208  i  35 
196928  ;  31 
196619  33 
196370  ,  32 
196091  !  31 
195813  I  30 

195534  29 
195255  28 
194977  27 
194098  I  26 
194120 
191141 
193863  I  23 
193585  I  22 
193307  21 
193029  20 


00 
59 
58 
57 
56 
55 
54 
53 
52 
51 
50 

49 
48 
47 
46 
45 
44 
43 
42 
41 
40 

39 
38 
37 
36 


192751 

192473 

192195 

191917 

191639 

191302 

191084  ,  13 

190807  '  12 

190529 

190252 


189975 
189698 
189420 
189143 
188806 
1885.00 
188313 
iaS03C 
187759 


25 
24 


19 
IS 
17 
16 
15 
14 


11 
10 


\ 


9 

8 

r« 
I 

6 
5 
4 
3 
2 
1 


7  Coeiae,  /  I>.  1'.  //  Sine.  I  D.  1',  \\   Cotaiig.  \  I>.V.  \  'Iv^.w^.  \  ' 


or\-( 


S3< 


TABLE  XXV.-LOQARITHMIC  glKES, 


1# 


Sine. 


D.  r. 


0 

1 

2 
3 

4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
10 
20 

21 
22 
23 

26 
27 

28 
29 
30 


9.736109 
.7:J().»3 
.  7:^6498 
736692 
.736886 
.737080 
.737274 
.737467 
.737061 
.737855 
.738048 

9.738241 
.738434 
.738627 
.738820 
.739013 
.789206 
.739398 
.739590 
.739783 
.739075 

9.740107 
.740359 
.740550 
.740742 
.740934 
.741125 
.741316 
.741508 
.741099 
.741889 

9.742080 
.742271 
.74^462 
.742652 
.742842 
.743033 
.743223 
.74*413 
.743002 
.743792 

9.743982 
.744171 
.744361 
.744550 
.744739 
.741928 
.745117 
.745306 
.745494 
.745683 

9.745871 
.74(K)00 
.740248 
.740m 
.74«(W1 
.74(5812 
.74(;999 
.747187 
.  747374 
9. 747562 


3.23 
3.25 
8.23 
3.23 
3.23 
8.23 
3.22 
3.23 
3.23 
8.22 
3.22 

3.22 
3.22 
3.22 
3.22 
3.22 
3.20 
3.20 
3.22 
3.20 
3.20 

3.20 
3.18 
8.20 
8.20 
8.18 
8.18 
3.20 
3.18 
3.17 
3.18 

3.18 
3.18 
3.17 
3.17 
3.18 
3.17 
3.17 
3.15 
3.17 
3.17 

8.15 
3.17 
3.15 
3.15 
3.15 
3.15 
3.15 
3.13 
8.15 
3.13 

3.15 
3.13 
3.13 
3.13 
3.13 
3.12 
3.13 
3.12 
5.W 


Cosine. 


9.923591 
.923509 
.923427 
.923345 
.923263 
.928181 
.92309S 
.923016 
.9229^3 
.922851 
.922768 

9.922686 
.922603 
.922520 
.922438 
.922855 
.922272 
.922189 
.922106 
.922023 
.921940 

9.921Ki7 
.921774 
.921091 
.921007 
.921524 
.921441 
.921357 
.921274 
.921190 
.921107 

9.921023 
.920939 
.920856 
.92077^2 
.920688 
.920604 
.920520 
.920486 
.920352 
.920268 

9.920184 
.920099 
.920015 
.9100;^ 
.9198iG 
.910702 
.919(577 
.919593 
.919508 
.919424 

9.9ia330 
.919251 
.919109 
.919085 
.919000 
.918915 
.9188:W 
.918745 
.918059 

9.918574 


D.  r. 


37 
37 
37 
37 
,37 
,38 
,37 
.38 
,37 
.38 
,37 

,88 
.38 
,37 
.38 

.38 
.38 
38 
.38 
.38 
,38 

,38 

.as 

,40 
,38 
,38 
.40 
.38 
.40 
.38 
.40 

.40 
.38 
.40 
.40 
.40 
.40 
.40 
.40 
.40 
.40 

.42 
.10 
.40 
42 
,40 
,42 
,40 
42 
.40 
42 

.42 
,42 
40 
42 
42 
,42 
.42 
ASi 
.42 


Tang. 


D.  r. 


9.812517 
.812794 
.813070 
.813347 
.813623 
.813899 
.814176 
.814452 
.814728 
.815004 
.815280 

9.815555 
.815881 
.816107 
.816382 
.816658 
.816983 
.817209 
.817484 
.817759 
.818085 

9.818310 
.818585 
.818860 
.819135 
.819410 
.819684 
.819959 
.820284 
.820508 
.820788 

9.821057 
.821332 
.821606 
.821880 
.822154 
.822429 
.822703 
.822977 
.823251 
.823524 

9.823798 
.824072 
.KM345 
.824619 
.8^4893 
.825106 
.825439 
.825713 
.825986 
.826259 

9.826532 
.820805 
.827078 
.827351 
.8270:^4 
.827897 
.828170 
.82^142 
.828715 

fl.H28987 


4.62 
4.60 
4.62 
4.60 
4.60 
4.63 
4.60 
4.60 
4.60 
4.60 
4.58 

4.60 
4.60 
4.58 
4.60 
4.58 
4.60 
4.58 
4.58 
4.60 
4.58 

4.58 
4.68 
4.58 
4.58 
4.57 
4.58 
4.58 
4.57 
4.58 
4.67 

4.58 
4.57 
4.57 

Am 

4.58 
4.57 
4.57 
4.67 
4.56 
4.57 

4.57 
4.55 
4.57 
4.57 
4.55 
4.55 
4.57 
4.55 
4.55 
4.55 

4.55 
4.55 
4.55 
4.55 
4.55 
4.55 
4.53 
4.55 
4.53 


Ck>tan^. 


10.187488  !  00 
.187^806  ;  69 
.180080 
.186653 
.186877 
.180101 
.185834 
.ia5548 
.185872  I  58 
.184996 
.1847^ 

10.184445 
.184160 
.183803 
.183618 
.188812 
.188067 
.188791 
.182516  <fiS 
.VSStW 
.181965 

10.181600 
.181415 
.181140 
.180865 
.180500 
.180616 
.180041 
.170766 
.170498 
.170217 

10.178043 
.178668 
.178804 
.178120 
.177846 
.177571 

.irri07 

.177033 
.176740 
.176476 

10.176908 
.175938 
.175055 
.175881 
.175107 
.174884 
.174561 
.174287 
.174014 
.173741 

10.173-168 

.178105 

.172923 

.173049 

.173376 

.173108 

.IHBSO 

.171558 

.171385 
10.171013 


Cosine.  /  I>.  V.   \\    Sine.      I   D.  1'.  V.  Cotang.  \  \).  V  .  \    'Y^n^.   \  • 


Si* 


COSINES,  TANGENTS,  AND  COTANGENTS. 


145< 


Sine. 


0 
1 
2 
8 
4 
5 
6 
7 
8 
9 
10 

11 
12 
18 
14 
15 
16 
17 
18 
19 
20 

21 
22 
28 
24 
26 
26 
27 
28 
29 
80 

31 
32 
38 
81 
36 
86 
87 
38 
89 
40 

41 
42 
43 
44 
45 
46 
47 
48 
40 
50 

51 
52 
58 
54 
55 
56 
57 
58 
59 
60 


9.747562 
.747740 
.747986 
.748123 
.748310 
.748497 
.748683 
.748870 
.749036 
.749218 
.749429 

9.749615 
.749801 
.749987 
.750172 
.750858 
.760548 
.750720 
.750914 
.751099 
.751284 

9.751469 
.751654 
.751889 
.752023 
.752208 
.752802 
.752576 
.758760 
.752944 
.758128 

9.753313 
.753405 
.753670 
.753862 
.754046 
.754220 
.754418 
.754596 
.754778 
.764900 

9.765143 
.755326 
.755608 
.756600 
.756872 
.756064 
.766286 
.756418 
.756600 
.756782 

9.756968 
.757144 
.757826 
.757507 
.757688 
.757869 
.758050 
.758280 
.758411 

0.758591 


D.  r. 


3.12 
3.12 
3.12 
3.12 
3.12 
3.10 
3.12 
3.10 
3.12 
3.10 
3.10 

3.10 
3.10 
3.08 
3.10 
3.08 
3.10 
3.08 
3.08 
3.08 
3.08 

3.06 
3.08 
3.07 
3.08 
3.07 
3.07 
3.07 
3.07 
3.07 
3.07 

3.05 
3.07 
3.07 
3.07 
3.05 
3.(» 
3.(» 
3.06 
3.03 
3.05 

3.05 
3.03 
3.03 
3.08 
3.03 
3.03 
.03 
.08 
3.08 
3.02 


3. 
3. 


3.02 
303 
3.02 
3.02 

3  oa 

3.02 
3.00 
3.02 
3.00 


Ckwine. 


D.  r. 


Tang. 


9.918574 
.918489 
.918404 
.918318 
.918233 
.918147 
.918062 
.917976 
.917891 
.917805 
.917719 

9.917634 
.917548 
.917462 
.917376 
.917290 
.917204 
.917118 
.917082 
.916940 
.916850 

9.916773 
.916687 
.916600 
.916514 
.916427 
.916841 
.916254 
.916167 
.916081 
.915994 

9.915907 
.915820 
.915783 
.915646 
.915559 
.915472 
.915385 
.915297 
.915210 
.915123 

9.915035 
.914948 
.914860 
.914773 
.914685 
.914598 
.914510 
.914422 
.914334 
.914246 

9.914158 
.914070 
.913982 
.913894 
.913806 
.913718 
.91:^630 
918541 
.913453 

9.913365 


/ 


Cosine.  I  D.V.  1 1    Sine. 


.42 
.42 
.43 
.42 
.43 
.42 
.43 
.42 
.48 
.48 
.42 

.48 
.43 
.48 
.43 
.43 
.48 
.48 
.43 
.45 
.48 

.43 
.45 
.43 
.45 
.48 
.45 
.45 
.43 
.46 
.45 

.45 
.45 
.45 
.45 
.45 
.45 
.47 
.45 
.45 
.47 

.45 
.47 
.45 
.47 
.45 
.47 
.47 
.47 
.47 
.47 

.47 
.47 
.47 
.47 
.47 
.47 
.48 
.47 
.47 


D.  r 


9.828987 
.829260 
.820532 
.829805 
.830077 
.a30349 
.830621 
.aS0893 
.831165 
.831437 
.831709 

9.831981 
.832253 
.832525 
.832796 
.833068 
.833339 
.833611 
.833882 
.884154 
.834425 

9.834696 
.834967 
.835238 
.835509 
.835780 
.836051 
.836322 
.836593 
.836864 
.837134 

9.837405 
.837675 
.837946 
.838210 
.83S487 
.838757 
.839027 
.839297 
.839508 
.839838 

9.840108 
.840378 
.840648 
.U0017 
.841187 
.841457 
.811727 
.8419^)6 
.8122(36 
.8425;55 

9.842805 
.843074 
.84:3343 
.843612 
.8i:iH}-'2 
.844151 
.814420 
.844Ge-9 
.841958 

9.845227 


D.  r. 


4. .55 
4.53 
4.55 
4.53 
4.53 
4.53 
4.53 
4.53 
4.58 
4.53 
4.58 

4.58 
4.53 
4.52 
4.58 


4 
4, 

4. 
4 
4 
4 


52 
58 
52 
53 
52 
52 


4.52 
4.52 
4.52 
4.52 
4.52 
4.52 
4.52 
4.52 
4.50 
4.52 

4.50 
4.52 
4.50 
4.52 
4.50 
4.50 
4.50 
4.52 
4.50 
4.50 

4.50 
4.50 
4.48 
4.50 
4.50 
4.50 
4.48 
4.50 
4.48 
4.50 

4.48 
4.48 
4.48 
4.50 
4.48 
4.48 
4.48 
4.48 
4.48 


Cotang. 


10.171013 
.170740 
.170468 
. 170195 
.169923 
.169&51 
.169379 
.169107 
.168835 
.168563 
.168291 

10.168019 
.167747 
.167475 
.16?204 
.166932 
.166661 
.166389 
.166118 
.165846 
.165575 


eo 

I  59 


TK    I 


10.165301 
.165033 
.164762 
.164491 
.164220 
.163949 
.163678 
.163407 
.163136 
.162866 

10.162595 
.162325 
.162054 
.161784 
.161513 
.161243 
.160973 
.160703 
.160432 
.160162 

10.159892 
.159622 
.159.352 
.15908;^ 
.158813 
.15a>43 
.  1582^3 
.1580tU 
.1577:^ 
.157465 

10.r)7195 
156926 
.150657 
.150388 
.156118 
.155849 
.1.5.5580 
.155311 
.155042 

10.154773 


I 


Cotang.  \  !> .  V .  \    ^^x^^^.    \ 


orw»-k 


TABLE  IXV.— LOGAEITHJUO  SIMX8, 


Sine. 

I..1-.       c 

.,„. 

n,  1-.        Tang.    1  D 

'•^ 

Coiang. 

— 

0    0 

T^oT 

3.-0S       '^ 

D1S3IUS 

1,48         " 

ai5S27        J 

48 
48 

48 

10  1547^ 

Wrif 

oiatiii 

iWfllrt«      J 

;  151501 

Tmca 

aio) 

i^mi     \ 

.l&4a3fl 

rraiSij 

uiiuw 

7BB8I2 

1  48 

!l58U98 

-6M92 

RliiCeJ 

.130430 

TSMW 

imm     \ 

.163161 

'^8858 

uisH 

lis 

48 

.isawa 

-eoosi 

Tfloaii 

8;«9 

il 

WTtm     J 

!l5S356 

7«08M 

Biai:^ 

S4T913      3 

.158087 

60 

lii° 

II 

1  50 

il 

1 

47 

780748 

48 

WMT 

jiaaio 

:i512!B 

47 
45 

■fll4M 

II 

2S8 

M18M 

MTW      3 

iisosio 

Ml  63 

«005         5 

,14894.1 

.141W75 

-B2177 

911084 

iiOBsa     ^ 

47 

40 

at    g 

■Bsssa 

2  »- 

91I4SS 

150         ^ 

»M«1       ^ 

10.140139 

39 

4fi 

38 

)1LK6 

1  w 

JsiStti     3 

45 

!lJH338 

30 

2S 

BUIBU 

aiasi     3 

.14806» 

as 

)1I016 

1  50 

17 

33 

a% 
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!  147207 

aa 

29 

JiaTB 
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.140SW 

f\ 

DlUBtM 

.1487^ 

so 

31    a 

'64131 

am 

Hsssse      . 

4S 
4o 

ia.l4ftl65 

so 

St 

S430e 

nOGoe 

1  US 

1  60 
1  5. 

8&M>        3 

.14ttlBS 

33 

«+IM 

B1W15 

e4(l6B       ^ 

.14.1B31 

sitas 

iio-^ 

46 

;  1453117 

as 

aa 

«5016 

«4!ro     i 

.146130 

24 

«S1M 

nixiH 

*B13        ^ 

.144863 

23 

at 

BOBBSB 
[I0»<~3 

.1445B8 
.I443i0 

29 

40 

■naiao 

i^ 

wirsi 

.144083 

ao 

41     » 

mob 

?M       » 

noofdi 

»6a(M     ^ 

10.143790 

S  W2 

KJOUUI 

Id, 

+i 

.1435*11 

43 

17 

« 

easoe 

il 

Kiflsas 

1  5>      1 

1  &. 

1  b„ 

«""»    * 

% 

IB 

■W77J 

41 

■13 

s  ea 

a»3 

S32 

13 

« 

c-isi 

toS«OB       3 

45 

:i4iB3i 

4B 

(ITSOO 

oono&t 

).*»3&       1 

1JU8S-3 

-87640 

3M       =1 

169        " 

43 

10.141132 

S 

-OTcei 

(&S131       * 

.140866 

B 

51       " 

Brass 
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1     1 

1 

M 

-635iii 
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mar 

Is    , 

*w/p.> 

VOilB  I 

' 
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" 
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a"i~ 

17i~iT 

ovaut      V 

"^ 
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S6<> 


CJOSINES.  TANGENTS.  AND  CXyTANQiaiTS. 


143< 


^ne. 


0 

0.769219 

1 

.769308 

2 

.769666 

S 

.769740 

4 

.769913 

$ 

.770087 

6 

.770260 

r 

.770433 

R 

.770606 

g 

.770779 

le 

.770962 

n 

9.771125 

18 

.771208 

13 

.771470 

14 

.771648 

16 

.7n815 

i« 

.771987 

17 

.778159 

18 

.772331 

19 

.7;«503 

SO 

.772675 

21 

9.772847 

iti 

.773018 

2d 

.rrsioo 

24 

.773361 

2o 

.773583 

26 

.778704 

27 

.773875 

28 

.774(M6 

29 

.774217 

80 

.774388 

81 

9.77456i3 

82 

.774729 

83 

.774809 

84 

.775070 

85 

.775240 

86 

.775410 

87 

.775580 

88 

.775750 

80 

.775920 

40 

.776090 

41 

9.776250 

42 

.776429 

43 

.776598 

44 

.776768 

45 

.776937 

46 

.777100 

47 

.777275 

48 

.777444 

40 

.777613 

60 

.777781 

51 

9.777950 

63 

.778119 

63 

.778287 

&i 

.778455 

65 

.7780534 

60 

.778792 

67 

.778000 

68 

.779128 

69 

.779295 

60 

9.779468 

D.  r. 


2.90 

2.88 
2.90 
2.88 
2.90 
2.88 
2.88 
2.88 
2.88 
2.88 
2.88 


88 
87 
88 
87 
87 
87 
2.87 
2.87 
2.87 
2.87 

2.85 
2.87 
2.85 
2.87 
2.85 
2.85 
2.85 
2.85 
2.85 
2.83 

2.85 
2.83 
2.85 
2.83 
2.83 
2.83 
2.83 
2.83 
2.83 
2.82 

2.83 
2.82 
2.83 
2.82 
2.82 
2.82 
2.82 
2.82 
2.80 
2.83 

2.82 
2.80 
2.80 
2.82 
2.80 
2.80 
2.80 
2.78 
2.80 


Ck)6ine. 


9.907958 
.907866 
.907774 
.9(y7682 
.907590 
.907498 
.907406 
.907314 
.907222 
.907129 
.907037 

9.906945 
.906852 
.906760 
.906667 
.906575 
.906482 
.906889 
.900296 
.906204 
.906111 

0.900018 
.905925 
.905832 
.905739 
.005046 
.903552 
.905459 
.005806 
.905272 
.905179 

9.905085 
.904993 
.904898 
.904804 
.904711 
.904017 
.904523 
.904429 
.904335 
.904241 

9.904147 
.904053 
.903959 
.903864 
.903770 
.903670 
.903581 
.903487 
.903392 
.903298 

9.903203 
.903108 
.9030M 
.902919 
.903834 
.903739 
.903634 
.902539 
.903444 

9.003349 


D.  1'. 


I  OoBine.  I  D.r.   1 1     Sine. 


.53 
.53 
.53 
.53 
.53 
.53 
.53 
.53 
.55 
.53 
.53 

.65 
.53 
.55 
.53 
.55 
.55 
.55 
.53 
.55 
.55 

.55 
.65 
.55 
.57 
.55 
.55 
.55 
.57 
.55 
.57 

.55 

.67 
.57 
.55 
.57 
.67 
.57 
.57 
.57 
.57 

.87 
.57 
.58 
.57 
.57 
.58 
.57 
.58 
.57 
.58 

.58 
.,57 
..5S 
..58 
.58 
.58 
.5S 
.58 
.58 


Tang. 


D.  1-. 


9.861961 
.861537 
.861793 
.862058 
.863833 
.863589 
.863854 
.863119 
.863385 
.868650 
.863915 

9.864180 
.864445 
.864710 
.864975 
.865240 
.865505 
.865770 
.866035 
.866300 
.866664 

9.866839 
.867094 
.867358 
.867623 

.867887 
.868152 
.868416 
.868680 
.8(58945 
.869309 

9.869473 
.869737 
.870001 
.870365 
.870520 
.870793 
.8n057 
.871331 
.871585 
.871849 

9.873113 
.873376 
.873040 
.8?.K)03 
.873167 
.873430 
.8';'3094 
.873957 
.874320 
.874484 

9.874747 
.875010 
.875373 
.875537 
.875800 
.870003 
.870336 
.876589 
.876853 

9.877114 


D.  r. 


Ck>taiig. 


4.43 
4.42 
4.43 
4.42 
4.43 
4.43 
4.43 
4.43 
4.43 
4.43 
4.42 

4.42 
4.42 
4.42 
4.42 
4.42 
4.42 
4.42 
4.42 
4.40 
4.42 


42 

40 
42 

40 
42 
40 
40 
42 
4.40 
4.40 


4 

4. 

4 

4 

4, 

4. 

4 

4, 

4, 

4 


40 
40 
40 
40 
40 
40 
40 
40 
40 
38 


4.40 
4.40 
4.38 
4.40 
4.38 
4.40 
4.38 
4.38 
4.40 
4.38 

4.38 
4.38 
4.40 
4.38 
4.38 
4.38 
4.38 
4.38 
4.37 


10 


10 


10 


10 


10 


10 


10 


188789 
138473 
138208 
1379-42 
187677 
137411 
137146 
136881 
136615 
136350 
136085 

135830 
135555 
135390 
135035 
134760 
134495 
134330 
133965 
138700 
138436 

183171 
133906 
132643 
133377 
132113 
131848 
131584 
131830 
131055 
130791 

130537 
130363 
129999 
129735 
129471 
129307 
138943 
128679 
138415 
128151 

127888 
127034 
127300 
127097 
126833 
120570  I 
136300  i 
126043  i 
12.5780  , 
125510  ! 

125253  ; 

1349J)0  . 

131737  I 

134403 

134300 

133937 

123674 

133411 

123148 

123886 


60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
50 

49 
48 
47 
46 
45 
44 
48 
42 
41 
40 

88 
88 
87 
86 
85 
84 
83 
32 
81 
30 

29 
28 
27 
26 
26 
24 
28 
22 
21 
20 

19 
18 
17 
16 
15 
14 
13 
13 
11 
10 

9 

8 

< 

G 
5 
4 
3 
2 


Cotaag.  \  D.  V .  \     '^^av^. 


-v\ 


OTknr 


87* 


TABLE  XXV.-LOGARITHMIO  SINES^ 


ly- 


sine. 


0 
1 
2 
3 
4 
5 
6 
7 
S 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 
52 
5S 
5i 
55 
5ti 
57 
58 
59 


9.779463 
.779631 
.779798 
.779966 
.780133 
.780300 
.780467 
.780634 
.780801 
.780968 
.781134 

9.781301 
.781468 
.7816^4 
.781800 
.781966 
.782132 
.782298 
.7824(W 
.7826:30 
.782796 

9.782961 
.783127 
.783292 
.783458 
.783623 
.783788 
.783953 
.784118 
.784282 
.784447 

9.784612 
.784776 
.784941 
.785105 
.785269 
.785433 
.785597 
.785761 
.785925 
.786069 

9.786252 
.786416 
.786579 
.786742 
.786906 
.787069 
.78?-J32 
.787395 
.787557 
.787720 

9.W883 
.788015 
.78}^)8 
.7S83r0 
.7885:32 
.788(m 
.788856 
.789018 
.789180 


D.  1% 


2.80 

2.78 
2.80 
2.78 


.78 
.78 
.78 


^8 


2 
2 
2 
2.< 

2.78 
2.77 
2.78 

2.78 
2.77 
2.77 
2.77 
2.77 
2.77 
2.77 
2.77 
2.77 
2.75 


2. 
2. 
2. 


75 

77 


2.75 
2.75 
2.75 
2.75 
2.73 
2.75 
2.75 

2.73 
2.75 
2.73 
2.73 


73 
73 
73 
73 
73 


2.72 

2.73 
2.72 
2.?2 
2.73 
2.72 
2.72 
2.72 
2.70 
2.72 
2.72 

2.70 
2.72 
2.70 
2.70 
2.70 
2.70 
2.70 
2.70 
2.70 


60 1 9 '.789^42 
I  Cosine.  /  D  f. 


Cosine. 


9.902319 
.902253 
.902158 
.902063 
.901967 
.901872 
.901776 
.901681 
.901585 
.901490 
.901394 

9.901298 
.901202 
.901106 
.901010 
.900914 
.900818 
.900722 
.900626 
.900529 
.900433 

9.900337 
.900240 
.900144 
.900047 
.899951 
.899854 
.899757 
.899600 
.^99564 
.899467 

9.899370 
.899273 
.899176 
.899078 
.898981 
.898884 
.898787 
.898689 
.898592 
.898494 

9.898397 
.898299 
.898202 
.898104 
.898006 
.897908 
.897810 
.897712 
.897614 
.897516 

9.897418 
.897320 
.89?222 
.897123 
.8{>7025 
.896926 
.896828 
.896729 
.896631 

9.896532 


Sine. 


D.  r. 


1.60 
1.68 
1.58 
1.60 
1.58 
1.60 
1.58 
1.60 
1.58 
1.60 
1.60 


.60 
.60 
.60 
.60 


1.60 
1.60 
1.60 


.62 
.60 


1.60 

1.62 
1.60 
1.62 
1.60 
1.62 


.62 
.62 


1.00 
1.62 
1.62 

1.62 
1.62 
1.63 
1.62 
1.62 
1.62 
1.63 
1.62 
1.63 
1.62 

1.63 
1.62 

i.as 

1.63 
1.63 
1.63 
1.63 
1.63 
1.63 
1.63 

1.6:3 


1.63 
1.65 
1.63 
1.65 
1.63 
1.65 
1.63 
1.65 


Tang. 


9.8mi4 
.877377 
.877640 
.877J.03 
.878165 
.878128 
.878091 
.878053 
.879216 
.879478 
.879741 

9.880003 
.880265 
.880628 
.880790 
.881052 
.881314 
.881577 
.881839 
.882101 
.8823^ 

9.882625 

.882887 
.883148 

.8a^io 

.888672 
.883934 
.8^196 
.884457 
.884719 
.884980 

9.886242 

.886504 
.885765 
.886026 
.886288 
.886549 
.886811 
.887072 
.887333 
.887694 

9.887855 
.888116 
.888378 
.888639 
.888900 
.889161 
.889421 
.869682 
.889943 
.890201 

9.890165 
.890725 
.890986 
.891247 
.891507 
.891768 
.892028 
.892289 
.892549 

9.892810 


D.  r. 


Cotang. 


4.88 
4.38 
4.88 
4.87 
4.38 
4.38 
4.37 
4.88 
4.37 
4.88 
4.87 

4.87 
4.38 
4.87 
4.87 
4.87 
4.88 
4.87 
4.87 
4.87 
4.87 

4.87 
4.35 
4.87 
4.87 
4.87 
4.87 
4.85 
4.87 
4.85 
4.87 


87 
85 
85 
87 
85 
37 
35 
,35 
35 


4.35 

4.85 
4.87 
4.85 
4.35 
4.85 
4.33 
4.85 
4.85 
4.85 
4.85 

4.33 
4.35 
4..% 
33 
;35 
33 
35 
4.83 
4.85 


10 


10 


10 


10 


10 


10 


10 


D.  1".  11  Cotaivg;.  \  D.  V.  \  Ttosvi;. 


:\- 


12^23 
12S360 
122097 
1218^ 
1215r2 
121309 
121047 
1207&4 
120522 
120250 

119997 

119785 

110472 

119210 

118948 

118686 

118423- 

118161 

117809 

117637 

117875 

117118 

116852 

116590 

116^28 

116066- 

115804 

115543 

115281 

115020 

114758 
114496 
1149^ 
118974 
118712 
118451 
118189 
112928 
112667 
112^ 

112146 
111884 
111622 
111861 
111100 
110689 
110579 
110318 
110057 
109796 

109535 
109275 
109014 
108753 
108493 
108232 
107972 
107711 
107461 
107190 


aa? 


COSINBS,  TANGENTa  AND  COTANGENTS. 


141< 


/ 

Sine. 

0 

9.7R9842 

1 

.789004 

2 

.789665 

3 

.789827 

4 

.TovvHo 

5 

.790149 

6 

.790310 

7 

.730471 

8 

.790632 

0 

.790793 

10 

.790954 

11 

9.791115 

12 

.791275 

18 

.791436 

14 

.791596 

15 

.791757 

16 

.791917 

17 

.7»»rr 

18 

.792237 

19 

.792397 

20 

.792557 

21 

9.792n6 

22 

.792876 

23 

.799085 

24 

.793195 

25 

.793354 

26 

.793514 

27 

.798673 

28 

.798832 

29 

.798991 

30 

.794150 

31 

9.794306 

82 

.79«67 

83 

.794626 

84 

.794784 

85 

.794942 

36 

.795101 

87 

.796259 

88 

.795417 

88 

.795575 

40 

.795783 

41 

9.795891 

42 

.796049 

48 

.796206 

44 

.796864 

45 

.796521 

40 

.796679 

47 

.796886 

48 

.796993 

49 

.797150 

50 

.797807 

51 

9.797401 

sa 

.797621 

53 

.797777 

M 

.797934 

55 

.798091 

50 

.798247 

57 

.7981(K) 

58 

.798660 

50 

.798716 

00 

9.7988» 

D.  1". 


2.70 
2.68 


.70 

.68 
.68 
.68 
.68 
.68 
.68 
2.68 
2.68 


2. 
2. 

2. 
2. 
2. 
2. 
2. 


2.67 
2.68 
2.67 
2.68 
2.67 
2.67 
2.67 
2.67 
2.67 
2.65 

2.67 
2.65 
2.67 
2.65 
2.67 
2.65 
2.65 
2.65 
2.65 
2.63 

2.65 
2.65 
2.63 
2.63 
2.65 
2.63 
2.63 
2.63 
2.63 
2.63 

2.63 
2.62 
2.63 
2.62 
2.63 
2.62 
2.62 
2.62 
2.62 
2.62 

2.62 

2.(30 
2.62 
2.62 
2.60 
2.60 
2.62 
2.60 
2.60 


L 


Cosine. 


D.  r. 


./  /  Coeiae.  I  D.  V.  11 


9.806532 
.896433 
.896335 
.896236 
.896187 
.896038 
.895939 
.895840 
.895741 
.895641 
.895542 

9.805443 
.895343 
.895244 
.895145 
.895015 
.891945 
.894846 
.894746 
.894646 
.894546 

9.891446 
.894316 
.894246 
.894146 
.894046 
.893946 
.893816 
.893745 
.893645 
.893544 

9.893444 
.893S43 
.893243 
.893112 
.893041 
.892910 
.892839 
.892739 
.892638 
.892586 

9.892435 
.892334 
.892238 
.892132 
.892030 
.8910-^ 
.8918:27 
.89175J6 
.8916r24 
.8915:;i:i 

9.891421 
.891319 
.8»1'.>17 
.81J1115 
.891018 
.8i)0911 
.8908(W 
.8JK)707 
.890({05 

9.89050:3 


^m,         ! 


65 
63 
65 
65 
65 
65 
65 
.65 
67 
.65 
,65 

67 
65 
65 
67 
.67 
65 
67 
67 
67 
67 

67 
.67 
67 
.67 
.67 
.67 
.68 
.67 
.68 
.67 

.68 
,67 
.68 
.68 
.(.8 
.68 
.67 
.68 
.70 
.68 

68 
68 
.68 
70 
.68 
,70 
.(J8 
70 
.(i8 
70 

70 
70 
70 
70 
70 
70 
70 
70 
70 


Tang. 


D.  r. 


Cotang. 


9.892810 
.893070 
.893381 
.893501 
.893851 
.894111 
.8943?2 
.8946:^ 
.894892 
.895152 
.895112 

9.8956?2 
.895932 
.896192 
.896452 
.896712 
.896971 
.897281 
.897491 
.897751 
.896010 

9.896270 
.896530 
.896789 
.899019 
.899308 
.899568 
.899K27 
.900087 
.900346 
.900605 

9.900864 
.901124 
.901383 
.901642 
.901901 
.902100 
.902420 
.902679 
.902988 
.903197 

9.903156 
.903714 
.908973 
.904282 
.904491 
.9017r)0 

.oa^ocw 

.JK)55'J6 
.905785 

9.90(>043 
.90(')8()2 
.  1)065(10 
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CXWmES.  TANGENTS.  AND  COTANGENTS. 


0 
1 
2 
8 
4 
5 
6 
7 
8 
0 
10 

11 
12 
18 
14 
15 
16 
17 
18 
10 
90 

21 
22 

28 
84 
35 
96 

87 
88 
20 
80 

31 
88 
88 
84 
86 
86 
87 
88 
80 
40 

41 
48 
48 
44 
45 
46 
47 
48 
49 
SO 

51 
58 
58 
54 
55 
56 
57 
58 
50 
60 


Bine. 


9.808067 
.808218 

.oOnoGo 

.808519 
.808669 
.808819 
.808960 
.809119 
.8098(39 
.809419 
.809569 

9.809718 
.809868 
.810017 
.810167 
.810810 
.810165 
.810614 
.810763 
.810918 
.811061 

9.811210 
.811858 
.811607 
.811655 
.811804 
.811952 
.812100 
.812848 
.818896 
.818544 

9.812602 
.812840 
.818988 
.818135 
.818283 
.818430 
.818578 
.818725 
.818872 
.814019 

9.814166 
.814813 
.814460 
.814607 
.814753 
.814900 
.816046 
.815198 
.816889 
.815485 

9.815688 
.816778 
.816084 
.810069 
.810215 
.810861 
.816607 
.816652 
.816798 

9.816048 


D.  1". 


2.52 

2..W 


2.52 
2.50 
2.50 
2.50 
2.50 
2.50 
2.50 
2.50 
2.48 

2.50 
2.48 
8.50 
8.48 
2.48 
2.48 
2.48 
2.48 
2.48 
8.48 

8.47 
8.48 
8.47 
8.48 
2.47 
2.47 
2.47 
2.47 
2.47 
2.47 

2.47 
2.47 
2.45 
2.47 
2.45 
2.47 
2.45 
2.45 
2.45 
2.45 

8.45 
2.45 
2.45 
2.48 
2.46 
2.48 
2.45 
2.48 
2.48 
2.45 

8.48 
8.48 
8.48 
2.48 
2.48 
2.48 
2.42 
2.43 
2.42 


Cosine. 


D.  r. 


9.884254 
.884148 
.884042 
.883930 
.883829 
.883723 
.883617 
.883510 
.883404 
.883297 
.883191 

9.883084 
.882977 
.882871 
.882764 
.882657 
.882550 
.882443 
.882336 
.882229 
.882121 

9.883014 
.881907 
.881799 
.881692 
.881584 
.881477 
.881369 
.881261 
.881153 
.881040 

9.880988 
.880830 
.880722 
.880613 
.880505 
.880397 
.880289 
.880180 
.880072 
.879963 

9.879855 
.879746 
.879637 
.879529 
.879420 
.879311 
.879202 
.879093 
.878984 
.878875 

9.878766 
.878656 
.878547  ; 
.8784:^8  : 
.878328  1 
.878219 
.878109 
.877999 
.877890 

9.877780 


.77 

.77 
.77 
.78 
.77 
.77 
.78 
.77 
.78 
.77 
.78 

.78 
.77 
.78 
.78 
.78 
.78 
.78 
.78 
.80 
.78 

.78 
.80 
.78 
.80 
.78 
.80 
.80 
.80 
.78 
.80 

.80 
.80 
.82 
.80 
.80 
.80 
.82 
.80 
.82 
.80 

.82 

.82 
.80 
.82 
.82 
.82 
.82 
.82 
.82 
.82 

.83 

.82 
.82 
.83 
.82 
.83 
.83 
.82 
.83 


Tang. 


/  '  I  Cotlne.  Id.V.   II    Sine.    I  D.  r 


9.923814 
.924070 
.924327 
.924583 
.921840 
.925096 
.925352 
.925609 
.925865 
.926122 
.926378 

9.926634 
.926890 
.927147 
.9274a3 
.927659 
.927915 
.928171 
.928427 
.928684 
.928940 

9.929196 
.929452 
.929708 
.929964 
.930220 
.930475 
.980781 
.930987 
.931243 
.931499 

9.931755 
.932010 
.932206 
.932522 
.932778 
.933033 
.933289 
.933545 
.933800 
.934056 

9.934311 
.934567 
.934822 
.935078 
.935333 
.935589 
.935844 
.936100 
.ft36355 
.936611 

9.936866 
.937121 
.937377 
.937632 
.937887 
.938142 
.938398 
.a38653 
.938908 


D.  r. 


I 


4.27 
4.28 
4.27 
4.28 
4.27 
4.27 
4.28 
4.27 
4.28 
4.27 
4.27 


4. 
4. 
4. 
4. 
4. 


.27 
.28 
.27 
.27 
.27 
4.27 
•4.27 
4.28 
4.27 
4.27 

4.27 
4.27 
4.27 
4.27 
4.25 
4.27 
4.27 
4.27 
4.27 
4.27 

4.25 
4.27 
4.27 
4.27 
4.25 
4.27 
4.27 
4.25 
4.27 
4.25 

4.27 
4.25 
4.27 
4.25 
4.27 
4.25 
4.27 
4.25 
4.27 
4.25 

4.25 
4.27 
4.25 
4.25 
4.25 
4.27 
4.25 
4.25 
4.25 


Cotang. 


10.076186 
.075930 


60 
59 


.075073  I  58 

.075417  I  57 

.075160  :  56 

.074904  55 

.074648  .  54 
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.070036 
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.069269 
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.068501 
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.066967 
.066711 
.066455 
.066200 
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.065433 
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.064922 
.064067 
.064411 
.064156 
.063900 
.063645 
.063389 

i  10.063134 
!   .062879 


I 


\ 


.062623 
.062368 
.062113 
.061858 
.061602 
.061347 
.061092 
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.889269 

88 

.889107 

80 

.889515 

80 
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56 
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58 
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D.r. 


8.33 
8.33 
8.33 
8.38 
2.33 
8.88 
8.88 
8.38 
8.S8 
8.38 
8.88 

8.33 
8.88 
8.38 
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8.32 
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8.38 
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8.38 
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2.30 
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8.80 
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8.28 
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8.28 
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8.28 
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8.27 
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2.27 
2.25 
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9.87107r) 
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.870782 
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.870504 
.870390 
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.870101 
.870047 
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.809701 
.869589 
.869474 
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.868003 
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.866470 

9.866353 
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D.r. 
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1.90 
1.90 
1.90 
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1.92 
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1. 
1. 
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.93 
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1. 
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1.95 
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1.97 
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Cfosbie.  I 


D.V,  II 


Tang. 


9.9M-m 
.a5-1091 
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.956977 
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.960023 
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27 
28 
29 
80 

81 
32 
33 
34 
36 
36 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 

52 

.'53 

M 

55 

66 

67 

58 

59 

60 


Vera. 


7.580889 
.683278 
.686157 
.689026 
.691886 
.594737 
.597578 
.600410 
.603233 
.606047 
.608851 

7.611647 
.614433 
.617211 
.619980 
.622789 
.625491 
.628233 
.680967 
.683692 
.636409 

7.689117 
.641816 
.644506 
.647191 
.649865 
.652582 
.655190 
.657840 
.660483 
.663117 

7.665748 
.668361 
.670971 
.673674 
.676168 
.678756 
.681384 
.683906 
.680470 
.689026 

7.691575 
.694116 
.696650 
.699177 
.701696 
.704208 
.706712 
.709210 
.711700 
.714188 

7.710059 
.719128 
.721500 
.724015 
.720493 
.?289;^4 
.731308 

7.'ra8eao 


D.r 


48.15 
47.96 
47.88 
47.67 
47.52 
47.35 
47.20 
47.05 
46.90 
47.78 
46.60 

46.48 
46.80 
46.15 
45.96 
45.87 
45.70 

45.42 
45.28 
45.18 

44.96 
44.87 
44.72 
44.57 
44.45 
44.80 
44.17 
44.05 
48.90 
48.77 

43.68 
48.60 
48.88 
48.23 
43.12 
42.96 
42.87 
42.78 
42.00 
42.48 

42.85 
42.:l'8 
42.12 

41.96 
41.87 
41.78 
41.68 
41.50 
41.38 
41.27 

41.15 
41.03 
40.92 
40.80 
40.68 
40.57 
40.47 

,  40.?a 


Ex.  sec. 


D.  r. 


7.682045 
.684945 
.667885 
.690715 
.698587 
.586449 
.599801 
.602144 
.004979 
.607804 
.610619 

7.618426 
.616224 
.619018 
.621794 
.024565 
.627826 
.680062 
.683627 
.685664 
.688298 

7.641018 
.648724 
.646428 
.649122 
.651809 
.654488 
.657158 
.669820 
.662474 
.666121 

7.ee77W 
.670889 
.678012 
.676626 
.678283 
.680638 
.688424 
.086006 
.688585 
.691154 

7.698715 


.698815 
.701866 
.708887 
.706411 
.708929 
.711489 
.718942 
.716488 

7.718927 
.721409 
.728884 
.796352 
.728818 
.731267 
.788714 
.736155 


48.88 
48.17 
48.00 
47.87 
47.70 
47.58 
47.88 
47.25 
47.06 
46.92 
46.78 

46.68 
46.48 
46.85 
46.18 
46.05 
45.90 
45.75 
4S.flS 
45.48 
45.88 

45.18 
45.07 
44.90 
44.78 
44.65 
44.50 
44.87 
44.28 
44.12 
43.97 

48.88 
48.78 
48.57 
48.45 
48.88 
48.18 
48.07 
4S.95 
42.82 
42.68 

42.57 
42.48 
42.88 
42.80 
42.07 
41.97 
41.63 
41.72 
41. GO 
41.48 

41.87 
41.25 
41.18 
41.02 
40.90 
40.78 
40.68 


40.67 
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AND  EXTERNAL  SECANTS. 


1 

6<» 

• 

70 

0 

Vera. 

D.r. 

Ex.  sec. 

D.r. 

0 

Vers. 

D.r. 

1 
Ex.  8ec.!D.  1'. 

1 

7.788880 

40.18 

7.741016 

40.33  : 

7.872381 

81.38 

7.875630 

34.63 

1 

.741088 

40.00 

.748436 

40.23  ' 

1 

.874144 

31.30 

.877708 

81.57 

a 

.748488 

89.90 

.746850 

40.13 

2 

.876502 

81.22 

.879782 

34.48 

8 

.746888 

89.78 

.748258 

40.00 

8 

.878655 

81.13 

.881851 

31.40 

4 

.748219 

89.68 

.750658 

39.90 

4 

.880608 

81.07 

.883915 

84.32 

5 

.750000 

89.57 

.753058 

39.80 

5 

.882647 

83.98 

.885974 

34.25 

6 

.758874 

89.47 

.755140 

39.68 

6 

.884686 

33.90 

.888029 

34.15 

7 

.766842 

89.85 

.757821 

39.58 

7 

.8867^ 

38.82 

.890078 

34.08 

8 

.787708 

89.25 

.760196 

39.48 

8 

.888749 

83.73 

.892123 

84.02 

g 

.760066 

89.18 

.762505 

89.37 

9 

.890773 

33.67 

.891164 

83.92 

10 

.782408 

89.06 

.784927 

89.25 

10 

.892798 

33.58 

.896199 

83.85 

11 

7.7B4748 

88.92 

7.767282 

39.17 

11 

7.894806 

83.50 

7.898230 

38.77 

18 

.707064 

38.83 

.7696.-52 

39.06 

12 

.896818 

83.43 

.900256 

33.70 

IS 

.789414 

38.72 

.771975 

88.95 

18 

.898824 

as. 35 

.902278 

33.62 

14 

.731787 

88.62 

.774312 

38.85  1 

14 

.900825 

33.27 

.901295 

33.53 

15 

.774064 

88.62 

.776643 

38.75  , 

15 

.902821 

33.20 

.900307 

33.47 

10 

.776866 

88.42 

.778968 

38.63 

16 

.g(H813 

33.12 

.908315 

83.40 

17 

.778670 

38.80 

.781286 

38.56 

17 

.906800 

83.05 

.910319 

83.30 

18 

.780968 

88.22 

.783599 

38.43 

18 

.908783 

32.9/ 

.912317 

33.25 

19 

.788261 

38.10 

.785905 

38.35 

19 

.910761 

32.90 

.914312 

a3.17 

90 

.7B6647 

88.02 

.788206 

88.28 

20 

.912785 

82.82 

.910302 

33.08 

2i 

7.787828 

87.90 

7.790500 

88.15 

21 

7.914704 

82.73 

7.918287 

33.02 

S» 

.790102 

87.82 

.792789 

38.03 

1  22 

.910008 

82.68 

.920268 

82.95 

28 

.798871 

87.70 

.795071 

87.95 

23 

.918629 

82.58 

.922215 

82.87 

S4 

.794688 

87.02 

.797348 

37.85 

24 

.920584 

82.53 

.921217 

32.78 

25 

.796890 

87.62 

.799619 

87.75 

25 

.922536 

32.45 

.926184 

32.73 

28 

.799141 

87.40 

.801884 

87.05 

26 

.924483 

32.87 

.928148 

32.65 

27 

.801385 

87.88 

.804143 

37.57 

27 

.926425 

82.32 

.930107 

82.58 

28 

.808686 

87.22 

.806397 

37.45 

28 

.92aS64 

32.22 

.932062 

32.50 

20 

.800868 

87.13 

.808644 

37.37  i 

:  29 

.930297 

82.17 

.934012 

82.43 

80 

.8(a)DH6 

87.08 

.810886 

37.28 

1  30 

.932227 

82.08 

.935958 

32.37 

81 

7.810806 

86.96 

7.813123 

87.17 

81 

7.931152 

83.02 

7.937900 

32.30 

82 

.812524 

86.88 

.815353 

87.08 

82 

.930073 

81.05 

.939838 

82.23 

88 

.814784 

86.75 

.817578 

87.00 

83 

.937990 

81.88 

.941772 

82.15 

84 

.810989 

86.67 

.819798 

36.90 

81 

.939908 

81.80 

.943701 

82.08 

85 

.812189 

86.65 

.822012 

36.80 

85 

.941811 

31.73 

.945626 

82.02 

88 

.821382 

86.48 

.824220 

86.72 

36 

.913715 

81.67 

.947517 

31.95 

87 

.828921 

36.37 

.826428 

86.02 

37 

.945615 

31.00 

.949464 

81.87 

88 

.825708 

86.28 

.828620 

36.53 

38 

.947511 

81.52 

.951376 

31.82 

80 

.827880 

86.20 

.830812 

36.45 

39 

.919102 

31.47 

.958285 

31.73 

40 

.880062 

86.10 

.882999 

36.35 

40 

.951290 

81.38 

.955189 

31.68 

41 

7.832218 

86.02 

7.835180 

36.27 

41 

7.953173 

81.32 

7.957090 

31.60 

42 

.884879 

85.98 

.837856 

36.17 

42 

.955052 

81.27 

.958986 

31.53 

48 

.886685 

86.83 

.839526 

80.08 

43 

.950928 

81.18 

.960878 

31.48 

41 

85.76 

.841601 

80.00  ; 

44 

.958799 

81.12 

.962767 

31.40 

45 

.840880 

85.65 

.843851 

85.90  ' 

45 

.9C0C66 

81.05 

.964651 

31.35 

46 

.842969 

85.58 

.816005 

85.83 

46 

.962529 

80.i)8 

.9665;M 

31.28 

47 

.846104 

85.48 

.818155 

a5.73 

47 

.964388 

30.92 

.96&108 

31.20 

48 

.847238 

85.40 

.850299 

a'i.CS 

48 

.960213 

80.85 

.970280 

31.13 

49 

.849357 

85.30 

.852187 

a-).  57 

49 

.968091 

30.78 

.972148 

31.08 

60 

.861475 

85.28 

.851571 

85.48 

50 

.969941 

80.73 

.974013 

31.02 

51 

7.868689 

85.18 

7.856700 

35.88 
35.:i2 

51 

7.971785 

80.65 

7.975874 

30.93 

62 

.866697 

85.05 

.858823 

1  5:2 

.()73()21 

80.58 

.%7vm 

80.88 

68 

.85^00 

34.97 

.860912 

35.22  1 

1  r>^ 

.075159 

30.53 

.979583  30.82 

64 

.869606 

81.88 

.863055 

a5.13  , 

51 

.97?291 

80.15 

.981432  30.75 

65 

.861091 

81.80 

.865103 

a5.05  ! 

55 

.979118 

30.40 

.9a3277  30.70 

66 

.864079 

81.72 

.867206  31. JW  I 

56 

.980912 

:w.33 

.985119  ,  30.62 

67 

.806162 

84.63 

.869365 

34.88 

57 

.982762 

30.27 

.986956  ,  30.57 

68 

.868210 

84.55 

.871468 

81.80 

58 

.9aV57ft 

l*^ft.*2a 

col 

.87mi8    84.47  1 

.873516  81.73 

59 

1  7.««4V^ 

\^.\^ 

7.872881  / 

84.88  1 

7.8rtQ&^     84.03 

60 

\^.vse 
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TABLE  XXVI.— LOGABTTHMIO  YEBSED  SINES 


8« 

■ 

90 

• 

0 

Vers. 

D.  r. 

Ex.  sec. 

D.  r. 

0 

Vers. 

D.  r. 

Ex.  sec. 

D.  r. 

7.988199 

30.08 

7.992446 

30.38 

8.090317 

26. ra 

8.006607 

27.06 

1 

.990004 

30.02 

.994269 

,30.32 

1 

.091920 

26.68 

.097820 

27.02 

2 

.991805 

29.95 

.990088 

'30.25 

;  2 

.093521 

26.68 

.096041 

26.97 

3 

.993602 

29.88 

.997903 

30.18 

3 

.096119 

26.58 

.100659 

26.9S 

4 

.995395 

29.83 

7.999714 

30.13 

4 

.096714 

26.52 

.102174 

26.87 

6 

.997185 

29.77 

8.001522 

30.07 

5 

.098806 

26.48 

.108786 

26.88 

6 

7.998971 

29.72 

.003326 

80.00 

6 

.099604 

26.43 

.106385 

20.77 

7 

8.000754 

29.63 

.005126 

29. a5 

7 

.101480 

26.40 

.lOTOOl 

26.78 

8 

.002532 

29.60 

.006923 

29.88 

8 

.108064 

26.88 

.108605 

20  67 

9 

.004308 

29.52 

.008710 

29.83 

9 

.104644 

26.28 

.110205 

26.63 

10 

.000079 

29.47 

.010506 

29.73 

10 

.106221 

26.25 

.111803 

20.58 

11 

8.007847 

29.40 

8.012292 

29.70 

11 

8.107T96 

26.18 

6.118886 

26.68 

12 

.009611 

29.35 

.014074 

29.65 

12 

.109867 

26.15 

.114990 

26.48 

13 

.011372 

29.28 

.01.5853 

29.58 

13 

.110986 

26.10 

.116579 

26.45 

14 

.013129 

20.22 

.017628 

29.53 

14 

.112502 

26.05 

.118166 

26.88 

15 

.014882 

29.17 

.019400 

29.47 

15 

.114065 

26.00 

.119749 

26.85 

16 

.016632 

29.10 

.021168 

29.42 

:  16 

.115625 

25.96 

.121380 

26.80 

17 

.018378 

29.05 

.0^2933 

29.85 

17 

.117182 

25.92 

.122908 

26.25 

18 

.020121 

29.00 

.024694 

29.80 

18 

.118737 

25.87 

.124488 

26.2S 

19 

.021861 

28.93 

.026452 

29.23 

19 

.120289 

25.82 

.126066 

26.17 

20 

.023597 

28.87 

.028206 

29.18 

20 

.121888 

25.77 

.127626 

26.12 

21 

8.025829 

28.82 

8.029957 

29.13 

21 

8.128884 

26.72 

8.129188 

96.07 

22 

.027058 

28.75 

.031705 

29.07 

22 

.124927 

26.68 

.180767 

26.QB 

23 

.028783 

28.70 

.033449 

29.00 

:  23 

.126468 

25.66 

.183818 

85.88 

^ 

.030506 

28.65 

.035189 

28.97 

24 

.128006 

25.58 

.138R77 

25.98 

25 

.032224 

28.58 

.030927 

28.90 

25 

.129541 

25.66 

.136438 

25.90 

26 

.033939 

28.58 

.088061 

28.83 

26 

.131074 

26.50 

.136967 

26.85 

27 

.035651 

28.47 

.040391 

28.78 

27 

.182604 

26.46 

.138588 

135.80 

28 

.037359 

28.42 

.042118 

28.73 

28 

.184181 

25.40 

.140066 

25.76 

29 

.039064 

28.37 

.043842 

28.08 

29 

.ia'M555 

26.87 

.141681 

25.78 

30 

.040706 

28.30 

.045563 

28.62 

80 

.13n77 

26.82 

.148174 

25.67 

31 

8.042464 

28.25 

8.047280 

28.57 

81 

8.188696 

26.27 

8.144714 

85.68 

32 

.044159 

28.20 

.048994 

28.50 

32 

.140212 

25.28 

.146262 

25.56 

33 

.045851 

28.13 

.050704 

28.47 

as 

.141720 

25.18 

.147787 

25.58 

31 

.047539 

28.08 

.052412 

28.40 

84 

.148237 

25.18 

.149819 

25.60 

35 

.049224 

28.03 

.054116 

28.35 

35 

.144745 

26.10 

.1506^ 
.15^76 

25.45 

36 

.050906 

27.98 

.055817 

28.28 

86 

.146251 

26.06 

26.40 

37 

.052585 

27.92 

.057514 

28.25 

87 

.147754 

25.02 

.158900 

26.87 

38 

.054260 

27.87 

.059209 

28.18 

38 

.149256 

24.96 

.155422 

85.88 

89 

.055932 

27.82 

.000900 

28.13 

39 

.150752 

24.93 

.166942 

25.27 

40 

.057601 

27.75 

.002588 

28.08 

40 

.152248 

24.88 

.158458 

a6.25 

41 

8.059206 

27.72 

8.004273 

28.03 

41 

8.163741 

24.88 

8.150978 

36.18 

42 

.000929 

27.65 

.005955 

27.97 

42 

.155281 

24.78 

.161481 

86.17 

43 

.002588 

27.60 

.007033 

27.93 

43 

.150718 

24.75 

.162994 

86.10 

44 

.004244 

27.55 

.009309 

27.87 

44 

.158208 

24.72 

.164600 

25.07 

45 

.005897 

27.48 

.070981 

27.82 

45 

.159080 

24.67 

.166004 

85.08 

46 

.007546 

27.45 

.0?2050 

27.77 

46 

..101100 

24.62 

.167506 

84.96 

47 

.009193 

27.38 

.074310 

27.72 

47 

.102043 

24.58 

.109005 

24.96 

48 

.070836 

27.3:5 

.075979 

27.07 

48 

.104118 

24.58 

.170602 

24.90 

49 

.072476 

27.30 

.077039 

27.00 

49 

.105590 

24.50 

.171096 

84.87 

50 

.074114 

27.23 

.079295 

27.57 

50 

.107000 

24.45 

.173488 

24.88 

51 

8.07:.748 

27.18 

8. 080049 

27.52 

51 

8.168527 

24.42 

8.174977 

»1.78 

52 

.077379 

27.13 

.0«2(J00 

27.45  ' 

52 

.100992 

24.37 

.170404 

:M.78 

53 

.079007 

27.07 

.084247 

27.42 

:  53 

.171454 

24.33 

.1779-18 

24.70 

54 

.080031 

27.03 

.085892 

27.37 

54 

.1?2914 

24.30 

.179430 

»4.65 

55 

.082253 

2().98 

.087534 

27.30 

55 

.174372 

24.25 

.180909 

84.62 

50 

.08:«Sra 

20.93 

.0891?2 

27.27 

50 

.175827 

24.20 

.182386 

$M.68 

I^II 

.Ofmss] 

26. S7 

.090808 

27.20 

57 

.17?279 

^.17 

.183861 

84.63 

'68 

.OHTIOO 

26.83  I 

.002440 

27.17  1 

58 

.17R72» 

24.13 

.185338 

84.60 

59 

.ofisno 

20.7H  I 

.094070 

27.12 

59 
1  00 

\     .ISOITI 

\^,Qfe 

\  A«a;» 

l%4,47 

IC 

'  /  ti 

.000317  1 , 

2fS.72  I 

8.005C97 

27.05 

\^.Q& 
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31 
3i 
3) 
31 
3> 
33 
37 
3S 
3.i 
40 

41 
42 
43 

44 
45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
55 
5& 
67 
58 
'59 


8.ft32792 
.633645 
.631496 
.635347 
.638197 
.637046 
.  63789 i 
.638742 
689588 


8.58S141  ' 
.5890:i9 
.589936  ■ 
.590833 
.59172:* 
.592623  . 
.593517  i 
.594410  ' 
.595302  I 
.596192  ! 
.597082 

8.597971 
.598880 
.599747 
.600633 
.601518 
.602103 
.603336 
.601169 
.605051 
.605931 

8.606311 
.607690 
.603)63 
.603U5 
.610321 
.611197 
.6120ri 
.612915 
.613317 
.0116:J3 

8.615.58J 
.81813J 
.617233 
.61816? 
.619331 
.619331 
.620a}3 
.62iaJl 
.622435 
.623358 

8.624230 
.62)031 
.625941 
.628301 
.627659 
.623517 
.629374 
.630230 
.6:31085 
.631939 


14.97 
14.95 
14.95 
14.93 
14.90 
14.90 
14.88 
14.87 
14.83 
14.83 
14.82 

14.82 
14.78 
14.77 
1'4.75 
14.75 
14.72 
14.72 
14.70 
14.67 
14.67 

14.65 
14.63 
14.62 
14.60 
14.60 
14.57 
14.57 
14.53 
14.53 
14.52 

11.50 
11.43 
11.47 
11.45 
14.45 
11.42 
11.42 
11.40 
11.33 
14.37 

14.a5 
14.3:3 
14.3:3 
14.30 
14.30 
14.23 
14.27 
14.25 
14.2:3 
14.22 


8.640434 


14.22 

14.18 

14.18 

14.17 

14.15 

14.13 

14.13 

14.10 

14.10  i 

14.08  : 


8.605299 
.606234 
.607167 
.608100 
.603032 
.609903 
.610893 
.611823 
.612751 
.613878 
.614605 

8.615531 
.616156 
.017379 
.618302 
.619225 
.620146 
.621083 
.621933 
.622304 
.623322 

8.624739 
.625655 
.628570 
.627434 
.628333 
.629310 
.630222 
.631133 
.633313 
.63'2332 

8.633330 
.6347(i3 
. 635871 
.6:38)S0 
.637135 
.633339 
.639232 
.640195 
.641038 

•  .641997 

8.642397 
.643796 
.644534 
.615591 
.648483 
.647334 
.643279 
.649173 
.650008 
.650958 

8.a5ia50 

.&52741 

.&53831 

.&54520 

.^75408 

.ft76-296 

.fi57182 

.&58068 

.&589j4 

8.&59838 


17* 


Vers. 


D.  r. 


Ex.  sec. 


15.58 
15.55 
15.55 
15.53 
15.52 
15.50 
15.50 
15.47 
15.45 
15.45 
15.43 

15.42 
15.38 
15.38 
15.33 
15.35 
15.33 
15.3:3 
15.30 
15.30 
15.28 

15.27 
15.25 
15.23 
15.2:3 
15.20 
15.20 
15.18 
15.17 
15.15 
15.13 

15.13 
15.10 
15.10 
15.03 
15.07 
15.  a) 
15.05 
15.02 
15.02 
15.00 

14.98 
14.97 
14.95 
14.95 
11.93 
14.92 
14.90 

14.  a3 

14.87 
11.87 

14.85 
14.83 
14.82 
14.80 
14.80 
14.77 
14.77 
14.77 
14.73 
14.7a 


8.6404S4 
.641279 
.642123 
.612966 
.643809 
.644650 
.615191 
.646331 
.617170 
.618008 
.648815 

8.649682 
.650518 
.651353 
.652187 
.653020 
.65:3352 
.654681 
.655515 
.658345 
.657174 

8.&58003 
.658830 
.659357 
.660183 
.661308 
.662132 
.662a56 
.663779 
.661601 
.665122 

8.668212 
.667082 
.687881 
.683893 
.089516 
.6703:32 
.671118 
.671963 
.672777 
.673590 

8.674403 
.675215 
.676026 
.676336 
.677615 
.678151 
.679262 
.680069 
.680875 
.681681 

8.682486 
.683290 
.681093 
.681898 
.685697 
.686498 
.687299 


14.08 
14.07 
14.05 
14.05 
14.02 
14.02 
14.00 
13.96 
13.97 
13.95 
13.95 

13.93 
13.92 
13.90 
13.88 
13.87 
18.87 
13.85 
13.83 
13.82 
13.82 

18.78 
13.78 
13.77 
13.75 
18.78 
18.73 
18.72 
13.70 
13.a3 
13.67 

13.87 
13.05 
13.63 
13.62 
13.60 
13.80 
13.-58 
13.57 
13.55 
13.55 

18.53 
13.52 
13.50 
13.48 
13.48 
18.47 
18.45 
13.43 
13.43 
13.42 


13.40 
13.38 
18.38 
13.35 
13.35 
13.35 
13.32 


8.659638 
.660721 
.061004 
.60i»86 
.603307 
.064^48 
.606127 
.600000 
.000861 
.607761 
.608637 

8.069513 
.670388 
.071202 
.072135 
.079008 
.078679 
.074750 
.075020 

.07&igo 

.077358 

8.078226 
.679093 
.079960 
.660825 
.661690 
.062554 
.663417 
.6»1280 
.665141 
.666002 

6.686603 
.687723 
.668581 
.669439 
.090296 
.691153 
.692008 
.692863 
.693718 
.694571 

6.695424 
.696276 
.697127 
.697976 
.696628 
.699677 
.700525 
.70187^ 
.702220 
.703000 


8 


\' 


.703912 
.704756 
.7056W 
.70&141 
.70^86 
.706128 
.706969 
'WWIO 


D.  1'. 

14.72 
14.72 
14.70 
14.68 
14.68 
14.65 
14.65 
14.63 
14.62 
14.60 
14.60 

14.S8 
14.S7 
14.55 
14.56 
14.S2 
14.SS 
14.50 
14.50 
14.47 
14.47 

14.45 
14.45 
14.43 
14.42 
14.40 
14.88 
14.83 
14.85 
14.S> 
14.% 

14.82 
14.82 
14.80 
14.28 
14.28 
14.25 
14.25 
14.25 
U.f& 
14.22 

14.20 
14.18 
14.18 
14.17 
14.15 
14.13 
14.13 
14.12 
14.10 
14.10 

14.07 
14.07 
14.07 
14.03 
14.08 
14.(B 
14.02 
14.00 

\% 


,\' 


412 


AND  EXTERNAL  8ECANT8. 


W 


0 
1 
8 
8 

4 
5 
6 
7 
8 
0 
10 

11 
18 
18 
14 
15 
16 
17 
18 
19 
80 

81 
88 
88 
84 
85 
80 
87 
88 
89 
80 

81 


84 
85 
80 
87 
88 
89 
40 

41 
48 
48 
44 

46 
46 
47 
48 
49 
50 

61 
68 
68 
54 
65 
56 
67 
68 
M 
00 


Vera. 


8.6HQ606 
.60ai«8 
.691889 

.6US879 
.608074 
.691467 
.695300 
.096068 
.606848 
.697684 

8.608484 
.690818 
.700001 
.70O7H0 
.701676 
.708868 
.708147 


D.  r. 


/ 


.704n6 
.706409 

8.706963 
.707063 
.707844 
.7066^ 
.700404 
.710188 
.710961 
.711789 
.718516 
.718808 

8.714067 
.n48i8 
.715616 
.716389 
.717161 
.717988 
.718704 
.719475 
.780844 
.781018 

8.781788 
.788549 
.788816 
.784088 
.784848 
.76618 
.786877 
.7)K140 
.787908 

8.7S9487 
.780187 
.780947 
.781707 
.788165 
.7888ffl 
.788081 
.784787 
.7»WI  . 
8.TSItt48} 


Ex.  sec.  I  D.  1'. 


18.« 
18.28 
18.85 
18.85 
18.85 
18.83 
18.88 
18.80 
18.18 
18.18 
18.17 

18.15 
18.13 
18.13 
13.18 
18.10 
18.06 
18.06 
18.07 
18.05 
18.05 

13.08 
13. 1 8 
18.08 
18.08 
18.08 
18.06 
18.95 
18.05 
18.0:3 
18.08 

18.98 

18.90 
13.88 
18.87 
18.87 
18.85 
18.85 
18.88 
18.83 
18.88 

18.78 
18.78 
18.78 
18.75 
12.75 
18.73 
18.78 

18.70 
18.70 

18.67 
18.67 
18.67 
18.  (W 
12.63 
18.63 
18.60 
18.60 

la.sH  I 

12.68  1 


8.7n4Ha 

.718;i87 
.713104 
.714001 
.714^)8 
.715078 
.716508 
.717818 
.718175 
.710008 
.710M0 

8.7^80671 
.?-il508 
.788:338 
.723161 
.78:i9W) 
.784817 
.785014 
.78(5171 
.787897 
.788188 

8.788916 
.7^)770 
.78a>93 
.781415 
.782287 
.738058 
.733878 
.731098 
.735517 
.786835 

8.787153 
.787070 
.788W6 
.  7:39008 
.7kU17 
.741881 
.748015 
.748858 
.74«<i70 
.744188 

8.745803 
.716103 
.74*J'.)13 


.747722 
.74K-|30 
.740:3:38 
.750115 
.75<>!r.l 
.7.)l<.>< 


8. 


75:3:3(; 


19« 


13.97 
13.95 
13.05 
13.95 
13.02 
13.92 
13.90 
13.88 
13.88 
13.87 
13.86 

13.85 
13.83 
13.82 
13.80 
13.80 
13.78 
13.78 
13.77 
13.75 
13.73 

13.73 
13.72 
13.70 
13.70 
13.68 
13.67 
13.67 
13.65 
13.63 
13.63 

18.68 
13.60 
13. GO 
18.58 
13.57 
13.57 
13.55 
13.53 
13.53 
13.58 


.751171 

.Tr>i:)ri 

.75<>578 
.757:380 
.7581H0 
.75S'W0 

.  r.wrso 

8.7tf(A.>78 


■\ 


r>    I 


13.50 
13.50 
13.48 
1:3.47 


/ 

Vera. 

D.  r. 

0 

8.736248 

12.58 

1 

.737003 

12.67 

8 

.737757 

12.55 

8 

.788510 

18.55 

4 

.789868 

18.53 

5 

.740015 

18.58 

6 

.740766 

18.50 

7 

.741516 

18.50 

8 

.748866 

18.50 

9 

.743016 

18.47 

10 

.748764 

18.47 

11 

8.744518 

18.45 

18 

.745859 

18.43 

18 

.746006 

18.45 

14 

.746758 

18.48 

15 

.747497 

18.48 

16 

.748848 

18.40 

17 

.748986 

18.88 

18 

.749789 

18.88 

19 

.750478 

18.87 

80 

.751814 

18.85 

81 

8.751956 

18.85 

82 

.758096 

18.83 

83 

.758186 

18.38 

81 

.751175 

18.88 

25 

.754914 

18.80 

86 

.755<S58 

18.28 

87 

.756389 

12.28 

88 

.757186 

12.87 

89 

.757868 

18.87 

80 

.758598 

18.85 

81 

8.760888 

18.83 

38 

.760067 

12.88 

as 

.760801 

18.82 

81 

.761534 

12.20 

35 

.762266 

12.80 

86 

.762SW8 

18.18 

87 

.763?«) 

18.17 

38 

.701459 

18.17 

30 

.765189 

18.15 

40 

.765918 

18.15 

41 

8.766017 

18.18 

42 

.707374 

18.13 

4;3 

.768102 

12.10 

.76KS28 
760.551 
7702S0 
771U6 
771729 
7721.52 


( < 


3175 


12. 
12. 
12. 
12. 
12. 


13.:30 
13.;30 


8.77aS08 
.774(5 10 
.775310 
.77(}0()1 
.77(i7Hl 
.777500 
.778218 
.778036 


Ex.  sec. 


8.7C0578 
.761376 
.768174 
.768971 
.763767 
.764563 
.765358 
.766158 
.766946 
.767739 
.768581 

8.769883 
.770114 
.770005 
.771695 
.778184 
.773878 
.774061 
.774849 
.775636 
.776428 

8.777807 
.777998 
.778777 
.779561 
.780844 
.781187 
.781909 
.788690 
.788471 
.784851 

8.785081 
.785810 
.786588 
.787366 
.788144 
.788980 
.789696 
.790178 
.791817 
.708081 


8 


10 
10 
.08 
.07 
,05 
13.05 
12.05 

12.02 
12.02 
12.02 
12.00 
11.08 
11.07 
11.  W 
11. V? 
\\«^ 


D.  I*. 


6  I  11  .V?  i.  J 


.792795 
.793568 
.794340 
.795112 
.7058K1 
.796654 
.797425 
.798194 
.7080C>3 
.79{)?32 

.800500 
.801207 
.8020:34 
.802800 
.80:i565 
.801:330 
805095 


3.30 
3.30 
3.28 
3.27 
3.87 
85 
88 
88 
88 
3.80 
3.80 

3.18 
3.18 
3.17 
3.15 
8.15 
3.18 
3.18 
3.18 
3.10 
8.06 

3.10 
3.07 
8.07 
3.05 
3.05 
8.08 
3.08 
8.08 
3.00 
3.00 


»> 


o 


98 

97 

97 

97 

8.98 

98 

98 

2.98 

2.90 

18.90 

8.87 
2.87 
2.87 
2.83 

2.85 
2.82 
2.88 
2.83 
2.80 


2.7S 
78 

.77 
75 
75 
75 

.73 


o 


418 


TABLE  XXVI.— LOGARITHMIO  VERSED   SINES 


20*' 


0 
1 
2 
8 
4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
28 
27 
28 
29 
30 

31 
32 
33 
31 

36 
87 
38 
39 
40 

41 
42 
48 
44 
45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
55 
SO 
57 
58 
59 


Vers. 


8.780870 
.781087 
.781802 
.782517 
.783231 
.783946 
.781658 
.785371 
.786083 
.786794 
.787505 

8.788215 
.788934 
.789633 
.790342 
.791049 
.791756 
.792463 
.793169 
.793874 
.794679 

8.795288 
.795987 
.796690 
.797392 
.798094 
.798795 
.799496 
.800196 
.800896 
.801594 

8.802293 
.802991 
.8a3688 
.801384 
.8a5080 
.805776 
.806471 
.807165 
.807859 
.808552 

8.809244 
.809936 
.810628 
.811319 
.812009 
.812699 
.8ia388 
.814077 
.814765 
.815452 

8.816139 
.8KW25 
.817511 
.818196 
.81SK81 
.819565 
.830249 
.830932 
.  831614 


D.  r. 


^  I  8.832296 


.a5 

.92 
.92 
.90 
.90 
.88 
.88 
.87 
.85 
.85 
.83 

.82 
.82 
.82 
.78 
.78 
.78 

.n 

.75 
.75 
.73 

.78 
.72 
.70 
.70 
.68 
.08 
.67 
.67 
.63 
.65 

.63 
.62 
.00 
.GO 
.60 
.58 
.57 
.57 
.55 
.53 


Ex.  sec. 


8.807385 
.808147 
.808906 
.809669 
.810430 
.811190 
.811949 
.812708 
.813466 
.814224 
.814981 

8.815737 
.816498 
.817249 
.818004 
.818758 
.819512 
.820265 
.821018 
.821770 
.822521 

8.823272 
.824023 
.824778 
.825522 
.826271 
.827019 
.827767 
.828514 
.821^261 
.830007 

8.830753 
.aS1497 
.a32242 
.833986 
.833729 
.834472 
.885215 
.aS5957 
.836698 
.837489 

8.838179 
.a38910 
.839658 
.840896 
.841135 
.841872 
.842609 
.843:^46 
.814082 
.844817 

8.845552 
.846287 
.847021 
.847754 
.848487 
.849220 
.849953 
.850683 
,  .851414 
S5  I  8.852144 


D.  r. 


12.70 
12.08 
12.68 
12.68 
12.67 
12.65 
12.65 
12.63 
12.63 
12.62 
12.60 

12.60 
12.60 
12.58 
12.57 
12.57 
12.55 
12.55 
12.53 
12.52 
12.52 

12.52 
12.50 
12.48 
12.48 
12.47 
12.47 
12.46 
12.46 
12.43 
12.42 

12.42 
12.42 
12.40 
12.38 
12.88 
12.88 
12.87 
12.85 
12.35 
12.83 

12.33 
12.32 
12.30 
12.32 

12.28 
12.28 
12.28 
12.27 
12.25 
12.25 


2V 

i 


0 

1 

2 
8 
4 
5 
6 
7 
8 
9 
10 

11 
12 
18 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 

24 
25 
26 

27 
28 
29 
30 

81 
32 
83 
34 
85 
86 
87 
88 
89 
40 

41 
42 

43 
44 
45 
46 
47 
48 
49 
50 


12.25   51 

12.23  :  52 

12.22  ;  53 

12.22   54 

12.22 

12.20 

12.18 

12.18 

12.17 

12.17 

Si" 


Vers. 


8.822296 
.822977 
.^8658 
.824838 
.825018 
.825697 
.826873 
.827064 
.82^1781 
.828408 
.829066 

8.829761 
.830436 
.881111 
.881786 
.832469 
.838182 
.833804 
.aS4476 
.835148 
.885819 

8.836489 
.837159 
.837829 
.838498 
.»J9166 
.889884 
.840501 
.841168 
.841884 
.842500 

8.848165 
.843829 
.844498 
.845157 
.845820 
.846483 
.847145 
.847806 
.848467 
.849127 

8.849787 
.850447 
.851106 
.851764 
.852422 
.853079 
.853736 
.«>4392 
.a55048 
.855708 

8.856358 
.a57012 
.a576t}6 
.858:^19 
.a58972 
.8596^ 
.860276 

.86157^ 


D.  r. 


11.85 
11.85 
11.88 
11.88 
11.82 
11.82 
11.80 
11.28 
11.28 
11.28 
11.27 

11.26 
11.25 
11.23 
11.28 
11.23 
11.20 
11.20 
11.20 
11.18 
11.17 

11.17 
11.17 
11.16 
11.18 
11.18 
11.12 
11.13 
11.10 
11.10 
11.06 

11.07 
11.07 
11.07 
11.05 
11.05 
11.08 
11.03 
11.02 
11.00 
11.00 

11.00 
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.554009 
.554280 
.554590 
.554820 
.555091 
.555:^01 
.565631 

0.555900 
.560170 
.550440 
.556709 
.556079 
.65?.U8 
.557517 
.557n» 
.596035 
.558324 

9.668593 
.558802 
.558131 
.559399 
.559007 
.559936 
.560S0i 
.500472 
.560740 
.561008 

0.661276 
.5C1544 
.661811 
.562079 
.562346 
.662613 
.563881 
.563148 
.563415 
.668682 

9.668948 
.501216 
.664482 
.604748 
.665015 
.666381 
.665547 
.665818 
.666079 
.666345 

9.666011 
.660877 
.667142 
.667406 
.667073 
.667988 
.668304 
.668469 
.608734  / 

9.008099  I 


4.50 
4.n2 
4.53 
4.50 
4.52 
4.50 
4.50 
4.52 
4.50 
4.50 
4.48 

4.50 
4.50 
4.48 
4.50 
4.48 
4.48 
4.48 
4.48 
4.48 
4.48 

4.48 
4.48 
4.47 
4.47 
4.48 
4.47 
4.47 
4.47 
4.47 
4.47 

4.47 
4.45 
4.47 


Ex.  sec. 


4. 
4. 
4. 

4. 
4. 

4. 


45 
45 
47 
45 
45 
45 


4.43 

4.45 
4.45 
4.43 


4 

4 
4 
4 
4 
4 


45 
43 
43 
43 
43 
43 


4.43 

4.43 
4.42 
4.43 
4.42 
4.42 
4.43 
4.42 
4.42 
4.42 
4.42  ^ 


9.744a-0 
.7453tl0 
.745703 
.740123 
.740545 
.740000 
.747388 
.747809 
.748230 
.748052 
.749073 

9.749494 
.749916 
.750337 
.750738 
.751180 
.751001 
.733022 
.733443 
.752805 
.753280 

9.753707 
.731128 
.751549 
.7.W971 
.755392 
.755813 
.750234 
.750055 
.757076 
.757498 

9.737019 
.758340 
.758701 
.750183 
.730003 
.760034 
.700445 
.700800 
.701287 
.701708 

9.702129 
.703550 
.703971 
.703393 
.703813 
.704334 
.704035 
.705070 
.705497 
.705918 

9.700339 
.7010700 
.707181 
.707003 
.708033 
.768443 
.708804 
.769285 
.709706 

9.770127 


D.  1- 


7.03 
7.03 
7.03 
7.03 


7, 
7. 
7. 
7. 
7, 


03 
03 
02 
03 
03 
03 
02 

03 
03 
03 
03 
03 
03 
03 
03 
03 


7. 
7. 
7. 
7. 
7. 
7. 
7. 
7. 
7. 
7.03 

7.03 
7.03 
7.03 
7.C3 
7.02 
7.03 
7.03 
7.03 
7.03 
7.03 

7.02 
7.03 
7.03 
7.03 
7.03 
7.03 
7.03 
7.03 
7.03 
7.03 

7.03 
7.03 
7.02 
7.03 
7.03 
7.03 
7.03 
7.03 
7.03 
7.03 

7.02 
7.02 
7.03 
7.00 
7.03 
7.03 
7.02 
7.03 
7.02 
7.02 


61* 


0 

1 

3 
8 
4 
5 
0 
7 
8 
9 
10 

11 
13 
13 
14 
15 
10 
17 
18 
19 
20 

21 
22 
23 
fU 
25 
26 
27 
28 
29 
30 

31 
33 
33 
34 
35 
30 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 
52 
53 
64 
65 
56 
57 
58 
59 
60 


Vers.  iD.  r.  ;Ex.  sec.  [D.  1'. 


9.508009 
.5003W 
.509528 
.500793 
.570057 
.570323 
.570580 
.570850 
.571114 
.571378 
.571043 

9.571900 
.572170 
.575M34 
.572097 
.6729<K) 
.573334 
.573487 
.573750 
.574013 
.574370 

9.574539 
.574803 
.6750(54 
.675337 
.675589 
.675853 
.570114 
.570370 
.5700JJ8 
.570900 

9.577103 
.577434 
.5770K5 
.577947 
.578308 
.57^70 
.578731 
.578003 
.579353 
.679514 

9.679775 
.680080 
.680397 
.580557 
.680818 
.581078 
.681330 
.681599 
.581859 
.583119 

9.583379 
.583039 
.583898 
.583158 
.588418 
.583(577 
.583936 

«.584'JV4 


4.43 

4.40 
4.43 
4.40 
4.43 
4.40 
4.40 
4.40 
4.40 
4.40 
4. -10 

4.40 
4.40 
4.38 
4.S8 
4.40 
4.38 
4.38 
4.38 
4.38 
4.38 

4.38 
4.37 
4.38 
4.87 
4.38 
4.37 
4.37 
4.37 
4.37 
4.37 

4.37 
4.35 
4.37 
4.35 
4.37 


35 
35 
35 
35 
35 


4.35 
4.35 


.33 
.35 
.33 
.35 
.33 
.33 


4.33 
4.33 

4.33 


9.770137 

7.03 

.77a'>48 

7.02 

.770969 

7.00 

.771389 

7.02 

.771810 

7.02 

.7722)1 

7.02 

.7^3(i53 

7.03 

.773073 

7.03 

.7734J)4 

7.00 

.773014 

7.02 

.774335 

7.02 

9.774750 

7.02 

.775177 

7.02 

.775508 

7.00 

.770018 

7.02 

.770439 

7.02 

.770800 

7.02 

.rr?38i 

7.02 

.777702 

7.00 

.778122 

7.02 

.778543 

7.02 

9.778904 

7.02 

.779385 

7.00 

.779805 

7.02 

.780330 

7.02 

.780047 

7.03 

.7810()8 

7.00 

.781488 

7.02 

.781909 

7.03 

.782330 

7.02 

.782751 

7.00 

9.7a3171 

7.02 

.783593 

7.02 

.784013 

7.00 

.78443;^ 

7.02 

.784854 

7.02 

.785375 

7.02 

.7a')096 

7.00 

.780110 

7.02 

.780337 

7.02 

.780958 

7.00 

9.787378 

7.02 

.787799 

7.03 

.788220 

7.02 

.788041 

7.00 

.789001 

7.03 

.789482 

7.02 

.789903 

7.00 

.790323 

7.02 

.790744 

7.02 

.791105 

7.02 

9.791586 

7.00 

.793000 

7.02 

.793427 

7.02 

.792848 

7.00 

.793208 

7.02 

.798089 

7.02 

.794110 

7.02 

429 


TABLE  XXVL— LOGARITHMIC  VERSED  SINES 


62'' 

63» 

/ 
0 

Vers. 

D.  r. 

Ex.  sec. 

D.r. 

i  0 

Vers. 

D.r. 

Ex.  sec. 

D.r. 

» 

9.584714 

4.32 

9.795372 

7.02 

9.600085 

4.22 

9.820622 

7.02 

1 

.584973 

4.32 

.795793 

7.00 

1 

.6003S8 

4.22 

.821043 

7.03 

2 

.585232 

4.32 

.796213 

7.02 

2 

.600591 

4.23 

.821464 

7.02 

S 

.585491 

4.30 

.796634 

7.02 

3 

.600845 

4.22 

.821885 

7.02 

4 

.585749 

4.32 

.797065 

7.02 

4 

.601098 

4.22 

.822306 

7.02 

5 

.586008 

4.30 

.797476 

7.00 

5 

.601351 

4.20 

.822727 

7.02 

6 

.58(}206 

4.32 

.797896 

7.02 

6 

.601603 

4.22 

.823148 

7.08 

7 

.5gC52-> 

4.30 

.798317 

7.02 

7 

.601856 

4.22 

.823569 

7.02 

8 

.5S078J 

4.30 

.798738 

7.00 

8 

.602109 

4.22 

.823990 

7.08 

9 

.587041 

4.30 

.799158 

7.02 

9 

.602362 

4.20 

.824411 

7.08 

10 

.58?299 

4.30 

.799579 

7.02 

10 

.602614 

4.20 

.824883 

7.08 

11 

9.587557 

4.30 

9.800000 

7.02 

11 

9.602866 

4.22 

9.825254 

7.02 

12 

.587815 

4.30 

.800421 

7.00 

12 

.603119 

4.20 

.825675 

7.08 

13 

.588073 

4.30 

.800841 

7.02 

13 

.603371 

4.20 

.826096 

7.08 

14 

.588331 

4.28 

.801262 

7.02 

14 

.603023 

4.20 

.820517 

7.08 

15 

.588588 

4.28 

.801683 

7.02 

15 

.603875 

4.20 

.826938 

7.08 

16 

.588846 

4.28 

.802104 

7.00 

16 

.604127 

4.20 

.827360 

7.08 

17 

.589103 

4.30 

.802524 

7.02 

17 

.604379 

4.20 

.887781 

7.03 

18 

.589381 

4.28 

.802945 

7.02 

18 

.604631 

4.20 

.828202 

7.08 

19 

.589618 

4.28 

.803366 

7.02 

19 

.604883 

4.18 

.8286^ 

7.04 

20 

.589875 

4.28 

.803787 

7.00 

20 

.605134 

4.20 

.829044 

7.08 

21 

9.590132 

4.28 

9.804207 

7.02 

21 

9.605386 

4.18 

9.8S9466 

7.08 

2:2 

.590389 

4.28 

.804628 

7.02 

22 

.605637 

4.18 

.820887 

7.08 

23 

.590646 

4.28 

.805049 

7.02 

23 

.605888 

4.20 

.880306 

7.02 

24 

.590903 

4.28 

.805470 

7.02 

24 

.606140 

4.18 

.830729 

7.08 

25 

.591100 

4.27 

.805891 

7.00 

25 

.606391 

4.18 

.831151 

7.0B 

26 

.591416 

4.28 

.806311 

7.02 

26 

.606042 

4.18 

.8315*^ 

7.08 

27 

.591673 

4.27 

.806732 

7.02 

27 

.606893 

4.18 

.831993 

7.08 

'26 

.591929 

4.27 

.807153 

7.02 

28 

.607144 

4.17 

.832115 

7.08 

29 

.592185 

4.28 

.807574 

7.02 

29 

.607394 

4.18 

.832836 

7.08 

30 

.592442 

4.27 

.807995 

7.00 

30 

.607645 

4.18 

.833257 

7.03 

31 

9.592698 

4.27 

9.808415 

7.02 

81 

9.607896 

4.17 

9.833679 

7.08 

32 

.592JJ54 

4.27 

.808836 

7.02 

32 

.608146 

4.18 

.834100 

7.08 

33 

.593210 

4.27 

.809257 

7.02  i 

33 

.608397 

4.17 

.8ai522 

7.08 

31 

.593466 

4.25 

.809678 

7.02  ! 

34 

.608047 

4.17 

.834943 

7.08 

a5 

.593721 

4.27 

.810099 

7.02 

.  35 

.608897 

4.17 

.835361 

7.08 

:36 

.593977 

4.27 

.810520 

7.00 

1  36 

.609147 

4.17 

.835786 

7.08 

37 

.594233 

4.25 

.810940 

7.02 

;  37 

.609397 

4.17 

.836207 

7.03 

38 

.594488 

4.25 

.811361 

7.02 

:  38 

.609647 

4.17 

.836629 

7.02 

39 

.594743 

4.27 

.811782 

7.02 

39 

.609897 

4.17 

.837050 

7.08 

40 

.594999 

4.25 

.812203 

7.02 

40 

.610147 

4.17 

,8^:4,72 

7.08 

41 

9.595254 

4.25 

9.812624 

7.02 

41 

9.610397 

4.15 

9.837893 

7.08 

42 

.595509 

4.25 

.813045 

7.02 

43 

.610046 

4.17 

.838315 

7.08 

43 

.595764 

4.25 

.813466 

7?00 

43 

.610896 

4.15 

.838786 

7.08 

44 

.596019  • 

4.25 

.813886 

7.02 

44 

.611145 

4.15 

.839158 

7.02 

45 

.596274 

4.23 

.814307 

7.02 

45 

.611394 

4.17 

.839579 

7.08 

46 

.59(r>28 

4.25 

.814728 

7.02 

46 

.611644 

4.15 

.840001 

7.08 

47 

.596783 

4.25 

.815149 

7.02 

47 

.611893 

4.15 

.840423 

7.08 

'18 

.597038 

4.2:3 

.815570 

7.02 

48 

.612142 

4.15 

.840644 

7.08 

49 

.597292 

4.23 

.815991 

7.02 

49 

.612391 

4.15 

.841266 

7.08 

50 

.597546 

4.25 

.816412 

7.02 

50 

.612640 

4.13 

.841687- 

7.06 

51 

9.597801 

4.23 

9.816833 

7.02 

J  51 

9.612888 

4.15 

9.842100 

7.08 

52 

.598055 

4.23 

.817254 

7.02 

1  52 

.013137 

4.15 

.842531 

7.08 

53 

.598309 

4.23 

.817675 

7.02 

!  53 

.613386 

4.13 

.842963 

7.(B 

54 

.598563 

4.23 

.818096 

7.02 

:  54 

.6136^4 

4.15 

.843374 

7.08 

55 

.598817 

4.23 

.818517 

7.02 

55 

.618883 

4.13 

.843796 

7.08 

56 

.599071 

4.22 

.818938 

7.02 

56 

.614131 

4.13 

.844218 

7.08 

/srl 

.59{mi 

4.23 

.819359 

7.02 

67 

.614379 

4.13 

.ai4639 

7.01 

58 

.590578 

4.22   1 

.819780 

7.02 

58 

.614627 

4.15 

.846061 

7.08 

'.50 

.599831 

4.23 
4.22  / 

.8:20201 

7.02 

i  50  \  .ftUftl^i  \  4A^  ' 

7.06 

06 

'  /  9 

600085  1 

9.820622 

7.02 

U  W  \  ft.61bVi\ 

\  4.^ 

^  1,^\ 
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AND  EXTERNAL  SECANTS. 


54" 


65« 


/ 

Vers. 

D.1-. 

1 

Ex,  sec. 

1 

D.  r. 

0 

9.G15184 

4.18 

o.wratt 

7.03 

1 

.G15871 

4.13 

.84(J3-J7 

7.03 

2 

.615019 

4.13 

.84()719 

7.03 

8 

.615807 

4.18 

.817170 

7.0:i 

4 

.610115 

4.18 

.847508 

7.03 

6 

.010068 

4.13 

.818014 

7.m 

C 

.610010 

4.18 

.848136 

7.03 

7 

.010857 

4.18 

.818858 

7.GA 

8 

.017104 

4.18 

.849880 

7.03 

0 

.017851 

4.18 

.849708 

7.03 

10 

.617500 

4.10 

.850181 

7.03 

11 

9.617846 

4.18 

9.850516 

7.03 

Id 

.6180U8 

4.13 

.850908 

7.0:J 

18 

.($18089 

4.18 

.851300 

7.03 

14 

.618S86 

4.18 

.851818 

7.03 

15 

.618Kn) 

4.10 

.858831 

7.03 

16 

.619079 

4.18 

.858056 

7.03 

17 

.619886 

4.10 

.853078 

7.0;^ 

18 

.619572 

4.10 

.853500 

7.05 

19 

.610818 

4.18 

.851)033 

7.03 

90 

.680066 

4.10 

.851346 

7.03 

81 

9.680811 

4.10 

9.854707 

7.03 

22 

.680357 

4.10 

.855189 

7.05 

88 

.080608 

4.08 

.855618 

7.a3 

84 

.681048 

4.10 

.850034 

7.03 

S6 

.681894 

4.10 

.856456 

7.03 

80 

.631540 

4.10 

.850878 

7.05 

87 

.6817B6 

4.06 

.S6Ti)01 

7.a3 

8S 

.628061 

4.08 

.857733 

7  03 

89 

.e&axm 

4.10 

.858145 

7.05 

80 

.6!£»a8 

4.06 

.858568 

7.03 

81 

9.688707 

4.08 

9.858990 

7.03 

88 

.6&1OI8 

4. OR 

.859413 

7.0;^ 

88 

.(B3857 

4.08 

.859835 

7.05 

84 

.083508 

4.08 

.860358 

7.a3 

86 

.083747 

4.08 

.86008.) 

7.05 

80 

.683908 

4.08 

.861103 

7.0:) 

87 

.081837 

4.07 

.861535 

7.05 

88 

.08UK1 

4.06 

.801918 

7.03 

80 

.681?d6 

4.07 

.863:^70 

7.05 

40 

.684970 

4.06 

.863793 

7.03 

41 

9.6SS815 

407 

9.863315 

7.05 

48 

.6£>459 

4.07 

.80:»):« 

7.05 

48 

.685703 

4.07 

.804001 

7.03 

U 

.035947 

4.07 

.804483 

7.05 

45 

.680191 

4.07 

.804906 

7.05 

40 

.680135 

4.07 

.865339 

7.05 

47 

.680079 

4.07 

.805753 

7.03 

48 

,msm 

4.05 

.80(J174 

7.03 

49 

.627106 

4  AT,' 

.800597 

7.05 

50 

.037410 

4.07 

.807030 

7.05 

51 

9.687051 

4.05 

9.867+43 

7.05 

68 

.68rJi07 

4.05 

.8G7H(H5 

7.05 

53 

.628140 

4.07 

.8(>K3S9 

7.05 

&4 

.6e8SM 

4.05 

.808n8 

7.05 

56 

.688637 

4.05 

.809135 

7.05 

50 

.688870 

4.05 

.86{r>.')8 

7.05 

67 

.020118 

4.05 

.809981 

7.05 

SB 

.020356 

4.03 

.870404 

7.05 

60 

.680.-^08 

4.05  J 
4.05  1 

.870837 

7.03 

Mi 

P.tfaOM/  1 

9.871250 

7.05 

Vera.  D.  1*.  I  Ex.  sec.  jD.  1* 


0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

11 
13 
13 
14 
15 
16 
17 
18 
19 
80 

81 
23 
33 
34 
35 
80 
37 
38 
29 
80 

81 
83 
83 

;■  34 
|.  35 

I  36 
!  87 
■  38 

.  89 

i;40 

'  41 
43 
43 
44 
45 
40 
47 
48 
49 
50 

51 
53 
53 
54 
55 
50 
67 
58 
50 
60 


.1 

il 


9.0C;;:"41 
.03iX)S4 
.0:^0330 
.030509 
.030:311 
.631054 
.6313Ji6 
.631588 
.63l';t0 
.6330^ 
.633304 

9.688-305 
.633747 
.6:13089 
.633330 
.63:3478 
.63i713 
.63:19.54 
.034196 
.634487 
.634078 
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.870089 

2.73 

.467564 

10.62 

s 

.860291 

2.80 

.420H:J5 

10.17 

1   2 

.870253 

2.75 

.468201 

10.68 

8 

.860150 

2.78 

.421445 

10.15 

!   3 

.870418 

2.73 

.458839 

10.62 

4 

.860626 

5J.80 

.42aa>4 

10.17 

4 

.870582 

2.75 

.459476 
.460115 

10.65 

5 

.mrm  ^  aw 

.4^2664 

10.18 

!     5 

.870747 

2.73 

10.65 

6 

.860961 

2.78 

.42:^275 

10.18 

i    6 

.870911 

2.75 

.460754 

10.65 

7 

.861128 

2. HO 

.423886 

10.20 

7 

.871076 

2.73 

.461393 

10.67 

8 

.861296 

2.78 

.424498 

10.20 

8 

.871210 

2.73 

.462033 

10.67 

i) 

.861468     2.78 

.425110 

10.20 

9 

.871404 

2.73 

.46267:3 

10.68 

10 

.861630 

2.78 

.425?22 

10.22 

10 

.871568 

2.73 

.463314 

10  70 

11 

9.861797 

2.78 

10.426335 

10.22 

11 

9.871732 

2.73 

10.468956 

10.70 

V2 

.8619W 

2.78 

.4261M8 

10.23 

12 

.871896 

2.73 

.404.598 

10.70 

18 

.862131 

2.78 

.427502 

10.23 

1  13 

.878060 

2.78 

.466240 

10.72 

]4 

.862298 

2.78 

.428176 

10.23 

1  14 

.8721^24  1  2.73 

466883 

10.73 

35 

.862465 

2.78 

.428Tt)0 

10. 2r 

.  15 

.  8755188 

2.73 

.466527 

10.73 

10 

.8626:^ 

2.78 

.429406 

10.:J5 

10 

.8?2f)52 

2.73 

.467m 

10.73 

17 

.862799 

2.77 

.430021 

10.27 

17 

.872716 

2.78 

.467815 

10.76 

IH 

.862966 

2.78 

.4miS7 

10.27 

;  i« 

.8?^X) 

2.72 

.468460 

10.77 

19 

.863132 

2.78 

.43125;^ 

lO.aK 

;  19 

.87:J043 

2.73 

.469106 

10.77 

90 

.868299 

2.77 

.431870 

w.m 

20 

.873^07 

2.73 

.469752 

10.77 

21 

9.863465  '  2.78 

10.432iaS 

10.28 

21 

9.873:^71 

2.72 

10.470398 

10.78 

22 

.863(532     2.7H 

.-ismoTy 

10.32 

22 

.87:i5.34 

2.73 

.471045 

10.80 

syj 

.803799  1  2.77 

.4:^724 

io.:;o 

23 

.87;3(59H 

2.7^2 

.471093 

10.80 

24 

.86396.')  !  2.77 

.43i:M2 

10.32 

:  21 

.87:J801 

2.73 

.472341 

10. «2 

2.-> 

.804131     2.78 

.4.349(51 

10. :« 

25 

.874025 

2.72 

.472990 

10.82 

20 

.801298     2.77 

.43'>581 

10. :« 

2(5 

.874188 

2.72 

.473639 

10.83 

27 

.804464   2.rr 

.430201 

io.:i3 

27 

.874351 

2.73 

.474289 

10.83 

2:S 

.8J4C;J0     2.78 

.4.30821 

10.35 

28 

.874515 

2.?2 

.474939 

10.85 

2t) 

.8(U797     2.77 

.437442 

10.. 37 

29 

.871(578 

2.72 

.47.5590 

10.87 

30 

.864963     2.77 

.438064 

10.37 

!  30 

.874W1 

2.72 

.470242 

10.85 

81 

0.865129 

2.77 

10.438686 

10.37 

I  31 

0.875(X)4 

2.7S 

10.470893 

10.88 

32 

.865295 

2.77' 

.439^)8 

io.;^8 

'  32 

.8751(57 

2.72 

.477510 

10.88 

33 

.865461 

2.77 

.iaxmi 

10.38 

i  3;^ 

.875:3:30 

2.72 

.478199 

10.88 

84 

.865627 

2.77 

.44()5.'>4 

10.40 

34 

.875193 

2.72 

.478852 

10.90 

&5 

.86579:  J     2.77 

.441178 

10.40 

35 

.87.5(55(5 

2.72 

.479506 

10.92 

m 

.865959 

2.75 

.441802 

10.42 

3(5 

.875819 

2.72 

.480161 

10.92 

87 

.866124 

2.77 

.442127 

10.42 

37 

.875982 

2.72 

.480816 

10.93 

88 

.866290 

2.77 

.443(^)2 

10.43 

38 

.870115 

2.72 

.481472 

10.9:3 

^ 

.866456 

2.77 

.443678 

10.43 

89 

.876.^08 

2.70 

.482128 

10.95 

.866622 

2.75 

.444304 

10.45 

40 

.876470 

2.72 

.482786 

10.95 

41 

9.866787 

2.77 

10.444931 

10.45 

41 

9.876633 

2.72 

10.483442 

10.97 

42 

.866953     2.75 

.445558 

10.45 

42 

.876796 

2.70 

.484100 

10.98 

43 

.867118 

2.77 

.446185 

10.47 

43 

.876958 

2.72 

.484759 

10.98 

44 

.867284 

2.75 

.446813 

10.48 

'  44 

.877121 

2.70 

.485418 

10.98 

45 

.867449 

2.75 

.447442 

10.48 

45 

.877283 

2.70 

.486077 

10.98 

4G 

.867614 

2.77 

.448071 

10.48 

46 

.877445 

2.72 

.486738 

11.00 

47 

.867780 

2.73 

.44870C 

10.50 

47 

.877608 

2.70 

.487398 

11  02 

48 

.867945 

2.75 

.449330 

10.62 

48 

.877770 

2.70 

.488059 

11.03 

49 

.868110 

2.75 

.449961 

10-52 

,  49 

.877932 

2.72 

.488721 

11.05 

GO 

.868275 

2.77 

.450592 

10.52 

50 

.878095 

2.70 

.489384 

11.06 

61 

9.868441 

2.75 

10.451228 

10.58 

51 

9.8782.57 

2.70 

10.490047 

11.06 

52 

.868606 

2.75 

.451855 

10.5:^ 

52 

.878419 

2.70 

.490710 

11.07 

63 

.868771  i  2.75 

.452487 

10.r)5 

1  53 

.878581 

2.70 

.491374 

11.08 

54 

.868936  '  2.73 

.453120 

10..57 

'  54 

.878743 

2.70 

.492039 

11.08 

66 

.869100     2.75 

.453754 

10.57 

;  .55 

.878905 

2.70 

.492704 

11.10 

6G 

.869265     2.75 

.454388 

10.57 

!  56 

.879007 

2.70 

.493370 

11.10 

57 

.869430  '  2.75 

.455(22 

lO..'^ 

1  57 

.879229 

2.68 

.494036 

11.12 

58 

.869595     2.75 

.455657 

10.58 

58 

.879390 

,2.70 

^     .Aa\1S5fi> 

\\\.\K\ 

60 

.860760  ;  2.73 

.456292 

10.60 

59 

\     .\«Kl\ 

/W  1 

9.809024  1 

2.7S  1 

10.456928 

10.00 

60 

\  ^.'K 

S    \KS.^SIfS!^ 

a\\\: 

\3k 
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76« 


0 

1 

2 
3 

4 
5 

6 

7 

8 

9 

10 

11 
13 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
2i 
23 
26 
27 
28 
29 
30 

31 
32 
3:^ 
31 
35 
36 
37 
38 
33 
4J 

41 
42 
43 
41 
45 
46 
47 
48 
49 
50 

61 
52 
53 
51 
55 
56 

jr 

5S 
59 


Vers.   D.  1".  Ex.  sec. 


9 


9 


9 


9 


9 


9 


879714 
879876 
880037 
880199 
880360 
8805-33 
aS0(JS3 
880S15 
881006 
8S1 167 
881339 

881490 
881651 
881812 
881973 
883134 
8833;)5 
882  4.56 
a82617 
883rr7 
8829:^ 

8S30.)9 
8833;)0 
88:3430 
8S35S1 
883741 
883903 
884063 
884233 
88438-3 
884543 

884703 
884864 
885034 
885184 
885344 
885504 
8856^4 
885824 
885983 
886143 

886303 
886463 
886623 
886782 
886941 
887101 
887260 
887420 
887579 
887739 


887898 
888057 
888216 
838375 
888534 
888693 

8H9011 
8H9170 


2. 


^  I  9.889fm 


10.4960:39 
.496707 
.497:377 
.498047 
.498717 
.499388 
.500060 
.500732 
.501405 
.502078 
.502752 

10.503426 
.504102 
.504777 
.505454 
.506131 
.506803 
.507488 
.50vS165 
.50.3844 
.50^524 

10.5102a5 
.510S.S!) 
.511568 
.513350 
.51293:3 
.51:3617 
.514:301 
.514086 
.515j<'2 
.516358 

10.517045 
.517783 
.5184.30 
.519109 
. 519798 
.520483 
,521179 
.521870 
.5225a3 
.523254 

10.523947 
.524641 
.525335 
.526030 
.526726 
.527423 
.528120 
.528817 
.529516 
.530215 

10.530914 
.531614 
.5:32315 
.5.33017 
.53:3719 
.5:^4422 
.5;3.5126 
.535830 
.530535 

10.537^^1 


D.  r. 


11.13  i 

11.17  , 
11.17 
11.17 

11.18  I 
11.20  I 
11.20 
11.22 
11.22 
11.2:3 
11.23 

11.27 
11.25 
11.28 
11.28 
11.28 
11.30 
11.33 
11.32 
11.33 
11.35 

11.35 
11.37 
11.37 
11.38 
11.40 
11.40 
11.42 
11.43 
11.43 
11.45 

11.45 
11.47 
11.48 
11.48 


11.50 
11.52 
11.50 
11.53 
11.53 
11.55 

11.57 
11.57 
11.58 
11.60 
11.62 
11.62 
11.62 
11.65 
11.65 
11.65 

11.87  i 
11.68 
11.70 
11.70 

11.72  I 

11.73  , 
11.73  i 
11.75 
11.77 
11.77 


77* 


0 

1 

2 
3 
4 
5 
6 
7 
8 
9 
10 


■\ 


21 
22 
23 
21 
25 
23 

2r 

28 
29 
30 

31 
33 
33 
34 

a5 

36 
87 

38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 

52 

53 

54 

55 

66 

57 

58 

59 

60 


Vers. 


9.889320 
.889488 
.889647 
.889805 
.889964 
.890123 
.890281 
.800440 
.890598 
.890757 
.890915 


11 

9.891073 

12 

.891232 

13 

.891390 

14 

.891548 

15 

.891700 

16 

.891864 

17 

.892022 

18 

.892180 

19 

.802338 

20 

.892496 

D.  r. !  Ex.  sec. 


9.892654 
.802812 
.893909 
.893127 
.893235 
.893442 
.893600 
.893738 
.893915 
.894072 

9.894230 
.894:387 
,8945U 
.891702 
.894859 
.895016 
.895173 
.895330 
.895487 
.895644 

9.895801 
.895958 
.896115 
.896272 
.896428 
.896585 
.896742 
.896898 
.897055 
.897211 

9.807368 
.807624 
.897680 
.897837 
.897993 
.898149 
.o9ouUd 
.898461 
.«»^\% 


2.65 
2.65 
2.6:3 
2.65 
2.65 
2.63 
2.65 
.63 
.65 
.63 
.63 


.2. 
2. 
2. 
2. 


2. 
2. 
2. 


65 
63 
63 
2.63 
2.6:3 
2.63 
2.63 
2.63 
2.63 
2.63 

2.63 
2.62 
2.63 
2.63 
2.62 
2.63 
2.63 
2.62 
2.62 
2.63 

2.62 


62 
63 
62 
62 
62 
62 
62 
62 
6d 


2.62 


A%  \  % 


2.62 
2.62 
2.60 
2.62 
2.62 
2.60 
2.62 
2.60 
2.62 

2.60 
2.60 
2.62 
2.60 
2.60 
2.60 
2.60 
2.(B 


\ 


D.r. 


10.537241 
.637947 
.538654 
.539362 
.640071 
.540780 
.541490 
.542200 
.542911 
.643623 
.6^L336 

10.545049 
.545763 
.646477 
.647193 
.M7909 
.&18626 
.549343 
.550061 
.650780 
.651600 

10.662S20 
.662941 
.653663 
.664885 
.555109 
.556883 
.656567 
.667288 
.668009 
.668786 

10.669468 
.660102 
.660921 
.661651 
.662381 
.663113 
.663&45 
.564677 
.666811 
.666045 

10.666781 
.667616 
.668268 
.668900 
.669729 
.570468 
.571207 
.571948 
.672689 
.578481 

10.574174 
.674917 
.676662 
.676407 
.677168 
.577000 
.578647 
.579806 
Sa()145 


.77 
.78 
.80 
.82 
.82 
.83 
.83 
.86 
.87 
.88 
.88 


.90 
.90 
.93 
.93 
.96 
.96 
.97 
.98 
12.00 
12.00 

12.02 
12.03 
12.03 
12.07 
12.07 
12.07 
12.10 
12.10 
12.12 
12.12 

12.16 
12.15 
12.17 
12.17 
12.20 
12.20 
18.20 
12.83 
18.83 
18.87 

18.85 
18.88 
18.88 
18.88 
18.88 
18.88 
18.85 
18.85 
18.87 
18.88 

18.88 
18.48 
18.48 
18.48 
18.45 
18.46 
18.48 
18.48 
18.60 


\ 
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78< 


79* 


Vers. 


M 


0 

1 

3 
8 
4 
5 
6 
7 
8 
0 
10 

11 
12 
18 
14 
15 
16 
17 
18 
19 
20 

81 
23 
33 
34 
25 
26 
27 
28 
20 
80 

81 
83 
83 
84 
86 
86 
87 
88 
80 
40 

41 
43 
43 
A\ 
45 
40 
47 
48 
49 
60 

61 
63 
63 
64 
65 
66 
67 
68 
60 

dot 


0.808774 
.808980 
.800U86 
.800341 
.800307 
.800553 
.800700 
.809866 
.OOOOsiO 
.000176 
.000831 

0.900487 
.900643 
.900798 
.900053 
.0j1108 
.001364 
.001410 
.001574 
.901730 
.9018i» 

0.003040 
.003105 
.903860 
.003504 
.90i»59 
.002814 
.002960 
.003134 
.00^278 
.008433 

9.903588 
.903743 
.903807 
.904051 
.904206 
.004360 
.904514 
.904668 
.904>«;J 

.9o;orr 

9.905131 
.905386 
.905439 
.905503 
.00.5747 

.oa^ooi 

.006055 
.006309 
.906363 
.906516 

9.900670 
.006834 
.906077 
.907131 
.90«81 
.907438 
.907501 
.907714 
.907K08 

9.fiOHtXfl 


D.V. 


3. 
8. 
3. 


60 
60 
.58 
3.60 
3.60 
3.60 
2.60 
2.58 
3.60 
2.58 
2.60 

3.58 
3.60 
3.58 
2.58 
2.60 
2.58 
2.58 
2.58 
2.58 
2.60 

3.58 
2.58 
2  57 

2.58 
3.58 
2.58 
3.58 
3.57 
S.58 
2.58 

3.57 
2. 58 
2.57 
2.58 
2.57 
2.57 
2.57 
2.58 
2.57 
2.67 


2. 
2. 
2. 
2. 
2. 


.57 
57 
57 
57 
57 
2.57 
2.. 57 
2.57 
3.55 
2.57 

2.57 
2.55 
2.57 
55 
57 
2.55 
2.55 
.57 
56 


2. 
2. 


2. 
2. 


2.55  I 
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10.580805 
.581645 
.582:Wr 
.583140 
.583003 
.581657 
.585111 
.686167 
.586023 
.587681 
.588430 

10.580108 
.580057 
.590718 
.501479 
.502212 
.5'.):3005 
.593769 
.6015;W 
.5a-):;.M»0 
.506066 

10.506833 

.507001 
.508:J70 
.51WM0 
.5l.'0011 
.600683 
.001455 
.602228 
.6().*)<)<« 
.603778 

10.604554 
.6(i5,'m 
.60<J108 
.606887 
.607(867 
.608447 
.60!K£» 
.610010 
.610701 
.611678 

10.612368 
.613148 
.6130:» 
.614723 
.615511 
.616301 
.617001 
.617883 
.618(575 
.610168 

10.620063 
.621(.)57 
.021853 
.622650 

.634217 
.625047 
.025848 
.626650 
la.  637453 


D.  r. 


2.50 
2.53 
2.5:^ 
2.57 
13.57 
13.57 
2.00 
2.60 
3.(i3 
2.6:^ 
3.65 

2.65 
2.(W 
2.68 

12.72 
3.?-J 
3.73 
2.73 
2.77 
2.78 

13.78 

3.80 
2.S2 
3.83 
2.K-> 
3.85 
2.88 
2.H8 
2.02 
2.02 
13.03 

3.05 
3.1*5 
2.08 
3.00 
3.00 
3.02 
SAKi 
3.07 
3  07 
3.08 

3.08 
3.12 
3.13 
3.1.3 
3.17 
3.17 
3.20 
3  20 
3.2-3 
3.23 

3.fi5 
3.27 
3.:^ 
3.. TO 
3.:i2 
3.:J3 
3.a"5 
3.37 
3.37 
3.40 


0 
1 
3 
3 
4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
16 
16 
17 
18 
19 
30 

21 
22 
^ 
34 
25 
26 
37 
38 
39 
30 

31 
32 
83 
84 

35 
36 
37 
38 
39 
40 

41 
43 

43 
41 
45 

40 
47 
4.S 
40 
50 

51 
C2 
53 
54 
55 
56 
67 
58 
50 
60 


Vers. 

D.  r. 

o.JMwoni 

2.55 

.008204 

2.56 

.0O8:i57 

2.57 

.908511 

3.55 

.908664 

3.55 

.908817 

2.55 

.9081*70 

3.55 

.900123 

3.55 

.900270 

2.53 

.00JJ428 

2.55 

.909581 

2.55 
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9.900734 
.90(»8h7 
.010039 
.9101i)2 
.910345 
.910407 
.910650 
.910802 
.910055 
.911107 

9.911250 
.911412 
.9115(i4 
.91in6 
.911868 
.912020 
.9121  ?2 
.912:^4 
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.969274 
.969409 
:969544 
.CC9679 
.969814 
.969949 

9.970064 
.970220 
.970354 
.970489 
.970624 
.9n)759 
.970691 
.971029 
.971164 
.971296 

9.971438 
.971568 
.971702 
.9n837 
.9n971 
.972106. 
.972210 
.978374 
. 972509 
.972648 

9.978777 
.972912 
.973046 
.973180 
.973314 
.973448 
.978582 
.978716 
.973850 
.978964 

9.974118 
.974252 
.974386 
.974519 
.974658 
.974787 
.974920 
.976054 
.975188 
.975881 

9.975456 
.975588 
.975722 
.975855 
.975988 
.976122 
.976265 
.976888 
.976521 

9.976654 


2.25 
2.87 
2  25 
2.25 
2.27 
2.25 
2.25 
2.25 
2.23 
2.25 
2.25 

2.27 
2.23 
2.25 
25 
25 


Ex.  »ec. 


D  r. 


2 

2 

2.25 

2.25 

2 

2 


25 
83 
^.25 

2.25 
2.23 
2.85 
2  23 
2.25 
2.23 
2.23 
2.25 
2.23 
2.28 

2.25 
2.23 
2.23 
2.23 
2.215 
2.23 
2.83 
2.8S 
28 
83 


2. 
2. 


2.83 
2.23 
2.22 
2.23 
2.23 
2.22 
2.23 
23 
22 
23 


2.22 
2.23 
2.22 
2.22 
2.23 
2.22 
2.22 
2.22 
I  2.22 
I  2.28 


11 


/ 


11.185012 
.126958 
.188911 
.130673 
.132841 
.131818 
.136808 
.138795 
.140795 
.142803 
.144880 

11.146844 
.148877 
.150918 
.152968 
.155086 
.157092  . 
.159168 
.1018r)8 
.163.344 
.165446 

.167556 
.169076 
.171805 
.173943 
.176090 
.178846 
.180412 
.188588 
.184773 
.186968 

11.189178 
.191887 
.193612 
.195847 
.198092 
.200»i7 
.202613 
.204889 
.207176 
.209473 

11.211781 
.214101 
.216431 
.818778 
.821185 
.283490 
.885865 
.888253 
.830052 
.233063 

11.235488 
.237921 
.240368 
.242828 
.245300 
.247785 
.250288 
.252798 
.266817 

11.267m4 


32.43 
32.55 
32.70 
32.80 
32.95 
33.07 
33.22 
33.3:) 
.33.47 
33.62 
83.73 

33.88 

34.02 

34.17 

34.80 

34.43- 

34.60 

34.78 

34.87 

35.08 

35.17 

85.83 
&5.48 
a5.63 
35.78 
35.93 
86.10 
86.27 
36.42 
36.68 
36.75 

36.90 

37.08 
37.25 
37.42 
37.58 
87.77 
87.93 
88.12 
?^H.88 
38.47 

88.67 
88.83 
39.03 
39.20 
39.42 
39.58 
39.80 
39.98 
40.18 
40.38 

40.58 
40.78 
41.00 
41.20 
41.42 
41.63 
41.83 
42.07 
42.28 
42.52 


87* 


0 

1 

2 
3 

4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
80 

81 
28 

83 
2t 
25 
26 
27 
28 
89 
80 

31 
32 
33 
34 
35 
86 
87 
88 
89 
40 

41 
42 

43 

44 
45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
55 
50 
57 
58 
59 
60 


Vers.      D.  r.    Ex.  sec 


9.976054 
.970788 
.976921 
.977054 
.977187 
.977320 
.977452 
.977585 
.977718 
.977851 
.977984 

9.978116 
.978249 
.978382 
.978514 
.978617 
.978779 
.978912 
.979044 
.979177 
.979309 

9.979442 
.979574 
.979706 
.979838 
.979970 
.980103 
.980835 
.960367 
.980499 
.960631 

9.980763 

.980695 
.881026 
.981158 
.981890 
.981488 
.981554 
.981685 
.981817 
.981949 

9.982080 
.9H2212 
.982343 
.982475 
.982606 
.982737 
.982809 
.983000 
.9a3131 
.983202 

9.983394 
.983525 
.983656 
.983787 
.983918 
.984049 
.984180 

.9^VH^ 


D.l 


2.18 
2.20 


11.257854 
.260405 
.862969 
.865546 
.868138 
.870743 
.873363 
.875996 
.878645 
.881308 
.883986 

11.286679 
.889387 
.898110 
.294849 
.897604 
.300374 
.303161 
.306964 
.3087'84 
.311680 

11.314473 
.317343 
.320231 
.323137 
.320060 
.329001 
.331961 
.334939 
.337935 
.340951 

11.343986 
.347041 
.350115 
.353210 
.356325 
.359460 
.362617 
.305794 
.368993 
.372214 

11.375458 
.378723 
.382011 
.385323 

.388658 
.392010  ' 
.3,95399 
.398807  ; 
.402289  I 
.405690  ! 

11.409180 
.412089 
.410225 
.419788 
.423378 
.420995 


42.62 
42.7:h 
42.95 
43.20 
43.42 
43.67 
43.88 
44.15 
44.38 
44.63 
44.88 

45.13 
45.88 
45.65 
45.98 
46.17 
46  45 
46  72 
47.00 
47.87 
47.55 

47.83 
48.13 

48.43 
48.78 
49.02 
49.33 
49.63 
49  93 
r.0.27 
50.58 

£0.92 
51.23 
51.58 
.51.92 
52.25 
52.62 
52.95 
53.32 
53.68 
54.07 

54.42 
54.80 
55.20 
mM 
55.97 
50.38 
56.80 
57.20 
57.02 
58.07 

5S.48 
58.98 
59.38 
59.  K) 
no.  28 
00.77 
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TABLE  XXVn.— NATURAL  SINES  AND  COSINES. 


"/ 

"o 

Qo 

1^ 

2" 

S-    1 

4«    1 

1 

Sine  Cosin 
•ObbOO,  One.' 

Sine 
"01745 

Cosin 
799985 

Sine 

.oai96 

Cosin 

.99939 

Sine 

Cosin 

.99863. 

Sine 

Cosin 

.05234 

.06976  .99756;  60 

1 

.U0029  One. 

.01774 

.99984 

.03519 

.99938! 

.05263 

.9986lil 

.07005  .99754  59 

2 

.00058  One.  | 

.01803 

.99984 

.03548 

.99937 

.05292 

.99860,  .07034!. 99752!  58  1 

8 

.000871  One.  11.01832 

.99983 

.03577 

.99936 

.05321 

.99858 

.0706.^1.997501  57 

4 

.00116:  One.  i  .01862 

.99983!;.  036061 

.99935 

.05350 

.99857 

.07092  .99748'  56 

5 

.00145;  One. 

.01891 

.99982 

.03635 

.99934 

.05379 

.99855 

.07121 

.99740  55 

6 

.00175  One. 

.01920 

.99982 

.03664 

.99933 

.05408 

.99854 

.07150 

.99744  54 

7 

.00204;  One. 

.01949 

.99981 

.03693 

.99932 

1.05437 

.99852' 

.07179 

.99742  53 

8 

.00233;  One. 

.01978 

.99980 

.03723 

.99031 

.05466 

.99851 

.07208 

.99740;  52 

9 

.00262;  One. 

.02007  .99980 

.03752 

.99930 

.05495 

.99849 

.07237 

.997;iS!  51 

iO 

.00291' One. 

.02036  .99979 

.03781 

.99929 

.05524 

.99847 

.07266 

.99736  50 

11 

.00320  .99999 

.02065  .99979 

.03810 

.99927 

.05553 

.99846 

.07295 

.99734  49 

12 

.00349  .99999 

.02094  .99978 

.a3839 

.99920 

.05582 

.99844; 

.07324 

.99731 ;  48 

13 

.00378!. 99999 

.02123 ;.  99977  1. 0:3868 

.99925 

.05611 

.99842 

.07353 

.99729  47 

14 

.00407!.  99999 

.02152!  99977 

1.03897 

.99924 

.05640 

.99&41 

.07382 

.99727  46 

15 

.00436. 99999' 

.021811.99976 

!.a3926 

.99923' 

.05669 

.99839, 

.07411 

.997^25 

45 

16 

.004651.99999: 

.02211 

.999761  .0:»55 

.99022! 

.05698 

.99838 

.07440 

.99723 

44 

17 

.00495  .99999; 

.02240 

.99975  .039^^4 

.99921 i 

.05727 

.99836 

.07469 

.99721 

43 

18 

.  00524!.  99999 ' 

.02269 

.99974  .04013 

.90019 

.05756 

.99834 

.07498 

.99719 

42 

19 

.00553  .99998! 

.02298 

.99974  .(M042 

.90918 

.05785 

.99833 

.07527 

.99716 

41 

ao 
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.02327 

.99973  '04071 
.99972  -.04100 

.99917 

.05814 

.998311 

1 

.07556 

.99714  40 

21 

.00611  .99998 

.02356 

.99910 

.05S44 

.99829 

.07585 

.99712 

39 
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.02385 

.99972;  .04129 

.90015 

-.05873 

.99827, 

.07614 

.99710 
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23 
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.02414 

.99971  .04159 

.99013 

1.05902 

.99826 
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.999701. 041 88 

.99912  i  .05931 

.99824 
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.00727  .99997 

.02472 

.99969 
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.05960 

.99822 

.07701 
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.02501 
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.04246 

.99010. 

.05989 

.99821 

.0773ftf:99701 
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.007851.99997 

.02530 

.99968 

.04275 
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.99819  .orr59 

.99099!  33 

28 

.008141.999971 

.02560 

.99967 

.04304 

.99907: 

.06047 

.99817  ;  .07788 
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.02589 
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.04333 
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.06076 
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.99813 
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.02705 
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.04449 

.99901 
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.99808 
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.02734 

.99963 

.04478 

.99900 

.06221 
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.07962 
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.02763;.  99962 

.04507 

.99898  ,  .06250 
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.990801  25 
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.02792 

.99961 

.045C6 

.99897  .06279 

.99803 

.08020 
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24 

37 

.01076^.99994  1.02821 

.  99960 1!.  04565 

.99896  .06308 

.99801 

.08049 

.99076 

23 

38 

.01105 ;. 99994;  1.02850 

.99959;  .04594 

.99894  .06337 

.99799 

.08078 

.990r3i22 

39 

.01134  .99994  L02879 

.99959  .04623 

.90803'  .06366 

.99797 

.08107 

.99671 !  21 

40 

.01164  .99993; 

.02908 

.99958 

1.04053 

.99892  1 .00395 

.99795 

.08136 

.99668 120 

41 

.01198  .99993 

.02938 

.99957 

1.04082 

.99890! '.06424 

.99793 

.08165 

.99666'  19 

42 

.01222  .99993 

.02967 

.99956  i. 04711 

.99880;  .06453 

.99?J2 

.08194 

.99664  18 

43 

.01251  .99992 

.02996 

.99955 

.04740 

. 90888 i  .06482 

.99790 

.08223 

.99601;  17 

44 

.01280  .99992 

.03025 

.99954 

.047C9 

.99886:!. 06511 

.99788 

.08252 

.9'.)659;  10 

45 

.01309  .99991 

.03054 

.99953 

.047{)8|.  99885  ii.  06540 

.99786 

.08281 

.99657;  15 

46 

.013381.99991 

.03083 

.99952 

.04827 

.99883 

.06500 

.997W 

.08310 

.996541  14 

47 

.01367  j. 99991 

.03112 

.99952 

.04a56 

.99882 

.06598 

.99782 

.08339 

. 90652'  13 

48 

.013961.99990 

.03141 

.99951 

!. 04885 

.99881 

.06627 

.99780 

.08308 

.99649!  12 

49 

.01425 

.99990 

.03170 

.99950:1.04914 

.99vS79;  1.06656 

.99rr8 

.08397 

.99647 

11 

SO 

.01454 

.99989 

.03199 

.99949  .04943 

.99878  !  .06685 

.997r6 

.08426 

.99644 

10 

51 

.01483 

.99989 

.03228 

.99948'  .04972 

.99876 

'.06714 

.99774 

.06455 

.99642 

9 

62 

.015181.99989 

.03-3r)7 

.99947  .0.5001 

.90875 

.06743  !.99rr2 

.08484 

.99639 

8 

53 

.015421.99988 

.03286 

.99946  .mm 

.99873 

.06773  .99770 

.08513 

.99(537 

7 

54 

.01571 1.99988 

.03316 

.99945  .05059 

.99872 

.06802  .99768 

.08542 

.90635 

6 

55 

.01600  .99987 

.03345 

.  99944  il.a'5088 

.99870 

.0()831  .99766 

.08571 

.996.32 

5 

56 

.01629  .99987 

.03374 

.99943  "051 17 

.998(59 

.068(>0  .99764  i  .08600 

.99(5:30 

4 

57 

.01658  .99986 

.03403 

.99942 

.05146 

.99867';  .06889  .99762  ;  .08629 

.90627 

3 

58 

.01687 1.99986 

.03432 

.99911 

.05175 

.908()6  •  .0<)918  .997fJ0 

.08658'.  99(525 

2 

59 

.01716  .99985 

.03461 

.99940 

.05205 

.998(U:'.0()947  .99758 

.08687 '.90(522 

1 

00 

.01745  .99985 

Ck>sin  Sine  i 

■ 

.03490 
Cosin 

.99939 

.05234 
Cosin 

.99863  .06976  .99756 

.08716  .90619 

1 

Sine 

Sine  ^Cosiii\  Biae  \}^Go'&vw\%v£v^'\^ 
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TABLE  XXVII.— NATURAL  SINES  AND  COSINES. 


6; 

Sine  iCosin 


0  .0K710 

1  I .08745 

2  .(K774! 

3  .O.m:i\ 

4  .W8:^l 

5  .0S8<i<) 
C    .08H«9 

7  •  .aS918 

8  . .08017 

9  ' .08976 

10  1.09005 

11  '  .090*4 

12  i  Atrna 

13  .09092 

14  .0J»21 

15  ' .09150 

16  .09179 

17  ' .09208 

18  '  .0J)237 


19 
20 


.09:iG6 
.09295 


21  .0a324 

22  .  .09:r>3' 

23  ■  .oami 

24    .05)411' 


o^ 


09410 
26  .094(i9 
.09498 
.09527 
.09r>56 
.09585 


27 
28 
29 
30 


81 
32 
33 
34 
35 
36 
37 
38 
39 
40 


.09614 
.09642 
.09Gn 
.09700 
.09729 
.09758 
.097871 

.oasi(5| 

.09815 
.09874 


41  .09903 

42 ,  .(mm 

43  '  .09%! ' 

44  AVMHy 

45  I. 10019 i 

46  .  .  10048 


47 
48 
49 
60 

61 
62 
63 
64 
65 
56 
57 
58 
59 


.10077 
.10106 
.10135 
.10164 

.10192 
.10221 
.102501 
.10279 
.10:fi)8 
.10:  W7 
la-MM) 
.10:i95 
.10121, 
.10158 


6« 


99619 

99617 

99614 

99<J12 

!)9609 

99607 

99604 

99602 

99599  ' 

99596 

99594 

99591 
99588 
99586 
99583 
99580 
99578 
99575 
99572 
99570 
99567 

99564 
9a562 
99559 
9aV)6 
99553 
99551 
99548 
99645 
99542 
99510 


99537 
99534 
99531 
99528 
99526 
99523 
99520 
9'.).-,17 
99514 
99511 

99508 
9950(5 
99503 
99500 
99^197 
99494 
99491 
99488 
99-185 
99482 

99479 
99476 
99473 
99470 
99407 
9946^1 
{)9461 
991.')8 
99455 
99152 


- 


Cos/n  j  Sine 

I 

84'' 


Sine  I 

'0453 
0482 
0511 
0540. 
0569 
a")97: 
0626 
0655: 
06841 
0713' 
0742, 

0771 ' 

0800 

0829 

0858' 

0887. 

0916 

0945' 

0973, 

1003 

1031 

1060 
1089 
1118 
1147 
1176 
12a5 
1234 
126:^ 
1291 
1320 

1349 

1378; 

1407' 

1436 

1465 

1494 

1523 

1562 

1580' 

1009 

16381 

1067, 

1696' 

1725' 

1754, 

1783 

18121 

18401 

1869! 

1898! 

19271 

1956 

1985 

2014; 

2043 

2071 

2100' 

2129, 

2158' 

2187' 

Cosin  j 


8< 


Cosin 

.99452 

.95)449 

.99446 

.9944.3 

.99440 

.994.37 

.95)4:^1  . 

.99131 

.99428 

.99424: 

.99421, 

.99418 

.9<)415' 

.99U2' 

.99409 

.99406 

.99402' 

.99399 

.99.J96I 

.993931 

.99390, 

.99380 

.99W3' 

.9<):W0 

.99377 

.9'.)374 

.99370 

.993<)7 

.99361 

.993<«) 

.99357 

.9a3.)4' 

.99351 

.99317 

.99311 

.99311 

.99337 

.99.m 

.99;W1 

.99327 

.99324 

.99320 
99317 
99314 
9J)310 
99;W7 
99.30:J 
99:W0 
99297 
99293 
99290, 

.99286' 
.99283 
.99279 
.99276 

.99269 
.{)9265 
.99262 
.9J)2.'58 
.99255 

Sine  : 


Sine 

121871 

12216 ! 

12245 

12274 

12:i<>2 

123.31 

12:3(JO 

12:«9 

12418. 

124471 

12470^ 

12504 

12.5.3:^ 

12562 

12.591 

12620 

12649 

12678; 

12706' 

12735 

12764 

12793 

128>2 

12.S51 

12^^ 

12908 

12937; 

12966 

12995 

13024 

13053 

13081 

rnio 

13139 

131 6S 

13197 

132261 

132.54 

13283! 

1*312 

13341 

13370 
1.3:399 
Vii27\ 

lum 

i:i485 : 
i:i514 1 
1.35431 
i:i)72 
13(500 
13629 1 

136,58' 

13(587: 

1:^10, 

1.3744' 

1.3773, 

1.38021 

1:38:31 . 

138(50' 

1.3889 

i:i917i 


Cosin 

9J)25.3  . 
99251  I 
99248  I 
9<)241  ! 
99240 
992:37 
992:«  I 
992:30  I 
99226  ! 
99222, 
99219' 

99215' 

99211 

99208 

99204 

99200 

99197 

99193 

99189 

9918(5 

99182, 

99178 

9917.^) 

99171 

99167 

991(a 

99160. 

9915(5 

99152 

99148 

99144 

99141 
991:37 
9^)1:3:  J 
9912t) 
99125 

99118 
99114 
99110 
99100 

99102 
99098 
99091 
99091 
99087 
9908:3 
99079 
99075 
99071 
99067 

99063 

99059 

99055 

99a51 

990471 

99013 

99039 

990:35 

JHK)31 

99027 1 


Sine  ICosin 

1.39171.99027 
13946!. 99023 
13975,. 99019 
14004 '.99015 
140:33  .990111 
14061  .99006! 
14090  .990021 
14119  .98998 
14148  .98994 
14177  .98990 
142051.96986 

14234  .98982 
142(531.98978 
14292. 98973 
14320!. 98969 
14349  .98965 
11378  .98961 
144071.969671 
144:36;.  989631 1 
14464!. 96948  I 
14493 i. 98944 1 1 

14522 1. 98W0 
145.51 '  .989.36  ; 
14.580 1.98981 1, 
UWS   .98927! 
14(537  .98923  i 
14(566  .96919 
14605  .96914', 
14723  .989101 
14752  .98906'' 
14781  .98902 


Sine  I  Cosin 


14810 

14f38 

14867 

14896 

14925' 

14951 

14982, 

150111 

15040: 

15069; 

1.5097 1, 

15126, 

1.5155 

15184 

1.5212 

1.5XM1 

15270, 

15299 

15327' 

15.356; 

16.3a5 
15414: 
15442 
1.5471 
15.500  , 
15.529  . 

15.58(5 
1*615 
1.5643 


.98897 

.mm ' 

.98889:; 

.98884:" 

.98880' 

.988761; 

.98871" 

.96867 

.98863 

.96858  I 

.96854 
.98849 
.98845 
.98&41 
.988.36;' 
.988.32' 
.98827; 
.  98823  ij 
.988181, 
98814 1 ! 

.988O9I! 

.  98805  ■: 

.98800, 

.98796  ; 

.98791: 

.987871" 

.98782' 

,98778:1 

.98773; 

,98769' 


.15643; 

.15672 

.16701, 

.15730 

.15758 

.16787 

.15816 

.15845 

. 15873 i 

.16902 

.16931 

.16969 

.16988 

. 16017 j 

.16016 

.16074 

.16103! 

.16132 

.16160 

.16189 

.16218 

.16246 

.16275 

.16304 

.16383 

.16361 

.10390= 

.1&419! 

.Ift447 

.  10476 

.16606 

.16633 

.16662 

.16591! 

.166201 

.16&48; 

.16677, 

.167061 

.16784 

.16763; 

.16792: 

.16820 

.16849 

.16878 

.16906 

.169:i5 

.16964 

.16992. 

.17021 

.170501 

.17078 

.17107' 

.17136) 

.17164 

.17198. 

.17222 

.17250 

.17279 

.17808 

.17836 

.17365 


.08769  60 

.987&4  69 

.98760  68 

.98755  67 

.98751  56 

.9874()  55 

.98741  54 

.987^  63 

.98732  62 

.98?28  61 

.98723  60 

.98718  49 
.98714  48 
.98709  47 
.98704  46 
.98700  46 
.98695  44 
.98690  48 
.98686  42 
.98681 >  41 
.98670,  40 

.96671 '  89 
.98667  88 
.98662  87 
.98667'  86 
.96652  85 
.98648  84 
.96043  88 
.96638  82 
.986a3:81 
.98629J80 

.986^' 29 
.98619  28 
.96614  27 
.98609  26 
.98604  25 
.98600:  IM 
.96596;  28 
.98690,  22 
.98686  21 
.98680  20 

.98575  19 
.98570,  18 
.98505  17 
.98.561  16 
.98556  15 
.9(S)51  14 
.98546^  13 
.96541,  12 
.96586;  11 
.986181  10 


.985261 

.98521, 

.98516' 

.965111 

.96606' 

.98501' 

.98496 

.98491! 

.9K486 

.9^481 


83* 


Cosin.  Sine  i,  Cosin  Sine  I  Cosin.  Sine 


M 


82'' 


•A 


^v 


V 


\ 


«QP 


9 
8 
7 
6 
5 
4 
8 
2 
1 
0 


450 


TABLE  XXVn.-NATURAL  SINES  AND  COSINES. 


i 


10^ 

Sine   Cosin 


0  .179ti5 

1  .17393 
«  .17422 
8  1.17451 
4  1.17479 

sLi-raos 

6  .17537 

7  ! .17565 

8  i. 17594 
0  '.17CB5J 

10  i .17031 


11  : 
12 

13; 

14! 

15, 

16! 

17 

18 

19 

20 


.17680: 

.17708! 

.177371 

.17766; 

.177941 

.17823 

.17852 

.17880! 

.17909! 

.17937 


Qf 
/>». 


22 


.17966 
.17995 
23  1 .18023 
a4  1.18052, 
.18081' 
.18109 
.18138 
.181661 
.18195! 


25 
26 
27 

28 
29 


30  .18224' 


81 
82 


.18252 
.18281 

83  .18309 

84  .18338 

85  .18367 

86  : .18395 

87  .18424 

88  .18452 
89 -.18481 
40|. 18509 

41  '.18538! 


.98181  ■ 

.98476  J 

.984n 

.984(H> 

.984<U 

.98455  ■ 

.98450 

.98440  . 
.984.^5  ' 
.98430  , 

.98425  ' 

.98420  . 

.98414 

.98400  , 

.98404  ■ 

.983i):) 

.98:^94 

.98389 

.98383 

.98378 

.93373 

.98:368 

.98362 

.98:i57  : 

.98352 

.98:347 

.98341  ! 

.98336;  I 

.98;«lil 

.9832.5;; 

.98320'! 

.98315 

.98310 

.98301 

.98299 

.98294 

.982.'« 

.9?»2rt3 

.98277 

.98272 


_  .11°  __ 

Sino  I  Cosin 

.190811.98163 
.19ia)  .98157 
.19138  .SW152  '' 
.19167  .1»8140 
.19195  .JH140 

.19221  .u-^rtt 

.1925J  .9S12'J 
.19281  .9  "512 1 
.19:30J>  .9S118  | 
.193:}".  .US112 
.19:30a  .9810 


12' 


ff  I 


. 19395 '.9S101 
.1942:3  .98096 
.19 152 '.98090 
.194811.98084 
.19509  .98079 
.195;iS  .^X(>iyr6 
.19560  .98067, 
.19595i.9S06r 
.19«J23  .98056 
. 19052  .98050 

.19<W0i.9-J044 
.19709  .98039  • 
.19r:37  .9SJ:3:3 
.19760  .9^)37  ; 
.  19794  MHJ21 
.19823  .98)16 


.19851 
.19880 
.19908 
.19937 

.19965 


.98)10  I 

.9S004  • 
.97998 

.9799J  , 

.97aS7  I 


.19994  .97981 
.200221.97975  , 
.200.-51 1.97969 
.209?J'.  97963 
.20108 -.97958  ' 
.20136;.  97952 
.20165  .97946 
.2019}  .97910  . 
. 20222 i.9r934  : 


.18567' 
.18595; 
.18624' 
.18652 

46  1.18681! 

47  1.18710 

48  .18738 
18707 
18795 


42 
43 
44 
45 


49 
60 


98267 
98261 
98256 


51 
62 
53 
64 
55 
66 
57 
58 
59 
60 


.18824 
.18852 
.18881 
.18910 
.18938 
.18967 
.18995 
.19024 
.19a52 
.19081 

Cosin  Sine  | 


.98245 
.98240 
.982:34 
.98229 
.9v8223 
.98218 

.98212 
.98207 
.982-01 
.98196 
.98190 
.98185 
.98179 
.98174 
.98168 
.981631 


.20250  .97928 
.20279. 97922 
.  20307  i.  979 1() 
.203536  .97910 
.20:3(54  .oriN).) 
.20:39:31.97890 
.20421!. 9 789 3  ■ 
.20450  .97887  ■ 
.20478  .978S1 
.20507  .97875  1 

.205a5'. 97869  ' 
.2056:3  .978(53 
.20592  .978.57 
.20620  .97851 
.20649  .97815 
.2(K)77  .978:3'.)  ' 
.2O70<5  .97833 
.20731  .97827 
.207(5:3  .97821  ' 
.207911.97815 

Cosin !  Sine 


Sine 

.20.-^Jl 
.20820 
.2(WI8 
.2.IS77 
.209;)5 

.20l«3; 

.20962' 

.AWOO^ 

.21019 

.21047 

.21076 

.21104 
.21182 
.21161 
.21189 
.21218 
.21246 
.21275 
.21:303 
.21:331 
.21:360 

.21.388 

.21417 

.21445 

.21474 

.21.502! 

.21530 

.21559 

.21.587 

.21616 

.21644 

.21672 

.21701 

.21729: 

.21758' 

.21786' 

.2I8I4: 

.21843; 

.21871! 

.21899 

.21928 

.21956' 

.21985; 

.22013 

.22041 

.22070 

.2-209.'$' 

.22126, 

.22155 

.22183 

.22212 

.22240 
.22268 
.22297 
.22325 
.22:i53 
.22382 
.22410 
.22^4:38 
.22467 
.2*2495 

Cosin 


Cosin 

.97815 
.97809 
.97803 
.97797 
.97791 
.97784 
.97778 
.97772 
.97766 
.97760 
.97754 

.97748 
.97742 
.977:35 
.97729 
.97723 
.97717 
.97711 
.977a5 
.97698 
.97692 

.97686 

.97680 

.97673 

.97667 

.97661 

.97(555 

.97648' 

.97612 

.97635 

.976  30 1 

.97623 
.97617 
.97611 
.97604 
.9759.S 
.97592 
.  975vH.5 
.97579 
.97573 
.97566 

.97560 
.97553 
.97547 
.97541 
.97.531 
.9752.S 
.97521 
.97515 
.97508 
.97502 

.97496 
.97489 
.97483 
.9747(5 
.97470 
.974(53 
.97457 
.97450 
.97444 
.974:37 

Sine  ! 


13 


O  X 


Sine  [Corin 

.224951.97437 
.2252:}  1. 974:30 
.22552  .97424 
.2-25S0  .97417 
.226..W  .97411 
.226:37  .97404 
■  .226(55  .97398 
.22(593  .97:391 
a2722:.973K4 
.22750. .97378 
.  22778 1. 97371 

.22807  .97365- 
.  22835,.  t>7358, 
.22863  .97351 


14« 


.2281>2 
.22920 


.97345 
.97338 


.22948  .97331 
.22977.. 97325 
.2-30a5:.  97318] 
.2303:3  .97311 1 
.2.3062  .97304 

.2:3090  .97298 
■  .2:3118  .97291 
.2:3146  .97281 
.23175  .97278 
.2:3203  .97271, 
i  .2:32^31  .97264 
i  .2.3260  .97257 
'  .2:328M  .97251 
.23:316  .97244: 
.233451. 97237  j 

.23:37:3 '.97230 
.2:3401  .9722:3 
.23429  .97217 
.2:3458 '.97210 
.2:348(5  .97203 
.235141.97196 
.2:3M2l.97189 
.2:35711.97182 


.23599 
.23627 

.2365(5 


.97176 
.97169 

.97162 


.2:36841.97155 
.2.3712  .97118 


.2374«) 
.2:37(59 
.2:3797 


.97141 
.97131 
.97127 


2:3825  .97120 

2:}853  .97113 

,  .2:}8S2  .9710(5 

I. 23910 |. 97100 

.239:38!.  9709:3 
.2:39(5(5  .9708(5 
.2:3995;.  97079 
.2402:} '.97072 
.24051  .970(55 
.24079  .97058 
.^lOH  .97051 
.5Wi:36l.?)70« 
:241(54  .97037 
.21192  .5)70:30 

.  Cosin  1  Sine  j 


rp* 


// 


7«' 


77° 
4oT 


\V 


Sine 

24192 
;^220 
2424'.i 
24277 
21305 
:W:333 
24:362 
24390 
24418 
24446 
24474 

^4503 
24531 
24559 
^4587 
24615 
24(V44 
24672 
^700 
34728 
!M756 

SM784 
24«13 
24H41 
24869 
24897 
24925 
24954 
24982 
25010 
25038 

25066 

2.50941 

251221 

25151' 

25179 

25207 

252:35 

25263! 

25291 

25320 1 

25348 

25376 

2.5404 

254:32 

25460 

2.5488 

2.5.516' 

2.5545' 

2.5573 

2.5601 

25629 
25657 
2.5685 
2.5n3 
25741 
25769 
25798 
2582(5 
2.5851 

Cosin 


Cosin  _ 

.97030  60 

.9702:3  .59 

.97015  58 

.97008  57 

.9701)1  5(5 

.96994  55 

.96987  54 

.96980  .53 

.96973  .52 

.96966  51 
.96959.  50 

.96952;  49 
.96^45 1  48 
.969371  47 
.96930;  46 
.96923:45 
.96916:  44 
.96909143 
..J)(5902'  42 
1.96894  41 
j. 96887  40 

1.96880  39 
.9687:3  38 
:. 96866  37 
,.96858  36 
.96a51  .35 
.96844  84 
.  968:37  i  33 
.968291  32 
.96822  31 
.96815  30 


.96807; 

.96800 

.96793. 

.96786 

.96778 

.96771 

.96764 

.9(5756 

.96749 

.96742: 

.967:34' 

.96727 

.96719 

.96712 

.96705, 

.966971 

.96690 

.9(5682 

.96675 

.96667 

.96660 
.9665:3 
.96645 
.966:38 
.966:30 
.9662:3 
.96615 
.96(508 
.96(500 
.9(5593 

Sine  I 


29 
28 
27 
26 
25 
^ 
2:3 
22 
21 
20 

19 
18 
17 
16 
15 
14 
13 
12 
11 
10 

9 
8 
< 

6 
5 
4 

:) 

o 

1 

0 


n^- 


\\ 


iv 


TABLE  XXVIL— NATURAL  SINES  AND  COSINES. 


0 
1 
2 
8 
4 
5 
6 
7 
8 
9 
10 


15* 


Sine  Cosin 


11 
12 
13 
14 
15 
16 


.25882 

.25910 

.25938 

.25066: 

.25994 

.26022. 

.26060 

.26079' 

.26107! 

.26135; 


IB" 


Sine  !  Cosin 


.26163 


.26191 
.26219 
.26247 
.26275 
.26303 
.26331 

17  i .26359 

18  1.26387! 

19  ' .26415 
264431 


20 
21 


.2wni 

22;. 265001 
23  1.26528 


25 
26 
27 
28 
29 
90 

31 
32 
33 

at 

35 
30 
37 
38 
39 
40 

41 
42 
43 
44 
45 
40 
47 
48 
49 
50 


.26556! 

.26584 

.26612 

.26610 

.26668 

.26696 

.26724 

.26752 

.26780 

.26808 

.268361 

.26864! 

.26892 

.86920 

.26948 

.26976 

.27004 

.27032 

.27060 

.27088 

.27116 

.27144 

.2717^ 

.27200 

.27228 

.272561 

.27284; 


.96593 
.9658511 
.96578  I 
.96570 
.96562  I 
.96555 
.96547 
.96540,1 
.96532  : 
.96524  j 
.96517  ! 

.96509 

.96502 

.96494 

.96486 

.96479 

.96471 

.96463  : 

.96456 

.96448  ! 

.9(W33 

.96425  ' 

.9W17 

.96410 

.9(^402 

.96394 

.96386' 

.96379 

.96371 

.96363 

.96855 
.96347 
.96340 
.96332 
.96324 
.96316 
.96308 
.96301 
.96293 
.96285 

.96277, 

.96269 

.962611 

.96253 

.96246' 

.96238! 

.96230 

.96222 

.96214 

.96206 


.27564 
.27592 
.27880 
.27W8 
.27676 
.27704 
.27781 
.27759 
.27787 
.27815 
.27848 

.27871, 

.27899 

.27927: 

.27955, 

.279881 

.28011; 

.28089' 

.280671 

.28095 

.28123 

.28150' 

.28178 

.28206, 

.28284 

.28262 

.28890! 

.283181 

.28846, 

.28374' 

.28402 


51  1.27312 

.2r<J68 
.27:396 
.27424 
.27452 
.27480 
.27508 
.27536 
00/.2T5m 


Cosin 


;.  96198 

:. 96190 

1.96182 

;. 96174 

'.9(il64i 

.90158 

.96150 

.96142 

.9<)134 

.96126 

Sine  ii 


.28429, 

.28457 

.2W85: 

.28313 

.28M1 

.2*369, 

.28697 

.28625 

.28652 

.28680 

.28708' 
.28736 
.28764 
.28792 

17! 
.28875, 
.28908 
.28931 
.28959 

.28987 
.2^M)15 
.2iKM2 
.29070 
.29098 
.29126 
.29154 
.  2^)182 
.2{)20« 
2«237 

Cosin  i 


.96126 

.96118. 

.96110 

.90102' 

.96094 

.96086 

.96078. 

•96070 

.96062, 

.96054 

.96046' 

.96087 
.96029 
.96021 
.96018 
.96005 
.96997 
.95989 
.95981 
.9597^2 
.95964 

.95956 
.95948 
.95940 
.95981 
.9d923 
.95915 
.95907 
.95896 
.95890 
.96882 

.95874 
.95865 
.93857 
.95849 
.95841 
.95832 
.95824 
.95816 
.95807 
.95799 

.95791 
.95782 
.95774 
.95766 
,95757 
.95749 
.05740 
.ft'3732 
.95724 
.95715 

.95707 
.95698 
.a')690 
.95681 
.95673 
.95664 
.95656 
.95647 
.95639 
.9.')():30 

Sine 


IT 


Sine  Cosin 


lg« 


Sine  Cosin 


.29237 
.29265 
.29293 

.29321 
.29818 
.29376 

.29432 
.29460 
.29487 
.29515 

.29543 
.29671 
.29599 
.29626 
.29654 
.29682 

1.29710 
.29737 

i .29765 
.297981 

■. 29821 j 
'.29849 
,.29876 
1.29904; 
1.29932' 
1.29960 
1.29987 
.30015 
.80043: 
.300711 

.80098! 

.80126 

.80154 

.30182 

.30209 

.30287 

.30265 

.30292! 

.30320; 

.30848 

.30376! 
.80403! 
.80431 
.80459 
.30486; 
.305141 
.3a542 
' .80570: 
.30597: 
.30625 

.30653 

.306801 

.30708' 

.30736 

.30763: 

.307911 

.3O8I9! 

.30846! 

.30874 

.309021 

Cosin 


.9563<J 

.95622 

.a5<>13 

.95605 

.95596 

.95588 

.95579 

.955n 

.95562; 

.95554 

.95545 

.96536 

.a5528 

.95519,' 

.95511, 

.95502: 

.95493 

.95485' 

.95476, 

.95467  ' 

.95459 

.9JM50 

.95441 

.95433 

.93424 

.95415  i 

.95407 

.95398 

.95389 

.95380 

.95372 


.95363: 

.95354' 

.95845 

.95337 

.95328 

.95319 

.95310 

.95301 

.95293 

.95284. 


.95275, 

.95266 

. 95257 i 

.95248 

.95240, 

.95231 

.95222;! 

.95213  I 

.95204.1 

.95195 1 ! 

.95186  I 
.95177  I 
.95168 
.95159  i 
.95150 
.95142 
.95133  ; 
.95124  I 
.95115  : 
.9510(5 


.30902 
.30929 
.30957 
.:^0985 
.31012 
.31040 
.31068 
.31095 
.31123 
.31151 
.31178 

.31206 

.81233: 

.31261 , 

.81289 

.31316 

.81844 

.31372: 

.813!K); 

.81427 

.314M| 

.31482. 

.81510: 

.813371 

.31565! 

.31593 

.81620 

.31048 

.81675 

.81703 

.  81730 


.81768 
.81786 
.81813 
.31841 
.31868 
.31896 
.81923 
.81951 
.81979 
.82006 

.820^ 
.32061 
.32089 
.82116 
.32144 
.32171 
.32199 
.32227 
.32254 
.32282 


.95106 
.95097 
.WXJno 
.95079 
.96070 
.96061 
.96052 
.95048 
.96083 
.95024 
.95015 

.96006 
.94997 
94988 
94979 
94970 
94961 
94962 
94943 
94988 
.94924 

.94016 
.94906 
.94897 
.94888 
.94878 
.94869 
.94860 
.94861 
.94842 
.94832 

.94823 
.94814 
.94805 
.94796 
.94786 
.94777 
.94768 
.94758 
.94749 
.94740 

.94780 
.947^1 
.94n2 
.94702 
.946^3 
.94684 
.94674 
.94665 
.94656 
.94646 


19» 


I  Sine   Cosin 

.82557 
.82584 
.32612 
.32689 
.82667 
.82694 
.32722 
.32740 
.82777 
.32804 
.82832 


.82309 1. 94687 
.323371.94627 
.32364  j.  94618 
.823921.946091 
.32 119!. 94599; 
.324171.945901 
.824741.935801 
.32502 1. 94571 1 
.32529. 94561 
.325571.94552 

Sine  \ I Cosiiv lysine 


.82860 
.82887 
.82914 
.82942 
.82969 
.82997 
.38024 
.33051 
.88079 
.88106 

.88184 

.88161 : 

.831891 

.83216 

.39244 

.99271 

.99298 

.99326 

.99959 

.99381 

.93406 
.88436 
88468 
.89490 
.99518 
.99545 
.99579 
.99600 
.99627 
.99666 

.99682 

.99710 

.99787 

.997W 

1.99792 

1.93819 

1.38^6 

1.83874 

I  83901 

:. 33929 


.94552  60 
94542  50 
.»4538;58 
.94523*57 
.94614!  56 
.04604!  55 
.94496 
.94485 
.94476 
.04466 
.94467 

.94447 
.04488 
.94428 
.94418 
.94409 
.94899 
.94390 
.94880 
.94370 
.04861 

.04351 
.04842 
.M382 
.043^2 
.04313 
.04903 
.04293 
.94284 
.94274 
.04264 

.04254 
.04245 
.04295 
.04225 
.04215 
.04206 
.04196 
.94186 
.94176 
.04167 

.04157 
.04147 
.04187 
.04127 
.04118 
.04108 
.04096 
.94068 
.94078 
.94068 


.88966  .04058 
.399631.04040 
.94011!. 04039 
.M)98;. 04020 
.84066!. 04010 
.34003.. 04009 
.84190!.  09999 
.34147!. 03969 
.341761.08970 

,  Cosin  Sine 


74* 


73' 


IV 


1^ 


r 


TABLE  XXVIL-NATURAL  SINES  AND  COSINES. 


0 
1 
2 
8 

4 
6 
6 
7 
8 
9 
10 

11 
12 
IS 
14 
15 
16 
17 
18 
19 
20 


SO* 


.842081. 9»M» 
.»229 1.93959 
.84SS7  .98949 


.81884 
.34811 
.84889 
.84886 
.84898 
.84421 
.84448 
.84475 

.84606 

.84530 

.84567; 

.84584 

.81612 

.84639 

.84666 

.84694! 

.84?21 ! 

.84748 


2V 


.98989 
.93Uii9 
.93919 
.93909 
.93899 
.93889 
.93879 
.93869 

.98859 
.938(9 
.93839 
.98829 
.93819 
.93809:; 
.937991! 
.93789  ' 
.93779: 
93769 


.86(»7 
.85864 
.85891 
.35918 
..S5945 
.35973 
.36000 
.86087 
.36054 
.36081 
.36108 


22< 


Cosiii; 

.98348 
.93887 
.93327 
.93316! 
.93306' 
.93895 
.93885 
:. 98274 
!. 93264 
.93253 


21    .84775 
221.84808 


23 
24 
25 
26 

27 
28 
29 
80 

81 
82 
88 
84 
85 
86 
87 
38 
89 
40 

41 
42 
48 
44 
45 
46 
47 
48 
49 
60 

61 
62 
58 
64 
65 
66 
57 
68 
60 
GO 


/ 


84830 
.84857 
.848841 
.84912: 
.84939 
.81966 
.84993 
.85081 

.85048 
.85075 
.85108 
.85130 
.86157 
.85184 
.35811 
.85839 
.85806 
.85893 

.85880! 

.85347! 

.85375- 

.85408 

.85489 

.85456' 

.35484 

.85511 

.85538, 

.355661 

.36698' 

.85619 

.86647 

.85674 

.86701 

.86728 

.86756 

.86788 

.35810 

.85837' 


.93759 1 

.937481 

.93738 

.93788 

.93718 

.937081 

.93698: 

.93688 

.93677 

.93667 

.93657 
.93647 
.936;i7 
.93686 
.93616 
.93606 
93596 
.93585 
.93575 
.93565 

.93555 
.93544 
.93534 
.93524 
.93514 
.93503 
.93493 
.93483 
.93472 
.93462 

.93458 
.93441 
.93431 
.93480 
.as  410 
.93400 
.9a389  i 
.93370  I 
.93368  ' 
.93358 


.36135 

.36168 

.36190 

.36817 

.36844! 

.36271; 

.36898 

.36385 

.36352 

.36379! 

.3640g' 

.36434 

.36461, 

.36488' 

.36515 

.36542 

.36560 

.36590 

.36088 

.36650 

.36677 

.36704 

.36731 

.36758: 

.36785' 

.36818 

.36839, 

.36867 

.36894 

.36981' 

.36948' 

.36975' 

.37003 

.37089 

.37056 

.37083 

.37110 

.37137 

.37164 

.37191 

.37218 
.37345 
.3^278 
.37299 
.37336 
.37353 
.37380 
.37407 
.37434 
.37461 


.93843 
.93238 
.93828 
.93211 
.9:^301 
.93190 
.93180 
.93109 
.93150 
.93148 

.93137: 

.93127 

.9311G 

.93106 

.9C095 

.93084:: 

.9;W74i 

.93063 

.1)3052 

.93042 

.93031 
.93020 
.93010 
.92999 
.92988 
.92978 
.92967 
.92956 
.92945 
.98935 


Sine  Cosin 

.9271 8 I 

.92707' 

.92697 

.92686 

.92675 

.98664 

.92653 

.92648! 

.98631 

.98680 

.98609 


2d< 


Sine  Ck>sin 


Cosin '  Sine  ,  Cosin 
tf^    /   68 


.98984 

.92913 

.92902 

.92892 

.928811 

.93870 

.93859' 

.92849 

.92838 

.92827 

.98816 

.92805! 

.93794 

.92784 

.92773 

.92763 

.027511 

.92740 

.92720 

.02718, 

Sine 


.92598 

.92587 

.92576 

.92565 

.92554 

.92543. 

.92532. 

.925211 

.92510 

.92499 

.98488 

.98477 

.98466:1 

.92455 

.92444 

.98438 

.98421 

.98410 

.92399 

.92388 

.92377 

.92306 

.92355 

.923^13  ' 

.92332 

.92321  '■ 

.92310! 

.98399! 

.92287! 

.92276 

.92265', 

.92243  I 
.92331  I 
.922e()  i 
.02309  I 
.93198  i 
.92180 
.92175 
.93164 

.921531 

.92141 

.92130 

.92119! 

.92107; 

.92096' 

.920^) 

.92073 

.920()2 


.890781 

.89100: 

.39127 

.39153 

.39180 

.39307 

.39834 

.39860 

.39287: 

.39314 

.39341 

.39867 

.39:394 

.89481 

.89448 

.39474. 

.39501' 

.395281 

.39555 

.89581: 

.39608 

.39635' 

.39661' 

.89688 

.89715 

.39741 

.89768 

.39795 

.39822 

.39846 

.39875 

.39902 

.39928' 

.39955' 

.39982 

.40008 

.40035 

.40062 

.40088 

.40115 

.40141 

.40168' 

.40195 

.40221 

.40*^8: 

.40375' 

.40301 ' 

.40228 

.4a355 

.40381; 

.40408 

.40434 
.40401 
.40488 
.40514 
.40541 
.  405^57 
.40594 
.40()2l 
.40647 
.40674 


24« 


Sine  Cosin 


.98050 

.98089 

.98088 

.98016 

.92005 

.91994 

.91988 

.91971 

.91959 

.91948; 

.91936' 

.91985' 

.91914! 

.91903' 

.91891 1 

.918791 

.91868 

.91856 

.91845 

.91833 

.91882 

.91810 

.91799 

.91787 

.91775 

.91764 

.91752 

.91741 

.91729 

.91718^ 

.91706 

.91694 

.9l6h8 

.91671 

.91660 

.91648 

.9163()' 

.91685 

.91618 

.916011; 

.91590:; 

.91578!' 

.91566 

.91555 

.91543; 

.915:^1' 

.91510: 

.91508 

.91496  I 

.91484! 

.91478 

.91461 

.91449 

.91437 

.91485  : 

.91414 

.91402 

.91890 

.91378 

.913(J6 

oiavj 


.37461 
.37488 
.37515 
.37542 
.37569 
.37595 
.37622 
.37649 
.37676 
.37703 
.37730 

.37757 

.87784' 

.37811 

.37838' 

.378651 

.37892' 

.37919 

.37946 

.37973 

.87999: 

.38086 

.38053 

.38060 

.38107, 

.38134 

.38161 

.38188' 

.38315; 

.:-.8241 

.38368 

.38805 

.8a3£8 

.88349 

.88376' 

.38403 

.38430 

.38456 

.38483 

.3a510' 

.38537! 

.38564: 

.38591' 

.38617 

.38644 

.38671 

.38698 

.387^25 

.38752 

.38778!. 921 75  .40381 ;. 91 484:  .41972  .90766 

.38805!. 93164  .40408  .91472  .41998:. 90758 

.38832  .921531  .40434  .91461  .42024'. 90741  9 

.38859  .921411  .40401  .91449  .42051  .90789  8 

1.38886  .92130!  .40488  .91437  .42077  .90717  7 

! .38012  .92119;  .40514  .91425  : .42104  .90704  6 

'.389:39:. 92107;  .40541  .91414'  .42130  .90692  5 

.38966  .02096'  .  405^57  .91402  .42156  .90680  4 

.38993  .920^)  !  .40594  .91890  .43183  .90()(W  3 

.;J0030  .93073  .40(531  .91378  .43309  .{HXJSS'  2 

.m)Uy   .920()3  .40647  .913(J6  .43235  .90613;  1 

.3'.X)73  ^020r,0  .40674  .Oiav>  .433(52  .OtXWl  j  0 

Cosin  Sine  , Cosin  Sine  iCosiu  i^iu<^ 


.40674 
.40700 
.40?27 
.40758 
.40780 
.40806 
.40833 
.40860 
.40886 
.40918 
.40939 

.40966 

.40992 

.410191 

.410451 

.41072 

.41098 

.411251 

.41151 ! 

.41178' 

.41204: 

.41831 ' 

.41857 

.41284 

.41310 

.41837 

.41363 

.41390 

.41416' 

.41443 

. 41469 > 

.41496 

.41522 

.41549 

.41575 

.41603 

.41628' 

.41655' 

.41681 

.41707 

.41734: 

.41760 ! 

.41787 

.41813 

.41840 

.41WK) 

.41892 

.41919 

.41945 

.41972 

.41998: 

.42024' 

.42051 

.42077 

.42104 

.42130 

.42156 

.43183 

.43309 

.43235 

.433(52 


.91855  60 
.91843  59 
.91331  58 
.91319  57 
.91307  56 
.91295  55 
.91283  54 
.91272  58 
.91260  52 
.91248  51 
.91236  50 

.91284'  49 
.91218  48 
.91800  47 
.91188  46 
.91176.  45 
.91164144 
.91152  43 
.91140  48 
.91188  41 
.91116  40 

.91104  39 

.91093  38 

.91080  37 

.91068  36 

.91056  35 

.91044  .34 

.91033  33 

.91020  38 

.01008  31 

.90996;  30 

.90984129 

.90973  88 

.90960  37 

.90948  26 

.0003(5  35 

.90984  34 

.90011  33 

.90809  38 

.90887  81 

.90875  30 

.90863  19 

.1>0851  18 

.908:39  17 

.90836  16 

.90814  15 

AKm2  14 

.00700  18 

.00778:  18 


11 
10 


67* 


^^« 


w 


«lb* 


453 


TABLE  XXVn.— NATURAL  SINES  AND  COSINES. 


0 
1 
2 
3 


25' 


Sine  iCosin 


26<= 


.422(52 
.42288 
.42315 
,42341 

4  '.42367 

5  1.42394 
6i.4iW20, 

7  1.42446 

8  1.4^73 
0  1. 42499 1 

10  .425251 

11  .42552 
12:. 42578; 

13  1.42604 

14  1 .42631 

15  .42657 

16  1.42683 

17  I .42709 

18  1 .42736 

19  .42762' 

20  .42788 

21  '  .42815 

22  .42841 

23  .42867 

24  .42894 

25  .42920 


26 
27 

28 
29 
30 

31 
32 
3:3 

ai 

a5 
36 
87 

38 
39 


.42W6 
.429T2 
.42999 
.43025 
.43051 

.43077 

.43104 

.431301 

.431561 

.43182; 

.43209; 

.43235! 

.43-261 


40  .43313 

41  .43340 

42  ■■  .433(56 

43  :  .4;3.i92 

44  .  .43418 


45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
65 


.43445 
.43471 
.43497 
.43523 
.43549 
.43575 

.43602 
.43628 
.4:3654 
.4:3680 
.43706 


56  ..43r33 
.4:3759 


67 

68 
59 


.5)06;il 
.90(518 
.  91)000 
.J)059t 
.905.S2 
.905(59 
.9a>o7 
.90545 
.90533 
.90520 
.90507 

.90495 
.90483 
.90470 
.90458 
.90146 
.90433 
.90421 
.9040S 
.903:)a 
.90383 

.9aS71 
.90358 
.9034(5 
.9a'3i4 
.90321 
.90:3i)9 
.00296 
.90284 
.9  271 
.90259^ 

.90sM0|! 

.902-33,, 

.90221;  I 

.902-)31| 

.9019o, 

.90183 

.90171' 

.90158 

.90140 

.90133 

.90120 
.90108 
.900;)5 
.900S2 

.90oro 

.90a">7 
.90045 
.90032 
.90019  ! 
.90007. 

.89994' 

.89981 . 

.89968, 

.89950: 

.  891)4:3  ■ 

.899:30 

.89918 
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60 i.4Sti3r  .Hm79 
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44177 
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445f,8| 
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41372: 
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44750! 
447731 
44802i 
44828, 
448.:  4 1 
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450;J6  , 

45002 
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45114 
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27* 


Cosin 

.89879 
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.89828 
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.89713 i 
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.89649' 
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.83571 1 
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.8&480 
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.8.):376 
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.89:337 
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.89298 
.89285 
.89272 
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.  89*^5 
.89232 

.89219 

.8920.5 

.89193 

.89180' 

.891071 

.891531 

.89140; 

.89127! 

.89114' 

.8:)!  01, 


Sine  Cosin 


C^sin,  Sine  i  Cosin  I  Sine 


6i' 


63' 


45:399 
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45839 
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45891 
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45003 
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46020 
46046 
46072 
40097 
40123 
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46175 

46201 
46220 
46252 
46278 
46304 
46330 
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46;iSl 
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46433 
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4(>B4 
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40501 

40.587 

40013 

40039, 

40064' 

40690 

40716 
467-12 
4G7G7 
46793 
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46.S44 
4(W70 
4()896 
46921 
4(5947 

Cosiu 


28< 


Sine  'Cosin' 


1.89101  I 


89aM 

1.89074' 
1.89001  I 
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.890:35!. 
.8902111 
.89008 1 1 
.80995  ! 
.88981 1 1 
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.88928 
.88915 
.88902 
.88888 
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.88862 
.88848 
.88835  ^ 

.88822!' 
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.88782. 


:l 
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.88701 ] 
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.88661 

.88647 

.8863^4 
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.88593 
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.88566 
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.8&485 

.88472 

.88458 

.884151 

.88431; 
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.8840  r 
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.&S.^;30i 
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!.  88:308 
:.as2i)5j 

(Bine  \ 


46947 
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47178 
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47255 
47281 
47306 
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47358 
47383 
47409 
47434 
47460! 

47486 
47511 
47537 
47562 
47588 
47614 
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47605 
47090 
47716 

47741 
47767 
47?J3 
47818 
47844 
47869 
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47971 
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48022 
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48150 
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48226 
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.88ira 

.88158 

.88144 

.88130 

.83117 
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.88075! 

.88062; 

.88048 


29' 


Sine  'Cosin 


48252 
48277 
48303 
48328 
48354 
48379 
48405 
48430 
48456 
48481 

Cosiu 


.88034! 
.88020 

.88000 

.87993 

.87979 

.87965 

.87951 

.87937 

.87923 

.87909! 

.87890; 
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.87868 

.87854'i 

.87^40 1 

.87826  I 

.87812' 

.87798 
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.87743 

.87729 

.87715 
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.876871 
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.87659! 

.876451 

.87631 

.87617 

.87603 


.87589 
.87575 
.87561 
.87546 
.87532 
.87518 
.87504 
.87490 
.87476 
.87402 

^Sine 


62« 


^V 


.48481' 

.48506; 

.48532; 

.48557, 
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.48008' 

.486341 

.486591 
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.48710; 

.4S7S5 

.48761 
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.48811 
.48837 
.48862 
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.48913 
.48938 
.48964 
.48989 

.49014 
.49040 
.49065 
.49090 
.49116 
.49141 
.49166 
.49192 
.49217 
.48242 

.49268 
.49293 
.49318 
.49344 
.49369 
.49394 
.49419 
.49445 
.49470 
.49495 

.49521 
.49546 
.49571 
.49596 
.49622 
.49647 
.49672 
.49697 
.49723 
.49748 

.49773 
.49798 
.49824 
.49849 
.49874 
.49899 
.49924 
.49950 
.49975 
.50000 


60 
59 
58 
57 


.87462 
.87448 
.87434 
.87420 
.87406  56 
.873911  55 
.87377!  54 
.87303!  53 
.87349  '^> 


.87335 
.87321 

.87306 
.87292 
.87278 
.87264 
.87250 
.87235 
.87221 
.87207 
.87193 
.87178 

.87164 
.871.50 
.87136 
.87121 
.87107 
.87093 
.87079 
.87064 
.87050 
.87036 

.87021 
.87007 
.86993 
.86978 
.86964 
.86949 
.86935 
.86921 
.86906 
.86892 

.86878 
.86868 
.86819 
.86834 
.86820 
.86805 
.86791 
.86777 
.86762 
.86748 

.86738 
.86719 
.86704 
.86690 
.86675 
.86661 
.86646 
.86632 
.86617 
.86603! 


51 


Cosin  i  Sine 
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TABLE  XXVn.— NATURAL  SINES  AND  COSINES. 


/ 

35« 

8e» 

87° 

88° 

89» 

GO 

Sine  Cosin 

Sine  !  Cosin 
.58779 '.80902! 

Sine  i  Cosin 
.60182 '.79864' 

Sine  Codn 

Sine  Cosin 

"o  •sra'is. 819151 

.61566 

.788011 

.62932  .77715 

1  ■  .67:m   .81899 

.588021.80885 
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.61589 

.787831 

.62966 1.77696.  59 
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.79688 
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60 

11  1 .57619 
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.59037 
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.60437 

.79671 
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40 
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34 
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.77068  26 

35 
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.77070  26 

36  .68212!. 81310' i. 59622 1.80282. 
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.77051  24 
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.63766 
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TABLE  XXVra.— NATURAL  TANGENTS  AND  COTANGENTS. 
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TABLE  XZVm.— NATURAL  TANGENTS  AND  COTANGENTS. 
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.88075  i 

.84046 

.84818 

.81689 

.81561 

.84433 

.84805 

.84177 

.81019 
.K3922 
.83794 
.88667 
.88540 
.83413 
.83286 
.83150 

.82906 

.82780 

.826&1-'| 
.82528  ! 
.82402  ; 
.82276  ; 
.82150  i 
.82025  •! 

.81890  ;; 

.817r4  : 
.81619 

.81.^24 
.81300 
.81274 
.81150 
.81025 
.80901 
.80777 
.80<')5:^ 
.8a')20 
.80405 


Tang 
'.55481 

.&54eo 

.55507 
.55545 
.55583 
.55621 
.55650 
.55607 
.55736 
.55774 
.55819 

.55850 
.55888 
.66026 
.55004 
.56003 
.56041 
.56070 
.5t>117 
.56156 
.56104 

.66232 
.56270 
.56300 
.56a47 
.66385 
.50424 
.56462 
.56501 
.56680 
.50577 

.56616 
.56651 
.56603 
.60731 
.56700 
..56808 
.56846 
.56886 
.56028 
.56962 

.57000 
.57a30 
.57078  1 
.57116 
.57155 
.57108  i 
.57232  i 
.57^271  ! 
.57300 
.57*48  ' 

.57386 

.57425 

.57464  : 

.57503  ; 

.57541 

..57580 

.57010 

.57(557  I 

.57»i96 

.57735 


Cotang  : 


.80405 

.80281 

.801.58  ! 

.80034 

.70011 

.70788 

.79665 

.70542 

.79419 

.79296 

.79174 

.79051 
.78029 
.78807 
.78685 
.78563 
.78441 
.78319 
.78198 
.78077 

.rr956 

.77834 
.77718 
.77592 
.77471 
.77351 
.?r230 
.77110 
.76990 
.76860 
.76749 

.76620 
.70510 
.70390 
.70271 
.76151 
.76032 
.75913 
.75704 
.75075 
.75556 

.75437 
.75310 
.75200 
.75082 
.74901 
.74R16 
.74728 
.74610 
.74492 
.74375 

.74257 
.74140 
.74022 
.73905 
.737^ 
.7;«571 
.73655 
.7*438 
.731321 
.73205 


6V 


Tang    ji  Cotang     Tang 
60^ 


JTang 

.57735 

.57774 
.57813 
.57851 
.57890 
.57020 
.57968 
.58007 
.58046 
.58065 
.58124 

.58162 
.58201 
.58^10 
.58270 
.58318 
.58357 
.58306 
.58435 
.58474 
.58513 

.68552 
.58501 
.58631 
.58670 
.58709 
.58748 
.58787 
.58826 
.58865 
.58906 

.58944 
.58083 
.59022 
.59061 
.59101 
.59140 
.59179 
.59218 
.5fi258 
.59207 

.59336 
.59376 
.59415 
.59454 
.59494 
.59533 
.50573 
.59012 
.59051 
.59091 

.59730 
.59770 
:  .59809 
.50849 
.50888 
.59JW8 
.59907  ; 
.00007  . 
.00040 
.00080 

Cotang  ( 


'  Cotang  I  Tang     Cotang 


.73205 

.78089 

.72073 

.72857 

.72741 

.72025 

.72509 

.72303  i 

.72278  ! 

.7^2168 

.7^2047 

.71932 
.71817 
.71702 
.71588 
.71473 
.71358 
.71914 
.71129 
.71015 
.70901 

.70787 
.70673 
.70560 
.70446 
.70332 
.70219 
.70106 
.69902 
.60870 
.60766 

.60653 
.60541 
.60428 
.60316 
.60203 
.69091 
.68070 
.6*^866 
.68754 
.68643 

.68.581  ;! 

.68410  I 

.68308 

.68106 

.08085 

.67074 

.67863 

.67752 

.07041 

.67530 

.67410 
.07300 
.07198 
.07088 
.00978 
.(50807 
.00757 
.00(547 
.(50538 
.00428 


Tawg 


.60086 
.60126 
.60165 
.60205 
.60245 
.60284 
.60891 
.00364 
.60403 
.60443 
.60488 

.60622 
.60562 
.60602 
.60642 
.60681 
.60721 
.60761 
.60801 
.60841 
.60881 

.60021 
.60960 
.61000 
.61040 
.61080 
.61120 
.61160 
.61200 
.61240 
.61280 

.61320 
.61360 
.61400 
.61440 
.61480 
.61520 
.61561 
.61601 
.61(V41 
.61681 

.61721 
.61761 
.61801 
.61812 
.61882 
.61922 
.61962 
.620a3 
.62043 
.62083 

.62124 
.62104 
.O2;201 
.02245 
.02285 
.(52:tt5 
.(52:5()() 
.02100 
.02UO 
.02487 


.66428  i60 

.60318  ;50 

.66200  1 58 

.66099  '57 

.65990  ;56 

.65881  156 

.65772  !54 

.65668  1 53 

.65564  52 

.65445  '51 

.65887  j50 

.65228  i49 

.65120  48 

.65011  47 

.64903  46 

.(M705  45 

.64687  44 

.64579  148 

.64471  !42 

.64363  :41 

.04256  40 


.64148 
.64041 
.63934 
.63826 
.63719 
.63612 
.6*505 
,63:^ 
.63292 
.63185 

.63079 
.62972 
.62866 
,62760 
62654 
62518 
62412 
.62336 
,62230 
02125 


.60970 
.60805 
.60701 
.(50057 

CAmd 

.(50345 
.00241 
.(50187 
.60033 


39 
38 
87 
86 
85 
84 
33 
32 
31 
30 

29 
28 
27 
26 
25 
24 
23 
22 
21 
90 


19 

18 


62019 
61914  ,-. 
61808  1 17 
61703  1 16 
61508  1 15 


61403 
6i:«S 
(51283 
01170  11 
01074  10 


14 
13 
12 


9 
8 
7 
6 
5 
4 
3 
2 
1 
0 


69« 


\\     W 


465 


TABLE  XXVin.~NATXni.VL  TANGENTS  AND  COTANGENTS. 


82< 


83* 


34' 


0 

1 

2 
3 

4 
5 
6 
7 
8 
9 
10 


Tang 

.6;;i4«7 

.62508 
.62608 
.62649 
.62689 
.62730 
.62770 
.62811 
.62852 
.62892 

.62933 
.629r3 
.63014 
.63055 
.63095 
.63136 
.63177 
.63217 
.63258 
.63299 

.63^0 
.63330 
.63421 
.63162 
.63503 
.63544 
.63584 
.63625 
.63666 
.68707 

.68748 
.63789 
.63880 
.63871 
.63912 
.63953 
.63994 
.64035 
.64076 
.64117 

.64158 
.W199 
.64240 
.64281 
.64322 
.6-1363 
.64404 
.W446 
.W487 
.64528 

.64569 
.04010 
.64052 
.6-4093 
.04734 
.64715 
.0*817 
.G4H5H 
.C4H99 


Cotanf? 

1.6003a 
1.59930 
1.59820 
1 .5972:^ 
1.59020 


1.59517 
1.59414 
1.59311 
1.59208 
1.59105 
1.59002 

1.58900 
1.58797 
1.58095 
1.58593 
1.58490 
1.58388 
1.68286 
1.68184 
1.58083 
1.57981 

1.57879 
1.57778 
1.57676 
1.57575 
1.57474 
1.57372 
1.57271 
1.57170 
1.57069 
1.56969 

1.56868 
1.56707 
1.56667 
1.56566 
1.56400 
1.56366 
1.56265 
1.56165 
1.56005 
1.55966 

1.55866 
1.55760 


55666 
55567 
55467 
55368 
55269 
1.55170 
1.55071 
1.54972 


Tang 

Cotang 

.64941 

1.53986 

.64982 

1.58888 

.6,'3024 

1.58791 

.65065 

1.53693 

.65106 

1.53595 

.65148 

1.53497 

.05189 

1.53400 

.a5231 

1.53802 

O'/iUl  i  1 


.54873 
.54774 
.54075 
.54576 

.54478 
.54:J79 

.54183 
.54085 

5wm 


.65272 

.65355 

.05397 
.65438 
.65480 
.65521 
.65503 
.65004 
.05040 
.65088 
.65729 
.65771 

.65813 
.65854 
.05SU0 
.65938 
.65080 
.66021 
.66003 

.ocia-) 

.66147 
.66189 

.60230 
.00272 
.00314 
.00356 
.60398 
.00440 
.00482 
.60524 
.00506 
.60008 

.00050 

.60092 

.66734 

.60776 

.66818 

.66800 

.66902 

.60944- 

.60986 

.67028 

.67071 
.07113. 
.07155 
.07197 
.072:^9 
.07282 
.073^ 
.07300 
.07409 


1.53205 
1.53107 
1.53010 

1.52913 
1.52810 
1.52719 
1.52022 
1.52525 
1.52429 
1.. 52332 
1.52235 
1.52139 
1.52043 

1.51946 
1.51860 
1.51754 
1.51058 
1.51502 
1.51400 
1.51370 
1.51275 
1.51179 
1.51084 

1.50988 
1.50893 
1.50797 
1.50702 
1.50007 
1.50512 
1.50417 
1.50322 
1.50228 
1.50138 

1.50038 
1.49944 
1.49849 
,49755 
.49061 
,49506 
1.49472 
1.49378 
1.49284 
1.49190 


1.49097 
1.49003 
1.48909 
1.48816 
1.48722 
1.48029 
1.485% 
1.48442 
1.4a3^49 
1.48250 


Tang_ 

."67451 
.67493 
.67586 
.67578 
.67620 
.67003 
.67705 
.67748 
.67790 
.67832 
.67875 

.67917 
.67960 
.68002 
.68045 
.08088 
.68130 
.68178 
.68216 
.68258 
.68301 

.68343 
.08386 
.68429 
.68471 
.68514 
.68557 
.68600 
.68042 
.68685 
.68728 

.68771 
.08814 
.68857 
,68900 
.68942 
.08985 
.69028 
.69071 
,09114 
.69157 

.69200 
.69243 
.69^286 
.69329 
.69372 
.6»416 
.69459 
.69502 
.09545 
.69588 

.69031 
.69075 
.09718 
.09701 
.09804 
.09847 
.09891 
.09034 
.09077 
.70021 


Cutang 


1.48256 
1.48168 
1  48070 
1.47977 
1.47885 
1.47792 
1.47699 
1.47607 
1.47514 


.47422 
.47330 


1.47238 
1.47146 
1.47053 
1.40962 
1.46870 
1.40778 
40086 
46595 
1.46503 
1.46411 

1.46820 
1.46229 


1 
1 


1.46187 
1.46046 
1.45965 
1.45864 
1.45773 


.45682 
.45592 


1.45501 

1 .46410 
1.45320 
1.45229 
1.45189 
1.46049 
1.44958 
1.44868 
1.44778 
1.44688 
1.44696 

1.44508 
1.44418 
1.44829 
1.44239 
1.44149 
1.44060 
1.48970 
1.43881 
1.43792 
1.43703 

1.48614 
1.43525 
1.43436 
1.43347 
1.43258 
1.43169 
1.43080 
1.42992 
1.42903 
1.42815 


85"           1 

Tang 

.70021 

Cotang 

1.42815 

.70064 

1.42726 

.70107 

1.42688 

.70151 

1.42550 

.70194 

1.42402 

.70288 

1.42374 

.70281 

1.42286 

.70325 

1.42108 

.70308 

1 .42110 

.70412 

1.4*2022. 

70455 

1.41934 

.70499 
.70542 
.70586 
.70629 
.70673 
.70717 
.70760 
.70804 
.70848 
.70691 

.70935 
.70979 
.71023 
.71066 
.71110 
.71164 
.71198 
.71242 
.71285 
.71829 

.71878 
.71417 
.71461 
.71505 
.71649 
.71698 
.71637 
.71681 
.71785 
.71769 

.71813 
.71867 
.71901 
.71946 
.71990 
.72034 
.78078 
.78122 
.72167 
.72211 

.72255 
.72299 
.72344 
.?2388 
.78482 
.78477 
.72521 
.72505 
.72610 
.72654 


41847 
41759 
41672 
415R4 
41497 
41400 
41322 
41235 
1.41148 
1.41061 


/Cotang I    Tang      Cotang  \   Tang    I'lCotangv  Toag   \.Cio\as\ii  Tang 


1.40974 
1.40687 
1.40600 
1.40714 
1.40627 
1.40540 
1.40454 
1.40367 
1.40281 
1.40196 

1.40100 
1.40022 
1.89936 
1.89860 
1.39764 
1.89679 
1.39508 
1.89507 
1.30421 
1.30336 

1.39250 
1.89165 
1.89070 
1.38004 
1.88909 
.1.88824 
1.88788 
1.88663 
1.88568 
1.88484 

1.88390 
1.38314 

1.38145 
1.38060 
1.37976 
1.37891 
1.37807 
1.37722 
1.37688 


60 
60 
68 
57 
66 
55 
64 
68 
62 
51 
60 

40 
48 
47 
46 
46 
44 
48 
42 
41 
40 

80 
88 
37 
36 
85 
34 
88 
82 
31 
80 

20 
28 
27 
26 
25 
24 
23 
22 
21 
20 

10 
18 
17 
16 
16 
14 
13 
12 
11 
10 

9 
8 
7 
0 
5 
4 
8 
2 
1 
0. 


57" 


66' 


5b« 


w 


\ 


4^ 


TABLE  XXVUL— NATURAL  TANGENTS  AND  COTANGENTS. 


se^ 


Tangr  I  Cotan? 


87* 


Taiif?  I  Cotanfi: 


0 
1 
3 

8 
4 

6 
G 
7 
8 
9 
10 

11 
12 
18 
14 
15 
IG 
17 
18 
19 
HO 

21 

24 
25 
2G 
27 
28 
29 
80 

81 
32 
88 
84 
86 
8G 
87 
88 
89 
40 

41 
42 
48 
44 
45 
46 
47 
48 
49 
50 

51 
52 
58 
54 
55 
5G 
57 
58 
50 
60 


.1^43 

.7^2832 

.72921 

.78010 
.78055 
.78100 

.78141 
.78189 
.78234 
.73278 
.73883 
.73368 
.73418 
.73457 
.73503 
.73547 

.78502 
.78637 
.73681 
.73726 
.73771 
.78810 
.73861 
.73906 
.7S95;l 
.78996 

.74041 
.74086 
.74131 
.74176 
.74221 
.74267 
.74312 
.74357 
.74402 
.74447 

.74492 
.74538 
.74583 
.74628 
.74674 
.74719 
.74764 
.74810 
.74835 
.74900 

.74946 
.74991 
.75037 
.75082 
.76128 
.75173 
.75219 
.75364 
.7T>310 
.75355 


Cotang 


/ 


/ 


.37638 
.87554 
.87470 
.87886 
.37302 
.87318 
.87134 
.37050 
.86967 
.86883 
.86800 

.36716 

.36633 

.36549 

.36466 

.86-«3 

.36.300 

.36317  ; 

.86134  I 

.360.51 

.85968  , 

.35885  ' 

.35803 

.35719 

.35637 

.35564 

.35472 

.35389 

.35307  , 

.3535J4  I 

.35142  ■ 

.350G0  I 
.34978  . 
.34896  i 
.34814  I 
.34732  ! 
.31650  : 
.34568 
.34487 
.84405 
.34323 

.34242 
.34160 
.34079 
.33998 
.33916 
.:^3835 
.3:5754 
.33673 
.*i592 
.-.^11 

.33430 

.33368 
.;«187 
.;«107 
.3-i036 
.. "13946 
.33865 
.33785 
.33704 


Tang 


3$' 


'  .75355 

1.82704 

1  .75401 

1.82624 

.75447 

1.82544 

.75493 

1.82464 

.75538 

1.32:384 

.75&S4 

1.32304 

.75(J30 

1.32224 

.75<i75 

1.82144 

.75?21 

1.82064 

.75767 

1.31iH4 

.75812 

1.81904 

.75858 

1.81825 

.75904 

1.81745 

.75950 

1.31666 

.75996 

1.31586 

.76012 

1.31507 

.76088 

1.31427 

.761;M 

1.31318 

.76180 

1.81209 

.76336 

l.SllJK) 

.762?2 

1.31110 

.7<i318 

1.310:31 

.76:364 

1.30953 

.76410 

1.30873 

.76456 

1.80795 

.7(JG03 

1.30716 

.76548 

1.30637 

.76591 

l.StUWM 

.7(X>40 

1.30480 

.76686 

1.30401 

.76733 

1.30323 

.76779 

1.80244 

.76825 

1.30166 

.76871 

1.30087 

.76918 

1.30009 

.76964 

1.39931 

.77010 

1.29K53 

.77057 

1.29775 

.77103 

i.mm 

.77119 

1 .21M518 

.moo 

1.29511 

.77343 

1.29468 

.77389 

1.2i*385 

.77:335 

1.39307 

.77383 

1.29339 

.77438 

1 .35)152 

.77475 

1.29074 

.77531 

1.28997 

.77r)68 

1.38919 

.77(515 

1.3H842 

.77061 

1.28764 

.77708 

1.28687 

.77751 

1.3F610 

.77801 

1.38533 

.77818 

1.28156 

.TTHJKi 

1.38379 

.77911 

1.3H:3<)3 

.77988 

1.3S-,'35 

.78(KJ5 

1.38148 

.78083 

1.3H()71 

.78139 

l.)i7im 

Cotaiig 

Tang 

88< 


1  r, 


Tang 

.78129 
78175 
78222 
78269 
.78316 
.78368 
.78410 
.78457 
.78504 
.78551 
.78598 

.78645 
.78692 
.78789 
.78786 
.78834 
.78881 
.78938 
.78975 
.7JK)22 
.79070 

.79117 
.791M 
.79312 
.79359 
.79306 
.79J354 
.79401 
.79449 
.79496 
.79544 


Cotang 


•;; 


79591 
79639 
.?JtiS6 
.79734 
.79781 
.79829 
.79877 
.79924 
.79972 
.80020 

.80067 
.80115 
.80163 
.80211 
.80258 
.80306 
.80354 
.80402 
.80150 
.80198 

.80546 

.80594 

.8(Mi42 

.8001K) 

i  .80738 

.80786 

.8<i8:34 

I  .8<)«83 

I  .H(HW() 

I  .80978 


.2?J94 
.27917 
.27841 
.27764 
.27688 
.27611 
.27585 
.27458 
.27382 
.27306 
.27280 

.2n58 
.27077 
.27001 
.26925 
.26849 
.26774 
.26698 
.26622 
.36546 
.26471 

.26395 
.26:319 
.36344 
.2<n69 
.20093 
.30018 
.2594:3 
.25867 
.25792 
.25717 

.25542 

.25567 
.25402 
.25417 
.25343 
.25368 
.25193 
.25118 

.24969 

.24895 
.24830 
.JW746 
.2467>J 
.3455)7 
.24523 
.^4449 
.24375 
.24301 
.24227 

.24153 
.24079 
.21005 
.23931 
.3:3858 
.33784 
.3:^710 
.3:3<>:37 

.2iUm 


89< 


J'ang  :  Cotapg 
.80978" 


62' 


Cotang  (  Tauft 

i    51° 


.81027  : 

.81075 

.81123 

.81171 

.81220  ! 

.81268  i 

.81316 

.81364 

.81418 

.81461 

.81510 
.81558 
.81606 
.81655 
.81703 
.81752 
.81800 
.81849 
.81898 
.81940 

.81095 
.82044 
.82092 
.83141 
.(^190 
.823S8 
.83387 
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.01410 
.01416 
.01420 

.01425 
.01480 
.01485 
.01489 
.01444 
.01449 
.01454 
.01459 
.01464 
.01469 

.01474 

.01479 

.01484 

.01489 

.01494 

.01499 

.01504 

,01509 

.01514 

01519 


I 
Ex.  sec.  I 


lO* 


.01247 
.01261 
.01266 
.01201 
.01266 
.01270 
.01276 
.01279 
.01284 
.01289 
.01294 

.01296 
.01303 
.01308 
.01313 
.01818 
.01322 
.01327 
.01832 
.01387 
.01842 

.01346 
.01351 
.01856 
.01361 
.01866 
.01371 
.01376 
.01381 
.01386 
.01391 

.01395 
.01400 
.01405 
.01410 
.01416 
.01420 
.01426 
.01430 
.01436 
.01440 

.01445 
.01450 
.01456 
.01461 
.01466 
.01471 
•01476 
.01481 
.01486 
.01491 

.01496 
.01501 
.01506 
.01512 
.01517 
.01522 
.01527 
.01532 
.01537 
.01543 


Vers.  Ex.  sec. 


.01519 
.01624 
.01529 
.01534 
.01640 
.01646 

.oiiyeo 

.01666 
.01660 
.01566 
.01670 

.01575 
.01680 
.01686 
.01691 
.01696 
.01601 
.01606 
.01612 
.01617 
.01622 

.01627 
.01682 
.01638 
.01648 
.01648 
.01658 
.01669 
.01664 
.01669 
.01676 

.01680 
.01685 
.01690 
.01696 
.01701 
.01706 
.01712 
.01717 
.01728 
.01728 

.01733 
.01739 
.01744 
.01750 
.01755 
.01760 
.01766 
.01771 
.01777 
.01782 

.01788 

.01793 

.01799 

.01K04 

.01810 

.01815 

.01821 

.01826 

.01832 

.01837 


\ 


.01543 
.01548 
.01553 
.01558 
.01664 
.01569 
.01574 
.01579 
.01586 
.01590 
.01696 

.01601 
.01606 
.01611 
.01616 
.01622 
.01627 
.01638 
.01638 
.01&43 
.01649 

.01654 
.01659 
.01665 
.01670 
.01676 
.01681 
.01687 
.01692 
.01698 
.01708 

.01709 
.01714 
.01720 
.01725 
.01731 
.01736 
.01742 
.01747 
.01753 
.01758 

.01764 
.01769 
.01776 
.01781 
.01786 
.01792 
.01798 
.01803 
.01809 
.01815 

.01820 
.01826 
.0ia32 
.01837 
.01848 
.01849 
.01854 

.oiseo 


11* 


Vers. 


Ex.  sec. 


.01837 

.01872 

.01843 

.01877 

.01&48 

.01883 

.01854 

.01889 

.01860 

.01895 

.01866 

.01901 

.01871 

.01906 

.01876 

.01912 

.01882 

.01918 

.01888 

.01924 

.01898 

.01930 

.01809 

.01936 

.01904 

.01941 

.01910 

.01947 

.01916 

.01953 

.01921 

.01959 

.01927 

.01965 

.01938 

.019n 

.01939 

.01977 

.01944 

.01983 

.01950 

.01989 

.01966 

.01995 

.01961 

.02001 

.01967 

.02007 

.01973 

.02013 

.01979 

.02019 

.01984 

.02025 

.01990 

.02031 

.01996 

.02037 

.02002 

.02043 

.02006 

.02049 

.02013 

.02055 

.02019 

.03061 

.02025 

.02007 

.02031 

.02078 

.02037 

.02079 

.02042 

.02085 

.02046 

.02091 

.02064 

.02097 

.02000 

.02103 

.02066 

.02110 

.02072 

.02116 

.02078 

.02122 

.02064 

.02126 

.02090 

.02184 

.02096 

.02140 

.02101 

.02146 

.02107 

.02158 

.02113 

.02159 

.02119 

.02166 

.02125 

.08171 

.02181 

.02178 

.02137 

.02184 

.02143 

.02190 

.02149 

.02196 

.02155 

.02203 

.02161 

.02209 

.02167 

.02215 

.«IYI^ 

V  s^aax  ( 
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IS 
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TABLE   XXIX.-NATURAL  VERSED   SINES  AND  EXTERNAL    SECANTS. 


20< 


Vers. 


/ 


0 
1 

o 

3 
4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 

ao 

21 
22 
23 
24 
25 
26 
27 
28 
29 

au 

31 
32 

33  I 

35  I 
3tti 
87  I 

38  , 
30  i 

40 

41 

42  i 

43  I 
44 
45 
40 
47 
48 
49 
50 

51 
52 
53 
54 
55 
56 
57 
58 
59  I 
60  I 


Ex.  sec. 


.06031 
.00041 
.00051 
.06061 
.06071 
.00081 
.06091 
.06101 
.06111 
.00121 
.06131 

.06141 
.06151 
.06161 
.06171 
.06181 
.06191 
.00201 
.06211 
.06221 
.06231 

.06241 
.00252 
.00^02 
.00272 
.06282 
.00292 
.00302 
.06312 
.00323 
.00333 

.00343 
.00353 
.00363 
.00374 
.06384 
.06394 
.06404 
.06415 
.06425 
.06435 

.06445 
.00456 
.06466 
.06476 
.00486 
.08497 
.06507 
.06517 
.06528 
.06538 

.06548 
.00559 
.06569 
.06580 
.06590 
.06600 
.06611 
.06621 
.06082  , 
.06642  I 


.00418 
.06429 
.06440 
.00452 
.0Ci03 
.06474 
.06486 
.0(>497 
.06508 
.06520 
.03531 

.0(5542 
.00554 
.06565 
.06577 
.00583 
.00000 
.00611 

.00031 
.00645 

.03357 
.0J008 
.03080 
.00391 
.03703 
.03715 
.0(5720 
.00738 
.03749 
.03701 

.0:)773 
.0()78i 
.Of)?JO 
.OOvSOr 
.00819 
.00831 
.00843 
.00854 
.00866 
.06878 

.06889 
.06901 
.06913 
.06925 
.06936 
.06948 
.06960 
.06972 
.00984 
.06995 

.07007 
.07019 
.07031 
.07043 
.07055 
.07067 
.07079 
.07091 
.07103 
.07115 


21* 


Vers. 


// 


.06642 
.06652 
.06663 
.06673 
.06684 
.06694 
.06705 
.06715 
.00726 
.06736 
.06747 

.06757 
.06768 
.06778 
.06789 
.00793 
.00810 
.00320 
.00331 
.00311 
.0035:3 

.03:03 
.00373 
.00384 
.00394 
.O0JO5 
.06'J10 
.00920 
.06937 
.06948 
.00358 

.06309 
.00980 
.06990 
.07001 
.07012 
.07023 
.07033 
.07044 
.07055 
.07065 

.07076 
.07087 
.07098 
.07108 
.07119 
.07130 
.07141 
.07151 
.07102 
.07173 

.07184 
.07195 
.07200 
.07216 
.07227 
.07238 
.07249 
.07260 
.07271 
.07282 


Ex.  sec. 


22« 


Vers. 


.07115  I 

.07120 

.07138 

.07150 

.07102 

.07174 

.07186 

.On99 

.07211 

.07^23 

.07235 

.07247 
.07259 
.07271 
.07283 
.07295 
.07307 
.07320 
.0r332 
.07344 
.07356 

.07308 
.07330 
.0;'393 
.07405 
.07417 
.07129 
.07442 
.07454 
.07466 
.07479 

.07491 
.07503 
.07516 
.07.528 
.07540 
.07553 
.07505 
.07578 
.07590 
.07602 

.07615 
.07627 
.07640 
.07652 
.07005 
.07077 
.07690 
.07702 
.07715 
.07727 

.07740 
.07752 
.07705 
.07778 
.07790 
.07808 
.07810 
.078;W 
.07841 
.07853 


Ex.  sec. 


.07282 
.07203 
.07303 
.07314 
.07325 
.07330 
.07347 
.07358 
.07369 
.07380 
.07391 

.07402 
.07413 
.07424 
.07435 
.07440 
.07457 
.07468 
.07479 
.07490 
.07501 

.07512 
.07523 
.07534 
.07545 
.07556 
.07568 
.07579 
.07590 
.07'601 
.07612 

.07623 
.07634 
.07W5 
.07657 
.07608 
.07679 
.07690 
.07701 
.07713 
.07724 

.07735 
.07746 
.07757 
.07709 
.07780 
.07791 
.07802 
.07814 
.0732.5 
.07830 

.07818 
.07859 
.07870 
.07881 
.07303 
.07sm 
.07915 
.07927 
.07938 
.0795.^ 


.07^53 
.07860 
.07879 
.07892 
.07904 
.07917 
.07930 
.07943 
.07955 
.07968 
.07981 

.07994 
.08006 
.08019 
.08082 
.06045 
.08058 
.08071 
.08084 
.08097 
.08109 

.03122 
.08i;i5 
.03148 
.08101 
.08174 
.03187 
.08200 
.08213 
.08226 
.08239 

.08252 
.08265 
.08278 
.08291 
.08305 
.08318 
.08331 
.08344 
.08357 
.08370 

.08383 
.08397 
.08410 
.08423 
.08436 
.08449 
.08403 
.08476 
.08439 
.08503 

.03516 


28< 


Vers.  , Ex.  sec. 


.03.52.0 
.03M2 
.03550 
.08.509 
.03532 
.08590 
.0«tt0.» 


.07950 
.07i)01 
.07972 
.07-984 
.07995 
.08006 
.08018 
.08029 
.08041 
.08052 
.08004 

.08075 
.08086 
.080?)8 
.08109 
.08121 
.08132 
.08144 
.08155 
.08167 
.08178 

.08190 
.08201 
.08213 
.06225 
.08236 
.06248 
.08259 
.08271 
.08282 
.06294 

.08306 
.08317 
.08329 
.08340 
.08852 
.08364 
.08375 
.08387 
.08399 
.08410 

.aW22 
.03434 
.08445 
.08457 
.08469 
.08181 
.084i« 
.03504 
.03510 
.035^ 


I 


.08539 
.03551 
.08563 
.03575 
.03.536 
.03.508 
.03010 

„.  ^  .W*SV^^ 


.080;^) 

.08049 

.08070 
.08090 
.08703 
.08717 
.08730 
.08744 
.087.57 
.08771 

.08784 
.08798 
.08811 
.06825 
.08839 
.08852 
.088(y6 
.08880 
.08893 
.06907 

.08921 
.06934 
.08948 
.08902 
.08975 
.08989 
.09003 
.09017 
.09030 
.0904-4 


0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


31 
32 
83 
34 
85 
36 
37 
38 


.09058 

.09072 

.0908(5 

.0iX)99 

.09113 

.09127 

.09141 

.09155 

.09169  i  39 

.09183  40 

.09197  i  41 

.09211  42 

.0922^1  I  43 

.09238  i  44 

.09252  45 

.09260  i  40 

.09280  !  47 

.09294  '■  48 

.0930  i  I  49 

.0932.3  60 


61 
52 


.00.337 

.oy;i5i 

.093(55  i  53 
.09379  '  54 
.09393  w 
.09407  i  50 
.09421  I  57 

\  .^SW&V  ^  ^ 
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TABLE  XXIX.— NATURAL  VERSED   SINES   AND  EXTERNAL  SECANTS. 


24" 


Vers.   Ex.  sec. 


0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
10 
17 
18 
19 
20 

21 
22 

23 
24 
25 
26 
27 
28 
29 
30 

31 
32 

3;J 

3t 
35 
Sti 
3^' 

38 
39 
40 

41 
4-2 
43 
44 
45 
4(5 
47 
48 
49 
50 


.08645 
.08657 
.08669 
.U8681 
.08693 
.08705 
.08717 
.08728 
.08740 
.08752 
.08764 

.08776 
.08788 
.08800 
.08812 
.08824 
.06836 
.08848 
.08860 
.0.S872 
.038&4 

.08896 
.08908 
.08920 
.08932 
.08944 
.08956 
.08968 
.08980 
.08992 
.09004 

.09016 
.09028 
.09040 
.09052 
.09064 
.09076 
.09089 
.09101 
.09113 
.C9125 

.09137 
.09149 
.09161 
.09174 
.09186 
.09198 
.09210 
.09222 
.  092^^1 
.09247 


25< 


.09464 
.09478 
.09492 
.09506 
.09520 
.095a5 
.09549 
.09563 
.09577 
.09592 
.09606 

.09620 
.09635 
.09649 
.09663 
.09678 
.09692 
.09707 
.09721 
.09735 
.09750 

.09764 
.09779 
.09793 
.09808 
.09822 
.09837 
.09851 
.09866 
.09880 
.09895 

.09909 
.09924 
.09039 
.09953 
.099(58 
.09982 
.09997 
.10012 
.10026 
.10041 

.10055 
.10071 
.10085 
.10100 
.10115 
.10130 
.10144 
.10159 
.10174 
.10189 


51  .00259 

52  .09271 

53  .09283 

54  .09296 

55  .09308 
^/  .09330  / 

S7     .  09332 

SS     .09345     .1OS08 

^  /  '^57     .10323 

60  I  .09369  I  .10338 


.10204 
.10218 
.10233 
.10248 
.10263 
.10278 
.10293 


Vers. 

.09309 
.09382 
.09391 
.09406 
.09-fl8 
.09431 
.09443 
.09455 
.09468 
.09480 
.09493 

.09505 
.09517 
.09530 
.09542 
.09554 
.09567 
.09579 
.09592 
.09604 
.09617 

.09629 
.09(>42 
.09654 
.09666 
.09679 
.09691 
.09704 
.09716 
.097^ 
.09741 

.09754 
.09767 
.09779 
.09792 
.09804 
.09817 
.09829 
.09&42 
.00tl54 
.09807 

.09880 
.09892 
.09905 
.09918 
.09930 
.09343 
.09955 
.0996'3 
.09081 
.09993 

.10006 

.10019 

.10032 

.10044 

.10057 

.10070 

.J00S2 

.10095 

.10108 

,10121 


Ex.  sec. 


.10338 
.10353 
.10368 
.10383 
.10398 
.10413 
.10428 
.10443 
.10458 
.10473 
.10488 

.10503 
.10518 
.10533 
.10549 
.10564 
.10579 
.10694 
.10609 
.10625 
.10640 

.10655 
.10670 
.10686 
.10701 
.10716 
.10731 
.10747 
.10762 
.10777 
.10793 

.10808 
.10824 
.10839 
.10864 
.10870 
.10885 
.10901 
.10916 
.10932 
.10947 

.10963 
.10978 
.10994 
.11009 
.11025 
.11041 
.11056 
.11072 
.11087 
.11103 

.11119 
.11134 
.11150 
.11166 
.11181 
.11197 
.11213 
.11229 
.11244 
.11260 


ac» 

Vers. 

Ex.  sec. 

.10121 

.11260 

.10133 

.11276 

.10146 

.11292 

.10159 

.11308 

.10172 

.11323 

.10184 

.11339 

.10197 

.11355 

.10210 

.11371 

.10223 

.11387 

.10236 

.11403 

.10248 

.11419 

.10261 

.11435 

.10274 

.11461 

.10287 

.11467 

.10300 

.11483 

.10313 

.11499 

.10326 

.11515 

.10338 

.11531 

.10351 

.11547 

.10304 

.11563 

.10377 

.11579 

.10390 

.11595 

.10403 

.11611 

.10416 

.11627 

.10429 

.11643 

.10442 

.11659 

.10455 

.11675 

.10468 

.11691 

.10481 

.11708 

.10494 

.11724 

.10507 

.11740 

.10520 

.11756 

.10533 

.11772 

.10546 

.11789 

.10559 

.11805 

.10572 

.11821 

.10585 

.11838 

.10598 

.11854 

.10611 

.11870 

.10024 

.11880 

.10337 

.11903 

.10650 

.11919 

.10663 

.11936 

i  .10676 

.11952 

.10689 

.11968 

.10702' 

.11985 

.10715 

.12001 

.10728 

.12018 

.10741 

.12034 

.10755 

.12051 

.10768 

.12067 

.10781 

.120&4 

.10794 

.12100 

.10807 

.12117 

.10820 

.12183 

.10833 

.12160 

.10847 

.12166 

.10860 

.12183 

.lOHTi 
.10886 
.10800 


.i5a;vft 


270 

Vers. 

Ex.  sec. 

.10899 

.12233 

.10913 

.122^19 

.10926 

.1SS60 

.10939 

.12283 

.10952 

.12299 

.10965 

.12316 

.10979 

.12333 

.10992 

.12349 

.11005 

.12366 

.11019 

.12383 

.11032 

.12400 

.11045 

.12416 

.11058 

.1^433 

.11072 

.12460 

.11065 

.12467 

.11098 

.12484 

.11112 

.12501 

.11125 

.12518 

.11138 

.12534 

.11152 

.12551 

.11165 

.12508 

.11178 

.12585 

.11192 

.12602 

.11205 

.12619 

.11218 

.12636 

.11232 

.12663 

.11245 

.12670 

.11259 

.12687 

.11272 

.12704 

.11285 

.127^1 

.11299 

.12738 

.11812 

.12756 

.11326 

.12772 

.11839 

.12789 

.11853 

.12807 

.11366 

.12824 

.11880 

.12841 

.11893 

.12868 

.11407 

.12875 

.11420 

.12892 

.114»4 

.12910 

.11447 

.12927 

.11461 

.12944 

.11474 

.12961 

.11488 

.12979 

.11501 

.12996 

.11515 

.13013 

.11528 

.13081 

.11542 

.13048 

.11555 

.18065 

.11569 

.18088 

.11583 

.18100 

.11596 

.18117 

.11610 

.18185 

.11623 

.13152 

.11687 

.13170 

.11651 

.18187 

.11664 

.13205 

A  A\«% 

I  .13222 

\\  .wefift 

\  .\^aAa 
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TABLE  XXIX.— NATURAL  VERSED  SINES  AND  EXTERNAL  SECANTS. 
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Vers. 

Ex.  sec. 

0 

.82635 
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1 

.82664 

4.70829 

2 

.82692 
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3 

.82721 
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4 
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6 

.82778 
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G 
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4.81635 

7 

.82836 

4.82606 

8 

.82864 
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9 

.82893 

4.84558 

10 

.82922 

4.85539 

11 

.82950 
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12 

.82979 
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13 

.83008 

4.88502 

14 

.83036 

4.89497 

15 

.83065 

4.90495 

16 
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4.91496 

17 

.83122 

4.92501 

18 

.83151 

4.93509 

19 

.83180 

4.94521 

20 

.83208 

4.95536 

21 

.83237 

4.96555 

22 

.83266 

4.97577 

23 

.&3294 

4.98603 

24 

.83323 

4.99633 

25 

.83352 

5.00666 

28 

.83380 

5.01703 

27 

.83409 

5.02743 

28 

.83438 

5.03787 

29 

.83467 

5.04834 

30 

.83495 

5.05886 

31 

.83524 

5.06941 

32 

.83553 

5.08000 

33 

.83581 

5.09062 

34 

.83610 

5.10129 

35 

.a3639 

5.11199 

36 

.83667 

5.12273 

37 

.83696 

5.13350 

38 

.83725 

5.14432 

39 

.83754 

5.15517 

40 

.83782 

5.16607 

41 

.83811 

5.17700 

42 

.83840 

5.18797 

43 

.83868 

5.19898 

44 

.83897 

5.21004 

45 

.83926 

5.^113 

46 

.83954 

5.23226 

47 

.83983 

5.24343 

48 

.84012 

5.25464 

49 

.ai041 

5.26590 

50 

.84069 

5.27719 

51 

.84093 

5.28853 

52 

.84127 

5.2J991 

53 

.84155 

5.31133 

54 

.84184 

5.32279 

55 

.84213 

5.33429 

56 

.84243 

5.34584 

57 

.84270 

5.35743 

58 

.84299 

5.36906 

00 

.84328] 

S.Sims 
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Vers. 


84357  I  5.39245  II 


.84357 
.84385 
.84414 
.84443 
.84471 
.84500 
.84529 
.84558 
.84586 
.84615 
.84644 

.84673 
.84701 
.84730 
.&4759 
.84788 
.84816 
.84845 
.84874 
.&4903 
.84931 

.84960 
.84989 
.85018 
.85046 
.85075 
.85104 
.85133 
.85162 
.85190 
.85219 

.85248 
.85277 
.85305 
.85334 
.85363 
.85392 
.85420 
.85449 
.85478 
.85507 

.85536 
.85564 
.85593 
.85622 
.85651 
.85680 
.85708 
.85737 
.85766 
.85795 

.85823 
.85852 
.&5881 
.85910 
.85939 
.85967 
.85996 
.86025 
.86054 
.86083 


Ex.  sec. 


5.39245 
6.40422 
5.41602 
5.42787 
5.43977 
5.45171 
5.46369 
5.47572 
5.48779 
5.49991 
5.51206 

5.52429 
5.53655 
6.54886 
6.56121 
6.57361 
5.58606 
5.59855 
5.61110 
5.62369 
6.63633 

5.64902 
5.6G176 
5.67454 
5.68738 
5.70027 
5.71321 
5.72620 
5.73924 
5.75233 
5.76547 

5.77866 
5.79191 
6.80521 
5.81856 
5.83196 
5.&1542 
5.85893 
5.87250 
5.88612 
5.89979 


91352 
92731 
94115 
95505 
96900 
6.98301 
5.99708 
6.01120 
6.02538 
6.03962 

6.05392 
6.00828 
6.08269 
6.09717 
0.11171 
6.12630 
6.14096 
6.15568 
6.17046 
6.18530 
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.86112 
.86140 
.86169 
.86198 
.86227 
.86256 
.86284 
.86313 
.86342 
.86371 
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.86428 
.86457 
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.86515 
.86544 
.86573 
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.86919 
.86947 
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.87380 
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.87467 
.87496 
.87524 

.87553 
.87582 
.87011 
.87640 
.87669 
.87698 
.87730 
.87755 

.8rr84 

.87813 


Ex.  sec. 


6.18530 
6.20020 
6.21517 
6.23019 
6.24529 
6.26044 
6.27566 
6.29095 
6.30630 
6.82171 
6.83719 

6.85274 
6.36835 
6.38403 
6.39978 
6.41560 
6.43148 
6.44743 
6.46346 
6.47955 
6.49571 

6.51194 
6.52825 
6.54462 
6.56107 
6.57759 
6.59418 
6.61085 
6.62759 
6.64441 
6.66180 

6.67826 
6.69530 
6.71242 
6.7^962 
6.74689 
6.76424 
6.78167 
6.79918 
6.81677 
6.83443 

6.85218 
6.87001 
6.88792 
6.90592 
6.92400 
6.94216 
6.96040 
6.97878 
6.99714 
7.01565 


7.03423 
7.05291 
7.07167 
7.09052 
7.10946 
7.12849 
7.14760 
7.16681 
7.18612 
7.20551 
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.87813 
.87842 
.87871 
.87900 
.87929 
.87957 
.87986 
.88015 
.88044 
.88073 
.88102 

.88131 
.88160 
.88188 
.88217 
.88246 
.88275 
.88304 
.88333 
.88362 
.88891 

.88420 
.88448 
.88477 
.88506 
.88535 
.88564 
.88593 
.88622 
.88651 
.88680 

.88709 
.88737 
.88766 
.88795 
.88824 
.88863 
.88882 
.88911 
.88&40 
.88969 

.88998 
.89027 
.89055 
.89084 
.89113 
.89142 
.89171 
.89200 
.89229 
.89258 

.89287 
.89316 
.89345 
.89374 
.89403 
.89431 
.89460 
.89489 
.89518 
.89547 


Ex.  sec. 


20551 
22500 
24457 
26425 
28402 
39388 
7.32384 
7.34390 
7.36405 
7.88431 
7.40466 

7.42511 
7.44566 
7.46632 
7.48707 
7.50793 
7.52889 
7.54996 
7.57113 
7.59241 
7.61379 

7.635^ 
7.65688 
7.67859 
7.70041 
7.72234 
7.74438 
7.76653 
7.78880 
7.81118 
7.83367 

7.85628 
7.87901 
7.90186 
7.92482 
7.94791 
7.97111 
7.99444 
8.01788 
8.04146 
8.06516 

8.08897 
8.11292 
8.13699 
8.16120 
8.18558 
8.20999 
8.23469 
8.25931 
8.28417 
8.80917 

8.33430 
8.35957 
8.38497 
8.41052 
8.43620 
8.46203 
8.48800 
8.51411 
8.54037 
8.56677 
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•tABLE   XXIX.--NATUIIAL  VERSED  SINES  AND  EX^TERNAL   SECANTS 


/ 
0 

84« 

86* 

86* 

/ 
0 

Vers. 

Ex.  sec. 

Vers. 

Ex.  sec. 

Vers. 

Ex.  sec. 

.89547 

8.58677 

.91284 

10.47371 

.93024 

13.33559 

1 

.89576 

8.59332 

.91313 

10.51199 

.98053 

18.39547 

1 

2 

.89605 

8.62002 

.91342 

10.65052 

.93082 

13.45586 

2 

3 

.89634 

8.64687 

.91371 

10.58932 

.98111 

13.51676 

3 

4 

.89663 

8.67387 

.91400 

10.62837 

.93140 

13.57817 

4 

5 

.89692 

8.70103 

.91429 

10.66769 

.93169 

13.64011 

S 

6 

.89721 

8.72833 

.91458 

10.70728 

.93198 

13.70258 

6 

7 

.89750 

8.75579 

.91487 

10.74714 

.93227 

13.76558 

7 

8 

.89779 

8.78841 

.91516 

10.78727 

.93257 

13.82913 

8 

9 

. wyoUo 

8.81119 

.91545 

10.82768 

.ft3286 

18.89323 

9 

10 

.89636 

8.83912 

.91574 

10.86887 

.93315 

13.95788 

10 

11 

.89865 

8.86722 

.91603 

10.90984 

.93844 

14.02310 

11 

18 

.89894 

8.89547 

.91082 

10.95060 

.98373 

14.08890 

12 

13 

.89923 

8.92389 

.91061 

10.99214 

.93402 

14.15527 

13 

14 

.89952 

8.95248 

.91090 

11.03397 

.93481 

14.22223 

14 

15 

.89981 

8.98123 

.91719 

11.07610 

.93460 

14.28979 

15 

16 

.90010 

9.01015 

.91748 

11.11852 

.93489 

14.35795 

16 

17 

.90039 

9.03923 

.91777 

11.16125 

.98518 

14.42672 

17 

18 

.90068 

9.06849 

.91C06 

11.20427 

.93547 

14.49611 

18 

19 

.90097 

9.097J2 

.91835 

11.24761 

.98576 

14.56614 

19 

20 

.9C126 

9.12752 

.91804 

11.29125 

.98605 

14.63679 

20 

21 

.901.55 

9.15730 

.91893 

11.33521 

.03684 

14.70810 

21 

22 

.90184 
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.91922 

11.37948 

.93663 

14.78005 

22 

23 

.90213 

9.21739 

.91951 

11.45408 

.98692 

14.85268 

23 

24 

.90242 

9.24770 

.91980 

11.46900 

.93721 

14.92597 

24 

25 

.90271 

9.27819 

.92009 

11.51424 

.98750 

14.99995 

25 

26 

.90300 

9.80387 

.92038 

11.55982 

.98779 

15.07462 

26 

27 

.90329 

9.83973 

.92067 

11.60572 

.98808 

15.14999 

27 

28 

.90358 

9.37077 

.93093 

11.65197 

.93837 

15.22607 

28 

29 

.90386 

9.40201 

.92125 

11.69856 

.93866 

15.30287 

29 

30 

.90415 

9.43343 

.92154 

11.74550 

.93895 

15.38041 

80 

31 

.90444 

9.46505 

.92183 

11.79278 

.93924 

15.45869 

81 

82 

.90473 

9.49685 

.92212 

11.84042 

.93953 

15.58772 

32 

83 

.90508 

9.52886 

.92241 

11.88841 

.93982 

15.61751 

88 

84 

.90531 

9.66106 

.92270 

11.93677 

.94011 

15.69808 

34 

85 

.90560 

9.59346 

.92299 

11.98549 

.94040 

15.77944 

86 

36 

.90589 

9.62605 

.92328 

12.03458 

.94069 

15.86159 

36 

37 

.90618 

9.65885 

.92357 

12.08040 

.94098 

15.94456 

37 

88 

.90647 

9.69186 

.92386 

12.13388 

.94127 

16.02835 

38 

39 

.90676 

9.72507 

.92415 

12.18411 

.94156 

16.11297 

39 

40 

.90705 

9.75849 

.92444 

12.28472 

.94186 

16.19843 

40 

41 

.90734 

9.79212 

.92473 

12.28572 

.94215 

16.28476 

41 

42 

.90763 

9.82596 

.92502 

12.33n2 

.9-1244 

16.87196 

42 

48 

.90792 

9.86001 

.92581 

12.88891 

.94273 

16.46005 

48 

44 

.90821 

9.89428 

.92560 

12.44112 

.94302 

16.54903 

44 

45 

.90850 

9  92877 

.92589 

12.49378 

.94881 

16.63893 

45 

46 

.90879 

9.96348 

.92618 

12.54076 

.94360 

16.72975 

46 

47 

.90908 

9.99841 

.92647 

12.00021 

.94389 

10.82152 

47 

48 

.90937 

10.03356 

.92070 

12.05408 

.94418 

10.91424 

48 

49 

.90966 

10.06894 

.92705 

12.70388 

.a4447 

17.00794 

49 

50 

.90995 

10.10455 

.92^'34 

12.7G312 

.94476 

17.10268 

50 

51 

.91024 

10.14039 

.92763 

12.81829 

.94505 

17.19830 

51 

52 

.91053 

10.17646 

.92792 

12.87391 

.94584 

17.29501 

52 

53 

.91082 

10.21277 

.92821 

12.92999 

.94563 

17.39274 

58 

54 

.91111 

10.24982 

.92850 

12.98651 

.94592 

17.49153 

54 

55 

.91140 

10.28610 

.92879 

13  04850 

.94021 

17.59139 

55 

56 

.91169 

10.32313 

.03008 

13.10096 

.94050 

17.69233 

56 

57 

.91197 

10.36040 

.92937 

18.15889 

.94679 

17.79438 

57 

58 

.91226 

10.39792 

.92966 

18.21730 

.94708 

17.89755 

58 

59 

.91255 

10.43569 

.92995 

13.27020 

.9-1737 

18.00185 

59 

00 

.91284 

10.47371 

.93024 

13.38559 

.91700 

18.10732 
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TABLE  XXX.-~CUBIC  YARDS  PER  iOO  FEET.     SLOPES  ji  :  t 


Depth 

Base 

Base 

Base 

Base 

Base 

Base 

Base 

Base 

d 

12 

14 

16 

18 

22 

24 

26 

28 

1 

45 

5;^ 

60 

C8 

82 

90 

97 

105 

2 

93 

107 

122 

137 

167 

181 

196 

211 

3 

142 

163 

18G 

208 

253 

275 

297 

319 

4 

193 

222 

252 

281 

341 

370 

400 

430 

5 

245 

282 

319 

356 

431 

468 

505 

542 

6 

300 

844 

389 

4;^ 

522 

567 

611 

656 

7 

356 

408 

460 

512 

616 

668 

719 

m 

8 

415 

474 

533 

593 

711 

770 

830 

889 

9 

475 

542 

608 

675 

808 

875 

942 

1008 

10 

637 

611 

685 

759 

907 

981 

1056 

1130 

11 

601 

682 

.  764 

845 
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1090 

1171 

1253 

12 
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933 

1111 

1200 

1289 

1378 

13 

734 

831 

926 
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1216 
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1505 

14 
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1010 

1115 

1322 

1426 

1530 

1633 

15 

875 

986  ' 
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1542 
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16 
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1067 
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1541 

1659 

1778 

1896 

17 

1023 

1149 

1274 

1401 

1653 

1779 

1905 

2031 

18 

1100 

1233 

1366 

1500 

1767 

1900 

2038 

2167 

19 

1179 

1319 

1460 

1601 

1882 

2023 

2164 

2305 

20 

1259 

1407 

1555 

1704 

2000 

2148 

2296 

2444 

21 

1342 

1497 

1653 

1808 

2119 

2275 

2431 

2586 

22 

1426 

1589 

1752 

1915 

2241 

2404 

2567 

2730 

23 

1512 

1682 

ia53 

2023 

2364 

2534 

2705 

2875 

24 

1600 

1778 

1955 

2133 

1^9 

2667 

2844 

8022 

25 

1690 

1875 

2060 

2245 

2616 

2801 

2986 

8171 

26 

1781 

1974 

2166 

2359 

2744 

2937 

8130 

8322 

27 

1875 

2075 

2274 

IW75 

2875 

8075 

8275 

8475 

28 

1970 

2178 

23^ 

2593 

8007 

8215 

8422 

8630 

29 

2003 

2282 

2406 

2712 

8142 

8356 

8571 

8786 

30 

2167 

2389 

2610 

2833 

3278 

8500 

S?22 

8944 

31 

2253 

2497 

2726 

2956 

8416 

8645 

8875 

4105 

32 

2370 

2607 

2844 

8081 

8556 

8793 

4tim 

4207 

33 

2475 

2719 

2964 

8208 

8697 

8942 

4186 

4431 

34 

2581 

2833 

8085 

8337 

8841 

4093 

4341 

4596 

35 

2690 

2949 

3208 

3468 

3986 

4245 

4505 

4764 

36 

2800 

3007 

8333 

3000 

4133 

4400 

4667 

4933 

37 

2912 

3186 

3460 

3734 

4282 

4556 

4831 

6105 

38 

3026 

3307 

8589 

8870 

4433 

4715 

4996 

6278 

39 

3142 

3431 

8719 

4008 

4586 

4875 

5164 

5453 

40 

3259 

3556 

8852 

4148 

4741 

5037 

5333 

6630 

41 

8379 

3682 

8986 

4290 

4897 

6201 

5505 

6808 

42 

8500 

8811 

4122 

4433 

5056 

5367 

5078 

5989 

43 

3623 

8942 

4260 

4579 

5216 

5534 

5853 

6171 

44 

8748 

4074 

4400 

4726 

5378 

5704 

6030 

6356 

45 

3875 

4208 

4541 

4875 

5542 

5875 

6208 

6542 

46 

4004 

4344 

4681 

6026 

5707 

6048 

6389 

6730 

47 

4134 

4482 

4830 

5179 

5875 

6223 

6571 

6919 

48 

4267 

4622 

4978 

6333 

6044 

6400 

6756 

7111 

49 

4401 

4764 

5127 

5490 

6216 

6579 

6943 

7805 

50 

4537 

4907 

5278 

5648 

6889 

6759 

7180 

7600 

61 

4675 

5053 

6430 

5808 

6564 

6942 

7819 

7697 

52 

4815 

5200 

6584 

5970 

6741 

7126 

7511 

7896 

53 

4956 

5349 

5741 

6134 

6919 

7812 

7705 

8097 

54 

5100 

5500 

5900 

6300 

7100 

7500 

7900 

8300 

55 

5245 

6653 

6060 

6468 

7282 

7690 

8097 

85a5 

56 

5393 

5807 

6222 

6637 

7467 

7881 

8296 

8711 

57 

5542 

5964 

6386 

6808 

7653 

8075 

8497 

8919 

58 

5693 

6122 

6552 

6981 

7841 

8270 

8700 

9130 

59 

5*45 

6282 

6n9 

7156 

8031 

8468 

8905 

9342 

60 

6000 

&444 

6889 

7333 

8222 

8667 

9111 

9556 

498 


TABLE  XXX— CUBIC  YARDS  PER  100  FEET.      SLOPES  ^  :  1. 


Depth 
d 


Base 
12 


1 
2 
3 
4 
5 
G 

r* 
I 

8 

9 

10 

11 
13 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 

23 
2-1 
25 
20 
27 
28 
29 
30 

31 
32 
3:3 

35 
30 
37 
88 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
55 
56 
57 
58 
3.9 
60 


46 
96 
150 
207 
269 
333 
402 
474 
550 
630 

713 

800 

891 

985 

1083 

1185 

1291 

1400 

1513 

1630 

1750 
1874 
2002 
2133 
2269 
^07 
2550 
2096 
28-16 
8000 

3157 
3319 
8483 
3652 
3824 
4000 
4180 
4363 
4550 
4741 

4935 
6133 
5335 
5541 
5750 
5963 
6180 
6400 
6624 
6852 

7083 
7319 
7557 
7800 
8046 
8296 
8550 
8807 
9009 
•9333 


Base 
14 


/WW 
•9333    j 


54 
111 
172 
237 
306 
378 
454 
533 
617 
704 

794 
889 
987 
1089 
1194 
1304 
1417 
1533 
1054 
1778 

1906 
2037 
2172 
2311 
2iU 
2000 
2750 
2904 
8061 
8222 

a387 
3556 
3728 
3904 
4083 
4267 
4454 
4644 
4839 
5037 

5239 
5444 
5654 
5867 

eoas 

6304 
6628 
6756 
6987 
7222 

7461 
7704 
7950 
8200 
8454 
8711 
8972 
9237 
9506 
9778 


Base 

Base 

Base 

Base 

16 

18 

22 

24 

61 

69 

83 

91 

126 

141 

170 

185 

194 

217 

201 

2a3 

267 

296 

856 

885 

343 

380 

454 

491 

422 

467 

556 

600 

606 

657 

601 

713 

693 

652 

770 

830 

683 

750 

883 

950 

778 

852 

1000 

1074 

876 

957 

1120 

1202 

978 

1067 

1244 

1833 

1083 

1180 

1372 

1469 

1193 

1296 

1504. 

1607 

1306 

1417 

1639 

1750 

1422 

1541 

1779 

1896 

1643 

1669 

1920 

2046 

1667 

1800 

2007 

2200 

1794 

1935 

2217 

2857 

1926 

2074 

2370 

2519 

2061 

2217 

2528 

2683 

2200 

2363 

2689 

2852 

2343 

2513 

2854 

8024 

2489 

2667 

8022 

8200 

2639 

2824 

8194 

3380 

2793 

2985 

8370 

S5C3 

2950 

8150 

3550 

8750 

8111 

8319 

8733 

8941 

8276 

8491 

8920 

4185 

3444 

8667 

4111 

4333 

8617 

3846 

4306 

4635 

3793 

4030 

4504 

4741 

8972 

4217 

4706 

4950 

4156 

4407 

4911 

5163 

4ai3 

4602 

6120 

6380 

4533 

4800 

6333 

6600 

4728 

6002 

6550 

6824 

4926 

5207 

5770 

6052 

5128 

5417 

6994 

6283 

5333 

5630 

6222 

6519 

5543 

6846 

6454 

6757 

5756 

6067 

6689 

7000 

6972 

6291 

6928 

7S46 

6193 

6519 

7170 

7496 

6417 

6750 

7417 

7750 

6644 

6985 

7667 

8007 

6876 

7224 

7920 

8269 

7111 

7467 

8178 
8439 

8533 

7350 

7713 

8802 

7593 

7963 

8704 

9074 

7839 

8217 

8973 

0860 

8089 

8474 

9214 

9630 

a343 

8735 

9520 

9913 

8600 

9000 

9800 

10200 

8861 

9269 

10083 

10491 

9126 

9M1 

10370 

10785 

9394 

9817 

10661 

11083 

9607 

10096 

10956 

11385 

9943 

10380 

11254 

11691 

10222 

10067 

11556 

12000 

Base 
26 


Base 
28 


98 
200 
306 
415 
528 
644 
765 
889 
1017 
1148 

1283 
1422 
1565 
1711 
1861 
2015 
2172 
2333 
2498 
2667 

2839 
8015 
8194 
3378 
8565 
8756 
8950 
4148 
4350 
4666 

4765 
4978 
5194 
6415 
6639 
6867 
6098 
6333 
6572 
6815 


7061 

7865 

7811 

7622 

7565 

7883 

7822 

8148 

8083 

8417 

8348 

8689 

8617 

8965 

8889 

9244 

9165 

9628 

9444 

9615 

9728 

10106 

10015 

10400 

10806 

10698 

10600 

11000 

10898 

11806 

11200 

11615 

11606 

11928 

11815 

125^ 

12128 

12565 

1^144 

12889 

108 
215 
3211 
441 
505 
689 
817 
948 
1083 
1222 

1365 
1511 
1601 
1815 
1972 
2133 
2298 
a467 
2639 
2815 

2994 
8178 
8305 
8556 
8750 
3948 
4151 
4356 
4565 
4778 

4994 
6215 
&139 
5667 
6898 
6133 
6372 
6615 
6861 
7111 


494 


TABLE  XXX.-CUBIC  YARDS  PER  100  FEET.     SLOPES  1  :  1. 


Depth 
d 


1 
2 
8 

4 
5 

C 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 
33 
31 
35 
30 
37 
38 
39 
40 

41 
42 
43 
4t 
45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
55 
56 
57 
58 
59 
GO 


Base 

Base 

Base 

Base 

Base 

Base 

Base 

12 

14 

16 

13 

20 

28 

30 

48 

56 

104 

119 

167 

189 

237 

267 

315 

352 

400 

444 

493 

544 

593 

652 

700 

767 

815 

889 

937 

1019 

1067 

1156 

1204 

1800 

1348 

1452 

1500 

1611 

1659 

1778 

1826 

1952 

2000 

2ias 

2181 

2822 

2370 

2519 

2567 

2722 

2770 

2933 

2981 

8152 

8200 

8378 

M26 

8611 

8659 

8852 

8900 

4100 

4148 

4356 

4404 

4619 

4667 

4889 

4937 

5167 

5215 

5452 

5500 

5744 

5793 

6044 

6093 

6852 

6400 

6667 

6715 

6989 

7037 

7319 

7307 

7656 

7704 

8000 

8048 

8352 

&400 

8711 

8759 

9078 

9126 

9452 

9500 

9833 

9881 

10222 

10270 

10619 

10667 

11022 

11070 

11488 

11481 

11852 

11900 

12278 

12326 

12711 

12759 

13152 

18200 

13600 

13(548 

14056 

14104 

14519 

11567 

11989 

15037 

l.'Vi67 

15515 

15952 

16000 

16444 

03 
133 
211 
296 
889 
489 
596 
711 
838 
968 

1100 
1244 
1896 
1556 
1722 
1896 
2078 
2267 
2468 
2667 

2878 
8096 
8822 
8556 
8796 
4044 
4800 
4568 
4883 
6111 

5396 
5689 
5989 
6296 
6611 
6983 
7268 
7600 
7944 
8296 

8656 

9022 

9396 

9778 

10167 

10563 

10967 

11378 

11796 

12222 

12656 
13096 
18544 
14000 
14463 
14938 
154U 
15896 
16389 
16880 


70 

78 

107 

115 

148 

163 

222 

237 

233 

256 

844 

867 

826 

856 

474 

504 

426 

468 

611 

048 

588 

678 

756 

800 

648 

700 

907 

959 

770 

830 

1067 

1126 

900 

967 

1288 

1300 

1037 

nil 

1407 

1481 

1181 

1268 

1589 

1670 

1383 

1422 

1778 

1867 

1493 

1589 

1974 

2070 

1659 

1768 

2178 

2281 

1833 

1944 

2389 

2500 

2015 

2188 

2607 

2726 

2204 

2880 

2833 

•  2959 

2400 

2588 

3067 

8200 

2604 

2744 

8807 

8448 

2815 

2963 

8566 

8704 

8088 

3189 

8811 

3967 

3259 

8422 

4074 

4237 

8493 

8668 

4344 

4515 

8788 

8911 

4622 

4800 

8981 

4167 

4907 

5093 

4237 

4480 

5200 

5393 

4500 

4700 

5500 

6700 

4770 

4978 

5807 

6015 

5048 

5268 

6122 

6337 

5383 

5556 

6444 

6667 

5626 

6856 

6774 

7004 

5926 

6163 

7111 

7348 

6288 

6478 

7456 

7700 

6548 

6800 

7807 

8059 

6870 

7180 

8167 

8426 

7200 

7407 

8588 

8800 

7587 

7811 

8907 

9181 

7881 

8163 

9289 

9570 

8233 

8522 

9678 

9967 

8593 

8889 

10074 

10870 

8959 

9268 

10478 

10781 

9333 

9644 

1Q889 

11200 

9715 

10033 

11307 

11626 

10104 

10480 

11783 

12059 

10500 

10883 

12167 

12500 

10904 

11244 

12607 

12948 

11315 

11663 

18C66 

18404 

11788 

12069 

18611 

18867 

12169 

12622 

18974 

14837 

12598 

12968 

14444 

14816 

18088 

18411 

14922 

15300 

JdlS^ 

U&UttJ 

UsssiL. 

<^^i?r 

'•■..■■<■■■  . 

.'^■..■'.  T 

,      > 

Bas(^ 
32 


122 
252 
389 

:i3 


K 
*j<. 


GR5 
844 
1011 
1185 
1SG7 
1556 

1752 
1956 
2167 
2885 
2611 
2844 
3085 
8883 
3589 
3852 

4122 
4444 
4685 
4978 
5278 
5585 
5900 
62i22 
6552 
6889 

7288 
7585 
7944 
8811 
8685 
9067 
9456 
9852 
10256 
10667 

11085 
11511 
11944 
12385 
12833 
13289 
13752 
14222 
14700 
15185 

15678 
16178 


:  -r.    -i.  ■ 


118252 

118789 

19838 


^ 


\ 


TABLB  XXX.— CUBIC  TABD8  PBB  100  FEET.      SLOPES  I4  :  1. 


I>epth 

Base 

Base 

Base 

Base 

Ba»c 

Base 

Base 

Base 

d 

18 

14 

16 

18 

;m) 

28 

30 

32 

1 

49 

56 

64 

71 

79 

106 

116 

128 

2 

107 

122 

187 

152 

167 

226 

241 

256 

S 

175 

197 

219 

242 

264 

858 

375 

897 

4 

252 

281 

811 

841 

870 

489 

519 

548 

5 

388 

875 

412 

449 

486 

634 

671 

708 

6 

433 

478 

522 

567 

611 

789 

833 

,  878 

1 

538 

590 

642 

694 

745 

953 

1006 

1056 

8 

652 

711 

770 

830 

889 

1126 

1185 

1244 

9 

775 

842 

908 

975 

1042 

1308 

1875 

1442 

10 

907 

981 

1056 

1130 

.1204 

1600 

1574 

1648 

11 

1049 

1181 

1212 

1294 

1875 

1701 

1782 

1864 

12 

1200 

1289 

1378 

1467 

1556 

1911 

2000 

2089 

18 

1360 

1456 

1558 

1649 

1745 

2131 

2227 

2323 

14 

1530 

1638 

1787 

.  1841 

1944 

2359 

2463 

2567 

15 

1708* 

1819 

1981 

2042 

2153 

2597 

2706 

2819 

16 

1896 

^15 

2188 

2252 

2370 

2844 

2963 

1  8081 

17 

2>)94» 

2219 

2345 

2471 

2597 

8101 

3227 

3353 

18 

2300 

2483 

2567 

2700 

2888 

8367 

8600 

»i83 

19 

2516 

2666 

2797 

2938 

8079 

364-2 

8782 

3923 

ao 

2741 

2889 

3087 

3185 

8883 

8926 

4074 

4222 

21 

2975 

8181 

8286 

8142 

8607 

4220 

4375 

4581 

22 

3219 

8881 

8544 

8707 

8870 

4522 

4685 

4848 

28 

8471 

8642 

3812 

8982 

4168 

4884 

6005 

5175 

24 

8783 

8911 

4089 

4267 

^-{■j^ 

5166 

5333 

5511 

25 

4005 

4190 

4375 

4560 

4745 

6486 

6071 

5a'i6 

26 

4285 

4478 

4670 

4868 

5056 

6826 

6019 

6211 

27 

4575 

4775 

4975 

5176 

6375 

6175 

6375 

6575 

28 

4874 

5081 

6289 

5496 

6704 

66>.8 

6741 

6948 

29 

5182 

6897 

5612 

5827 

6042 

6901 

7116 

7331 

80 

5600 

5722 

5944 

6167 

6389 

7278 

7500 

7722 

31 

5827 

6056 

6286 

6516 

6745 

7664 

7894 

8123 

82 

616:3 

6400 

6687 

6874 

7111 

8059 

8296 

8533 

33 

6508 

6758 

6997 

7242 

7486 

8464 

8708 

8953 

84 

6863 

7115 

7867 

7619 

7870 

8878 

9180 

9381 

85 

7227 

7486 

7745 

8005 

8264 

9301 

a)60 

9819 

36 

7600 

7867 

8183 

8400 

8667 

97%) 

10000 

10267 

37 

7982 

8256 

8631 

8805 

9079 

10175 

10449 

10723 

38 

8374 

8656 

8937 

9219 

9500 

10626 

10907 

11189 

89 

8776 

9064 

9353 

9642 

9931 

11086 

11875 

11664 

40 

9185 

9481 

9778 

10074 

10370 

11556 

11852 

12148 

41 

9606 

9908 

10212 

10516 

10819 

12U&I 

12338 

12642 

42 

10038 

10344 

10656 

10967 

11278 

12522 

12.S33 

18144 

43 

10471 

10790 

11108 

11427 

11745 

13020 

13338 

13666 

44 

10919 

11244 

11570 

11896 

12222 

13526 

13852 

14178 

45 

11375 

11708 

12042 

12375 

12708 

14042 

14375 

14708 

46 

11841 

12181 

12522 

12863 

13204 

14567 

14907 

15248 

47 

12816 

12664 

13012 

13360 

13708 

15101 

15449 

15797 

48 

12800 

18156 

13511 

13867 

14222 

15644 

16000 

16356* 

49 

18294 

13656 

14019 

14:^ 

14745 

16197 

16560 

16923 

50 

13796 

14167 

14537 

14907 

15278 

16769 

17130 

17500 

51 

14308 

14686 

15064 

15442 

15819 

17881 

17708 

18086 

52 

14880 

15215 

15600 

15985 

16370 

17911 

18296 

18681 

53 

15:160 

15758 

16U5 

16588 

16931 

18501 

18894 

19286 

54 

15900 

16;ili0 

16700 

17100 

17500 

19100 

19500 

199(!0 

55 

16449 

16856 

17264 

17671 

18079 

19708 

20116 

20523 

56 

17007 

17422 

178:^7 

18252 

18667 

20326 

20741 

21156 

67 

17575 

17997 

1H419 

18442 

19264 

20953 

21375 

21797 

58 

18152 

18581 

19011 

19441 

19870 

21589 

22019 

22448 

00       / 

18738 
19fm    / 

VJ175 

19612 

20349 

20486 

22284 

22671 

2:il08 

19778 

2^222 

20667 

21l\\ 

2:m3 

23778 

496 


TABLE  XXX.-CUB10  YARDS  PER  100  FEET.     SLOPES  1%  :  1. 


Depth 

Base 

Base 

Base 

Base 

Base 

Base 

Base 

Baao 

d 

12 

14 

16 

18 

20 

28 

80 

82 

1 

50 

57 

65 

72 

80 

109 

117 

124 

2 

111 

126 

141 

156 

170 

230 

244 

259 

8 

183 

206 

228 

250 

272 

861 

883 

406 

4 

267 

296 

826 

856 

8a5 

604 

633 

563 

5 

861 

898 

435 

472 

609 

657 

694 

731 

6 

467 

611 

656 

600 

644 

822 

867 

911 

7 

583 

635 

687 

789 

791 

998 

1050 

1102 

8 

711 

770 

880 

889 

948 

1186 

1244 

1304 

9 

850 

917 

983 

1050 

1116 

1883 

1460 

1517 

10 

1000 

1074 

1148 

1222 

1296 

1693 

1667 

1741 

11 

1161 

1243 

1821 

1406 

1487 

1818 

1894 

1976 

13 

1383 

1422 

1611 

1000 

1689 

9044 

9188 

2222 

13 

1617 

1613 

1709 

1806 

1902 

9287 

9383 

9480 

14 

1711 

1815 

1919 

9022 

2126 

9541 

2644 

2748 

15 

1917 

2028 

2189 

2260 

2861 

2806 

9917 

8028 

16 

2183 

2352 

2870 

2489 

9607 

8061 

8200 

8819 

17 

2361 

2487 

2618 

2789 

2866 

8869  ^ 

8494 

8620 

18 

2600 

2783 

2867 

8000 

8183 

8667 

8800 

8938 

19 

2850 

2991 

8131 

8272 

8413 

8076 

4117 

4257 

20 

8111 

8259 

8407 

8666 

8704 

4286 

4444 

4592 

21 

8883 

8689 

8694 

8850 

4005 

4028 

4783 

4989 

22 

8667 

8830 

8993 

4166 

4318 

4870 

6133 

6296 

23 

8961 

4131 

4a02 

4472 

4642 

6824 

6494 

6065 

24 

4267 

4444 

4022 

4800 

4978 

6089 

6667 

6044 

25 

4583 

4769 

4954 

6139 

6324 

0065 

6250 

6485 

26 

4911 

5104 

6296 

6489 

5681 

0452 

6644 

6887 

27 

5250 

5450 

6650 

5850 

0050 

0850 

7050 

7260 

28 

5600 

6807 

6015 

6222 

6430 

7259 

7467 

7674 

29 

6961 

6176 

6891 

6606 

6620 

7680 

7894 

8109 

SO 

6883 

6556 

6778 

7000 

7lS2 

8111 

8838 

8555 

31 

6717 

6946 

7176 

7406 

7635 

8554 

8788 

9018 

82 

7111 

7848 

7585 

7822 

8059 

9007 

9244 

9482 

83 

7517 

7761 

8006 

8260 

8494 

9472 

9717 

9962 

84 

7933 

8185 

8437 

8689 

8941 

9948 

10200 

10452 

35 

8361 

8620 

8880 

9139 

9398 

10435 

10694 

10954 

86 

8800 

9067 

9333 

9600 

9867 

10933 

11200 

11467 

87 

9250 

9524 

9798 

10072 

10840 

11443 

11717 

11991 

88 

9711 

9993 

10274 

10556 

10837 

11963 

vmA 

12626 

89 

10183 

10472 

10761 

11050 

11839 

12494 

12783 

18072 

40 

10667 

10963 

11259 

11656 

11862 

18037 

18883 

18630 

41 

11161 

11465 

11769 

12072 

12376 

18691 

18894 

14198 

42 

11667 

11978 

12289 

12600 

12911 

14156 

14467 

14778 

48 

12183 

12502 

12820 

13139 

18457 

14731 

15050 

15369 

44 

12711 

18037 

13363 

13689 

14015 

15319 

15644 

15970 

45 

13250 

13583 

18917 

14250 

14583 

15917 

16250 

16583 

46 

13800 

14141 

14481 

14822 

15163 

16526 

16867 

17207 

47 

14361 

14709 

16057 

15406 

15754 

17146 

17494 

17S13 

48 

14933 

15289 

15644 

16000 

16856 

17778 

18133 

18489 

49 

15517 

16880 

16248 

16606 

16968 

18420 

18783 

19140 

50 

16111 

16481 

16852 

17222 

17692 

19074 

19444 

19815 

51 

16717 

17094 

17478 

17850 

18228 

19789 

20117 

204i)4 

53 

17333 

1VV19 

18104 

18489 

18874 

20415 

20800 

21185 

53 

17901 

18354 

18746 

19139 

19531 

21102 

21494 

21887 

54 

18000 

19000 

19400 

19800 

20200 

21800 

22200 

22600 

65 

19250 

19657 

20065 

20472 

20880 

22509 

22917 

233:^ 

56 

19911 

20326 

20741 

21150 

21570 

23230 

23644 

24059 

57 

205a3 

21006 

21428 

21850 

22272 

23961 

24383 

24805 

58 

21267 

21096 

22126 

22550 

22985 

24704 

25188 

25563 

59 

21961 

22398 

22835 

23272 

28709 

25457 

25894 

26332 

60 

22667 

23111 

23556 

24000 

24444 

^«ssa 

\^^SK«l 

\^\:^ 

4^ 


TABLE  XXX. — CUBIC  YAKDS  PBK  100  FEET.      SLOPES  2    .'  1. 


Depth 

Ba«c 

Base 

Base 

Base 

Base 

Ba-'c 

Base 

Base 

d 

12 

14 

16 

18 

80 

88 

SO 

82 

1 

52 

59 

67 

74 

81 

111 

119 

196 

2 

119 

138 

148 

163 

178 

2:W 

852 

267 

8 

200 

222 

244 

267 

289 

878 

400 

422 

4 

296 

826 

856 

885 

415 

683 

663 

593 

5 

407 

444 

481 

619 

556 

704 

741 

778 

6 

583 

578 

622 

6f)7 

711 

889 

938 

978 

1 

674 

726 

778 

830 

881 

1089 

1141 

1193 

8 

830 

889 

948 

1007 

1067 

1804 

1363 

1422 

9 

1000 

106T 

1183 

1200 

1267 

1683 

1600 

1667 

10 

1185 

1259 

ia33 

1407 

1481 

1778 

1869 

1026 

11 

1885 

1467 

1648 

1680 

1711 

9037 

8119 

2900 

13 

1600 

1689 

1778 

1867 

1956 

2811 

8400 

2489 

IS 

18S0 

1926 

9022 

9119 

2216 

9600 

9696 

9793 

14 

8074 

2178 

2281 

9386 

»t89 

2904 

8007 

8111 

15 

2388 

2444 

2566 

2667 

8778 

8922 

8333 

8444 

16 

2607 

2726 

8&14 

8963 

8061 

8566 

8674 

8793 

17 

2896 

8022 

8148 

3274 

8400 

3B04 

4080 

4166 

18 

8200 

b838 

3407 

8600 

8788 

4967 

4400 

4533 

19 

8319 

3669 

8800 

3941 

4061 

4644 

4785 

4996 

90 

8852 

4000 

4148 

4296 

4444 

6087 

5185 

5883 

SI 

4200 

4856 

4611 

4667 

4892 

6444 

5600 

5766 

22 

4563 

4780 

4889 

6062 

6916 

6867 

6030 

6198 

28 

4941 

5111 

6981 

6452 

6622 

6804 

6474 

6644 

24 

6833 

5611 

6689 

6867 

6044 

6766 

6938 

7111 

25 

5741 

6926 

6111 

6296 

6481 

7292 

7407 

7598 

26 

6163 

6856 

6548 

6741 

6983 

7704 

7896 

8089 

27 

6600 

6800 

7000 

7200 

7400 

8200 

8400 

8600 

28 

7052 

7259 

7467 

7074 

7881 

8711 

8919 

9126 

29 

7519 

7783 

7948 

8163 

8378 

9237 

9462 

9667 

80 

8000 

8222 

8444 

8667 

8S89 

9778 

10000 

10392 

31 

8496 

8726 

8956 

9185 

9415 

10383 

10668 

10798 

82 

9007 

9244 

9481 

9719 

9956 

10904 

11141 

ll»r8 

88 

9533 

9778 

10022 

10267 

10511 

11489 

11788 

11978 

84 

10074 

10326 

10578 

10830 

11081 

12069 

13841 

19593 

85 

10630 

10889 

11148 

11407 

11667 

12704 

12963 

18229 

86 

11200 

11467 

11733 

120IK) 

12267 

1833:^ 

18600 

18867 

87 

11785 

12059 

12833 

12607 

12881 

18978 

14959 

145S6 

88 

12385 

12667 

12948 

13230 

l;»il 

146:^7 

14919 

1690O 

39 

13000 

13289 

18578 

18867 

14156 

16311 

15600 

15889 

40 

18630 

13926 

14222 

14519 

14815 

16000 

16996 

16588 

41 

14274 

14578 

\AkS>\ 

15185 

16189 

16704 

17007 

17811 

42 

14!i33 

15244 

155:« 

15867 

16178 

17438 

17788 

18044 

48 

15607 

15926 

16224 

16563 

16881 

18166 

18474 

18793 

44 

16296 

16622 

16948 

17274 

17600 

18904 

19230 

19656 

45 

17000 

17833 

17667 

18000 

18888 

19667 

20000 

90833 

46 

17719 

18059 

18400 

18741 

19061 

30444 

20785 

91126 

47 

18J5'<J 

18800 

19148 

19496 

19844 

21287 

21585 

21933 

48 

19200 

19556 

19911 

20267 

20(>22 

22044 

22400 

22756 

49 

19!)63 

20326 

20689 

21052 

21416 

22867 

23230 

23693 

50 

20741 

20711 

21481 

21852 

22222 

23704 

24074 

24444 

51 

21.' 83 

21911 

23289 

22667 

28044 

24556 

24933 

25811 

52 

22.M1 

22r2(> 

23111 

23496 

238S1 

25492 

25S()7 

26193 

53 

231(18 

2J55«i 

2.^5)48 

24341 

24733 

26304 

2(>(i9() 

27089 

54 

24000 

V140O 

24S00 

252C0 

2:)600 

97200 

27600 

28000 

55 

24&52 

25259 

25667 

26074 

26481 

28111 

28519 

28926 

56 

25719 

26133 

26548 

20963 

27378 

89037 

29452 

29867 

67 

2i>60() 

27022 

27444 

27867 

28289 

89978 

80400 

3082a 

B8       1 

27496 

27926 

28356 

28785 

29215 

809^3 

81363 

31793 

59 

28407    \ 
99883    / 

28844    J 

29281 

29719 

»0156 

81904 

82341 

32778 

60          . 

2d77S    \ 

80222 

80607 

\  31111 

\«t\SiSd 

\'8aasft 

83778 

496 


TABI+E  XXX.~CUBIC  YARDS  PER  100  FEET.     SLOPES  8  :  1. 


Depth 

Base 

Base 

Base 

Base 

Base 

Base 

Base 

Base 

d 

12 

14 

IB 

18 

20 

28 

30 

32 

1 

56 

63 

70 

78 

85 

115 

122 

130 

2 

183 

148 

163 

178 

198 

262 

267 

281 

3 

233 

256 

278 

800 

822 

411 

483 

456 

4 

356 

385 

415 

444 

474 

693 

622 

65S 

5 

500 

537 

574 

611 

648 

796 

a38 

870 

6 

667 

711 

756 

800 

844 

1022 

1067 

1111 

7 

856 

907 

959 

1011 

1063 

1270 

1822 

1874 

8 

1067 

1126 

1185 

1244 

1804 

1641 

1600 

1659 

9 

1300 

1367 

1433 

1500 

1567 

1833 

1900 

1967 

10 

1556 

1680 

1704 

17T8 

1852 

2148 

2222 

2296 

11 

1833 

1915 

>  1996 

2078 

2159 

2485 

2567 

2648 

12 

2133 

2222 

2311 

2400 

$^489 

.  2844 

2933 

8022 

13 

2456 

2552 

2&48 

2744 

2841 

8226 

3322 

8419 

14 

2800 

2904 

8007 

8111 

8215 

8630 

3738 

3837 

15 

3167 

8278 

€889 

8500 

3611 

4056 

4167 

4278 

10 

3556 

8674 

8798 

8911 

4030 

4504 

4622 

4741 

17 

3967 

409& 

4219 

4^44 

4470 

4974 

6100 

5226 

18 

4400 

4533 

4067 

4800 

4933 

5467 

5600 

6738 

10 

4856 

4996 

6187 

5278 

5419 

5981 

6122 

6263 

20 

5333 

6481 

6690 

5778 

5926 

6519 

6667 

6815 

21 

C838 

5969 

6144 

6300 

6456 

7078 

7288 

7389 

22 

6356 

6519 

6681 

6844 

7007 

7659 

7822 

7985 

23 

0900 

7070 

7241 

7411 

7581 

8263 

8433 

8504 

24 

7467 

7644 

7822 

8000 

8178 

8880 

9067 

9144 

25 

8056 

8241 

8426 

8611 

8796 

9537 

9722 

9807 

26 

8667 

8859 

9052 

9244 

9437 

10907 

10400 

10593 

27 

9300 

9500 

9700 

9900 

10100 

10000 

11100 

11300 

28 

9956 

10163 

10370 

10578 

10785 

11615 

11882 

12030 

29 

10633 

10848 

11063 

11278 

11498 

12352 

12567 

12781 

30 

11333 

11556 

11778 

12000 

12222 

13111 

13883 

13556 

31 

12056 

12285 

12615 

12744 

12974 

13893 

14122 

14352 

82 

12800 

18087 

13274 

13511 

13748 

14096 

14983 

15170 

3:3 

13567 

13811 

14056 

14300 

14544 

15522 

15767 

16011 

34 

14356 

14607 

14859 

15111 

15:63 

16370 

16622 

16874 

35 

1516? 

15426 

15685 

15944 

16204 

17241 

17500 

17750 

86 

16000 

16287 

16583 

10800 

17067 

18133 

18400 

18667 

37 

16856 

17130 

17404 

17678 

17952 

19048 

19823 

19596 

38 

17738 

18015 

18296 

18578 

18859 

19985 

20267 

20548 

39 

18638 

18922 

19211 

19500 

19789 

20944 

21288 

21522 

40 

19556 

19852 

20148 

20444 

20741 

21926 

22222 

22516 

41 

20500 

20804 

21107 

21411 

21716 

22980 

28238 

28687 

49 

21407 

21778 

22089 

22400 

22711 

23956 

24267 

24578 

43 

22456 

22774 

23093 

2*411 

28730 

25004 

25322 

25641 

44 

23407 

23793 

24119 

24444 

24770 

26074 

26400 

26726 

45 

24500 

24833 

25167 

25500 

258:33 

27167 

27600 

27838 

46 

25556 

25896 

26237 

26578 

20919 

28281 

28622 

28963 

47 

26633 

26981 

27830 

27678 

28026 

29419 

29767 

80116 

48 

27733 

28089 

28444 

28800 

29156 

30578 

80988 

81289 

49 

28856 

20219 

29581 

29944 

80307 

31759 

82128 

82485 

50 

30000 

80870 

30741 

31111 

31481 

32963 

38,333 

33704 

51 

31167 

31644 

31922 

82300 

32678 

34189 

84567 

34944 

52 

32356 

32741 

33126 

33511 

33S96 

a>437 

35822 

36207 

53 

33567 

33959 

34352 

34744 

35137 

36707 

87100 

87498 

54 

a4800 

35200 

35000 

30000 

30400 

38000 

38400 

38800 

55 

36056 

30403 

36870 

37278 

37085 

39315 

39722 

4(130 

50 

37.333 

37748 

38103 

3a578 

38993 

40052 

41007 

41481 

57 

38033 

so(m 

39478 

39900 

40322 

42011 

42433 

42856 

58 

39950 

40386 

40815 

41244 

41074 

43393 

43822 

44252 

59 

41300 

41737 

42174 

42011 

43048 

44796 

45233 

1  45670 

CO 

42007 

43111 

43556 

44000 

41444 

^4Kftaa 

^^'cmi 

\*KWV 

499 


TABLE  XJOL—VSEFUL  NUMBEBS  AND  FOBMUIJK. 


THie. 


Ratio  of  circiimferraioe  to  diameter. 
Reciprocal  of  same 


Degrees  in  aic  of  length  equal  to  radius. 


Minutes 


Seconds 


(• 


«« 


«i 


•t 


M 


U 


Length  of  1*  are,  radios  unity. 


Length  of  V  are, 


Length  of  1'  arc. 


«4  «t 


»«  (* 


Radius  by  which  1  foot  of  arc  s  1  degree. 
Radius  "  "  A  "  "  =  1  ndnute. 
ttaOius"       "     liv  "       **      t=iOsecond8 

Factors  for  dividing  a  line  into  extreme ) 
and  mean  ratio ) 


Base  of  hyi)erbolic  logarithms 

Modulus  of  common  system  of  1<^&  =  log  e 

Reciprocal  of  same  =  hyp.  log.  10 

Length  of  seconds  pendulum  at  New  York 
in  inches 

Leng^th  of  seconds  pendulum  at  New  York 
in  feet 

Acceleration  due  to  gravity  at  New  York. . . 

Square  root  of  same 

Yards  in  1  metre 

Feet     In  1     "     

Inches  JB  1     "     

Metres  in  Hoot 

Metres  in  1  yard 

^otreain  1  mile 


fifymboL 


% 
\_ 

IC 
180° 

% 

lOBpy 

7C 
7C 

1W» 

7C 

lowo 
cisooo 


M 

u 


g 


KumbCT*. 


8.1415027 
O.3183009 

57.296780 

M37.7468 

208264.81 

.01745389 

.00029080 

.000001848 

67.295780 
843.77408 
206.28481 

0.6180340 
0.3810680 

2.7182818 

0.4342945 
2.3025861 

89.11256 


rithm. 

0.4971499 
9.5026601 

1.7SB1226 

8.5302789 

5.8144261 

8.2418774 

6.4087261 

4.6866749 

1.7581226 
2.5362739 
2.3144251 

9.7910124 
9.5820248 

0.4342945 

9.6877843 
0.8622157 

1.5928162 


8.25938  0.5181860 

82.1688  1.5074847 

5.67175  0.7537173 

1.093623  0.0388676 

3.280669  0.5159889 

89.87013  1.5951701 

0.804797  9.4840111 


500 


TABLE  XXXL— USEFUL  NUMBERS  AND  FOBBIUL^ 


Title. 

SymboL 

Number. 

I 
r 

Cubic  inches  in  1  U.  S.  irallon 

231. 

277.274 

2150.42 

0.133681 

0.160459 

1.244456 

62.379 
68.321 
252.458 
7000. 
437.5 

2 

"          »*      ♦*   1  Imperial  eallon 

2 

"          »*      "  lU.S.  bushel .• 

8 

Cubic  feetin  1  U.  S.  eallon 

9 

"        "    **  1  Imtierial  eallon 

9. 

"        "    "lU.S.bushel 

0 

Weight  of  1  cub.  foot  of  water,  barom.  90  in. 
ther.  390.88  Fah. ;  pounds. . 

Weight  in  grains,  1  cubic  inch,  at  62"  Fah. . 

Nfi.  nf  entLina  in  1  TMiimd  avoir 

1. 
1. 
2. 
8. 

"        "        "lounce       "    

2. 

r  =  radius  of  circular  arc; 

I    =  length  of  arc; 

a*  =  degrees  in  same  arc. 


«"  =  — . 


I     180° 


r  = 


r       ic 
I     180° 


ao      n 


I  =  a'^r . 


a' 


180* 


Radius  by  which  the  length  of  chord  c  in  feet  =  :^  in  minutes; 


r  = 


W^' 


losing' 


X 


Hyp.  log  X  =  com.  log  «  X  -^ ,  or 


f     ■  , 


com.  log  (hyp.  log  x)  —  com.  log  (com.  log  a^  4^9*8622157 
Com.  log  a;  =  3f  X  hyp.  log  x ;  or 

com.  tog  (com.  log  x)  =  9.6377848  +  com.  log  (hyp.  log  rr) 

Circumference  of  circle  (radius  =  r) 

Area  of  circle 


Area  of  sector  (length  of  arc  =  0 

t 

Area  of  sector  (angle  of  arc  =  a°) 

Approximate  area  of  segment  (chord  =  c,  mid.  otd.  =  wi^ 


0 
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Verification  of  eq.  (77). 


sin  0  B 

Eq.  (TtJ)  p  = g-  =r  sin  0 .  cosec  -^ 

sin  -^ 

N 


d/j  0 "     1  0  9 

-  r-  =  COS  0  .  cosec—  —  —  .  sin  0 .  cot  -r=  .  cosec  —       (76J) 
CU  iV         iv  A  xV 


.-.         -5^  =  p(cotO-^cot^j  (77) 

Verification  of  eq.  (81). 
Differentiating  eq.  (7^) 

dV  ,    «  0  2  /.      •    0  ©     , 

— ^-.,-  =  —  sin  0  cosec  -!?  —   ■??  cos  0  cot  <r?  cosec  -r.  -f- 
dO''  N  N  N  N 


1  0  0         1  ,0 

-if^  sin  0  cot^  -r^.  cosec  — i,  +  -rr^  sin  0  cosec*  -^ 


=  -p-  -]v-cot0     cot   ^4--^-^cot«  ^  4-cosec«     -j 
d^P  /  2  0  \  ^  \ 


Now  r  = 


APPEKDIX. 


i  4. 2    ^1''  dV 


1  8 

in  which  substitute  for  — Jq-»  and  for  ,  and  let 


1  0 

cotQ-j^cot^=-a 


(p»  +  p«(-a)'')* 


p«+V'<-«)'  -  p»  (  -  1  -  ;!  cot  Q  cot  ^  +  -i^(2cot«-^  + 


p        ■  (1  +  o*)* 


2  1  A  1  A 

1  +  a»  +  -jTr  cot  0  .  cot    Z.  -  -1^  cot*   f.   - 


3 


2 


1  1  0  /  1  0  \ 

l-2}^  +  a^+^  cot  ^^ote-   ^cot  ^j 


(1  4-  a«y 


I 


^~2^  +  ^(«"F«^*  j^) 


2  1 

i-22^-«cote 
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